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There is little question that the commercial success of smartphones has substantially increased 
the volume of products utilizing Micro Electro Mechanical Systems (MEMS) technology, 
especially accelerometers, gyroscopes, bandpass filters, and microphones. The Internet of 
Things (IoT), a more recent driver for small, low power microsystems, seems poised to provide 
an even bigger market for these and other potential products based on MEMS. Given that the 
IoT will likely depend heavily on massive sensor networks using nodes for which battery 
replacement might not be practical, cost and power consumption become even more important. 
As already known for existing sensor networks, sleep/wake cycles will likely be instrumental 
to maintaining low sensor node power consumption in the IoT, and if so, then the clocks that 
must continuously run to synchronize sleep/wake events often become the bottlenecks to 
ultimate power consumption. On the communications side, narrowband RF channel-selecting 
front-end filters stand to greatly reduce receive power consumption by relaxing transistor 
circuit dynamic ranges. 

Both the accuracy of the clocks and ability of filters to achieve bandwidths small enough to 
select individual channels depend heavily on the accuracy and precision to which the 
frequency-setting devices they rely on are constructed. Inevitably, fabrication tolerances are 
finite, which means the ability to attain the highest performance relies on trimming or tuning. 
This dissertation focuses on methods by which voltage-controlled frequency tuning of 
capacitively-transduced micromechanical resonators make possible 1) an ultra-compact, low-
power 32.768-kHz micromechanical clock oscillator; and 2) a high-order, small percent 
bandwidth coupled-resonator filter with minimal passband distortion. 

Currently, quartz crystal-based oscillators at 32.768 kHz dominate the market because they 
offer the best combination of cost and performance. However, the physical dimensions of these 
oscillators are presently too large for future small form-factor electronic applications, such as 
ones that fit within credit cards. While there have been attempts to shrink quartz resonating 
elements, the increasingly difficult fabrication steps required to produce such devices raises 
manufacturing costs, thereby preventing widespread adoption (so far). In addition, quartz 
crystal motional resistance values typically increase as resonator dimensions shrink, which in 
many oscillator configurations raises power consumption. 
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Unlike common quartz resonators, properly designed MEMS resonators benefit greatly from 
scaling in that reductions in lateral dimensions lead to a rapid decrease in motional resistance 
by a square law. The work described herein harnesses these scaling advantages to realize an 
oscillator much smaller than quartz-based oscillators with potential for much less power 
consumption. Specifically, this work uses aggressive lithography to achieve a capacitive-comb 
transduced micromechanical resonator occupying only 0.0154 mm2 of die area. Wire bonding 
this resonator to a custom sustaining amplifier and a supply voltage of only 1.65V then realizes 
a 32.768-kHz real-time clock oscillator more than 100× smaller by area than miniaturized 
quartz crystal implementations and at least 4× smaller than other MEMS-based approaches. 
The use of voltage-controlled tuning Oscillations sustains with only 2.1 μW of power 
consumption. 

On the filter front, whether realized using quartz, FBAR, or capacitive-gap transduced MEMS 
resonator, mechanical filter responses are only as flat as the accuracy of their constituent 
resonator center frequencies. While narrowband micromechanical filters comprised of up to 
three mechanically coupled resonators have been demonstrated in the past, there exists a 
demand for bandpass filters with even sharper roll-offs and larger stopband rejections, and this 
requires higher order filters utilizing more than three coupled resonators. 

The work herein demonstrates filters comprised of four coupled resonators with bandwidths 
narrow enough to select individual channels. Before correction, filter passbands fresh out of 
the fab look nothing like their intended responses. Application of the automated passband 
correction protocol of this work, based on voltage-controlled frequency tuning, permits 
measurement of a 4-resonator micromechanical filter with a 0.1% bandwidth commensurate 
with the needs of channel-selection (albeit at a low frequency) and an impressive 20-dB shape 
factor of 1.59, all with less than 3dB of additional passband ripple (beyond the design ripple).
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1. INTRODUCTION 

For more than three decades, Micro Electro Mechanical Systems (MEMS) have 
steadily transitioned out of research labs and into production forming a more than $10 billion 
market [1]. MEMS devices such as accelerometers, pressure sensors and microphones, to name 
a few, have seen immense utilization, particularly in the consumer electronics market, because 
of their compact sizes and minute power consumptions. In addition, these devices benefit from 
batch fabrication, which has enabled year-over-year reductions in cost [2]. In recent years, 
Apple’s iPhone and similar smartphones have been the driving force behind the success of 
MEMS companies, spurring continued revenue growth as more and more MEMS sensors are 
incorporated into each successive product generation [3]. As summarized in Table 1.1, Apple’s 
2015 model, the iPhone 6s, incorporates seven discrete MEMS sensors [4], exactly seven more 
MEMS sensors than the most popular cellular phone of 2005, the Nokia 1100 [5].  

Table 1.1: MEMS sensors found in the iPhone 6s [4] 

Name Device Type Quantity 
Knowles KSM2 Microphone 3 

Bosch Sensortec BMA280 3-axis Accelerometer 1 
Bosch Sensortec BMP280 Barometric Pressure Sensor 1 

Goertek GWM1 Microphone 1 
InvenSense MP67B 6-axis Gyroscope and Accelerometer Combo 1 

 

While the arrival of the smartphone has ushered in an unprecedented increase in 
MEMS utilization, perhaps this wave of commercial success is merely the beginning of a much 
greater undertaking. The Internet of Things (IoT), a more recent driver for small, low power 
microsystems, seems poised to provide an even bigger market for MEMS sensors and other 
potential products based on MEMS [6]. Given that the IoT will likely depend heavily on 
massive sensor networks using nodes for which battery replacement might not be practical, 
cost and power consumption become even more important [7]. As already known for existing 
sensor networks, sleep/wake cycles will likely be instrumental to maintaining low sensor node 
power consumption in the IoT, and if so, then the clocks that must continuously run to 
synchronize sleep/wake events often become the bottlenecks to ultimate power consumption. 
On the communications side, narrowband RF channel-selecting front-end filters stand to 
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greatly reduce receive power consumption by relaxing transistor circuit dynamic ranges. 

In this dissertation, two distinct MEMS-based system components will be considered 
that have the potential for reducing the overall footprint and power consumption of IoT sensor 
nodes in the future. First, a low power real-time clock oscillator will be discussed that utilizes 
a frequency-tunable, capacitively transduced polysilicon resonator rather than a traditional 
quartz crystal. As will be shown, one of main advantages of employing a MEMS-based 
resonator for this application is that unlike quartz crystals, reductions in lateral resonator 
dimensions via lithographic scaling enables considerable reductions in oscillator power 
consumption. Next, focus will be shifted toward mechanically coupling MEMS resonators of 
the same topology to realize high-order, narrowband filters. The small percent-bandwidths 
afforded by these MEMS-based filters have the potential to simplify radio receiver front-end 
circuits and enable drastic reductions in power consumption.  

In order to achieve the goal of developing MEMS-based oscillators and filters for IoT 
applications, a suitable resonator topology must first be established. As emphasized in Figure 
1.1, researchers have successfully demonstrated a myriad of vibrating MEMS resonator designs 
that exhibit high Qs over a broad range of resonance frequencies. In this dissertation, the search 
for a unified resonator topology is restricted to those leveraging capacitive transduction 
because of the relative fabrication ease, linearity, and scaling benefits associated with this 
transduction method [9][10]. In the case of the micromechanical clock oscillator, it is preferable 
to employ a resonator with a natural frequency equal to the desired reference frequency of 
32.768 kHz to avoid the additional power draw associated with frequency division. Therefore, 
the resonator topology chosen for the micromechanical clock oscillator to be presented 
essentially mimics the folded-beam, capacitive comb-driven designs of [9] and [11] because 
these designs afford resonance frequencies in the kHz range while maintaining a small device 
area. Fortunately, the folded-beam, comb-driven resonator topology has also proven to be quite 
useful when implemented to realize high-order, medium frequency, narrowband 
micromechanical filters [12].  

During the development of MEMS-based oscillators and filters, careful consideration 
should be payed to the mitigation of fabrication defects, especially as resonator dimensions are 
scaled and filter order is increased. To that end, the resonator topology must incorporate some 
form of frequency trimming, preferably voltage controlled, to correct for these imperfections. 
For the oscillator application, frequency trimming serves to alleviate center frequency 
variations exacerbated by aggressive scaling. With respect to the coupled resonator filter 
application, frequency trimming allows for the application of post-fabrication passband 
correction, and with a suitable tuning protocol, the number of coupled resonator can be 
increased. Chapter 2 will detail the frequency-tunable capacitive comb-transduced folded-
beam resonator topology leveraged in this dissertation to realize both a tiny micromechanical 
clock oscillator and a high-order, narrowband coupled resonator filter. 
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Figure 1.1: Photographic overview of various capacitive and piezoelectric MEMS resonators 
[11][13][14][15][16][17] 

1.1 Micromechanical Clock Oscillators 

32.768-kHz real-time clock oscillators encompass a significant share of the multi-
billion dollar oscillator market. Currently, quartz crystal-based oscillators at this frequency 
dominate the market because they offer the best combination of cost and performance. 
However, the physical dimensions of these oscillators are presently too large for future small 
form-factor electronic applications, such as ones that fit within credit cards. As illustrated in 
Figure 1.2, attempts have been made to shrink quartz resonators at this frequency [18][19][20]. 
Unfortunately, the increasingly difficult fabrication steps required to produce such devices 
raises manufacturing costs, thereby preventing widespread adoption (so far). In addition, quartz 
crystal motional resistance values typically increase as resonator dimensions shrink, which in 
many oscillator configurations raises power consumption [21]. 
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Figure 1.2: Size, cost, and motional impedance comparison of three commercially available 
32.768-kHz quartz crystals [18][19][20] 

 Recent advancements in MEMS technology for frequency control now offer a vision 
whereby batch-fabricated MEMS-based oscillators might provide a suitable solution for 
systems requiring ultra-small components at low cost. Indeed, MEMS-based oscillator 
companies such as Micrel and SiTime have demonstrated commercial success with products 
that exhibit adequate drift stability and jitter performance acting as low cost drop-in crystal 
oscillator replacements [22][23]. While 32.768-kHz MEMS-based resonators have recently 
been released that are 10× smaller than quartz counterparts [23], the potential for even smaller 
devices remains. 

 Unfortunately, MEMS resonators are by no means immune to fabrication process 
imperfections, especially as feature sizes shrink to lithographic limits. Because the resonance 
frequency of a mechanical resonator is governed by device geometry, process variation will, in 
turn, result in device-to-device and wafer-to-wafer resonance frequency deviations that must 
be accounted for and corrected by means of post-fabrication frequency tuning.  

1.1.1 Frequency Control 

The purpose of a real-time clock oscillator is to provide an accurate measure of the 
passing of time. For example, in a wristwatch application, the clock oscillator dictates when 
the second hand is incremented. The output frequency of a real-time clock oscillator is often 
constrained to 32.768 kHz, exactly 215 cycles per seconds, because at this frequency the 
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oscillator can be combined with an inexpensive, low-power, 16-bit counter to provide digital 
time-keeping information [24]. It therefore follows that in order for a real-time clock oscillator 
to be of any practical value it must possess a relatively high degree of frequency accuracy. For 
example, if the oscillator were to oscillate at a frequency of 32.769 kHz, just 1 Hz (30 ppm) 
higher than intended, the clock would be gain an additional minute each month. 

In order to achieve acceptable frequency accuracy, quartz crystal manufacturers rely 
on techniques such as mechanical grinding, surface polishing, plasma etching, and metal 
depositions [25]. Unfortunately, because of the relatively small sizes of MEMS resonators 
compared to their quartz counterparts, these frequency-trimming methods have proven 
impractical.  

 One method for correcting the resonance frequency of MEMS resonators that has seen 
success is laser ablation. Initially, this method was able to trim resonators to within 21 ppm 
[26], and with additional development in an industrial setting, laser trimming of packaged 
MEMS devices has proven capable of trimming resonance frequencies from an initial deviation 
of 4% to just 2.6 ppm [27]. Although this method has seen commercial viability [28], it 
demands expensive transparent packages. Moreover, the laser induced stresses may lead to 
unpredictable changes in resonator Q [29]. Rather than relying on a permanent mechanical post-
fabrication trim, the resonator of Chapter 2 is designed with electrical stiffness-based voltage 
controlled resonance frequency tuning electrodes [30] capable of providing up to 50,000 ppm 
of frequency tuning over a 3.3 V applied tuning voltage range. 

Chapter 3 presents the combination of the tunable capacitive-comb driven, folded-
beam resonator of Chapter 2 with a custom designed application-specific integrated circuit 
(ASIC) to realize an ultra-compact MEMS-based 32.768-kHz clock oscillator. While the 
presented device exhibits excellent performance with respect to power consumption and die 
footprint, the extensive scaling potential of the underlying resonator topology should lead to 
continued performance improvements with future lithographic advancements. 

1.2 Micromechanical Filters 

As interest in ultra-low power radios for sensor networks increases, so does a similar 
interest in small percent bandwidth frequency filters capable of selecting individual RF 
channels while rejecting all other channels, even those traditionally considered in-band [8]. To 
illustrate the demand for a small percent bandwidth filter, Figure 1.3 presents a simplified 
receiver front end with careful attention paid to the bandpass filter that directly succeeds the 
antenna. Here the signal channel of interest is colored green and all unwanted signals are 
colored red. When the bandpass filter possess a relatively large bandwidth, labelled here as 
“band-select,” the low-noise amplifier (LNA) following the filter is presented with a significant 
amount of unwanted signal power at frequencies outside the desired signal channel. On the 
other hand, when the bandpass filter possesses a smaller bandwidth, labelled in Figure 1.3 as 
“channel-select,” the LNA is not significantly perturbed by unwanted interfering signals. 
Indeed, if such narrowband filters were feasible, radio receiver front-end circuits could 
dispense with the overdesign often needed to insure sufficient dynamic range against strong 
interfering signals that would otherwise desensitize them. The result would be a substantial 
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reduction in the power consumed by such circuits. 

 
Figure 1.3: Simplified block level diagram with emphasis paid to the effects associated with 
modification of the bandpass filter’s bandwidth 

To date, no high volume (inexpensive) filter technology can yet achieve the described 
RF channel-selection with adequate performance, although some might be on the verge of this. 
In particular, filters employing high Q capacitive-gap transduced vibrating resonators, such as 
that of [31], have actually achieved adequately low insertion loss when passing the needed 
0.1% bandwidth. However, they unfortunately require improvements in electromechanical 
coupling to attain the needed >50dB stopband rejection. They are also in need of some way to 
improve yield, which becomes ever more difficult when percent bandwidths are only 0.1%. 
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1.2.1 Tuning Considerations 

A 0.1%-bandwidth 455-kHz 0.5dB-ripple 4-resonator Chebyshev filter employing 
quarter-wave couplers between (ideally) identical resonators requires that the resonators be 
matched to no worse than 137ppm to avoid additional passband ripple (over the design value) 
of more than 0.5dB [32]. Given that resonators from [33] fabricated using a university 
nanofabrication facility post device-to-device frequency standard deviations on the order of 
315ppm, it seems unlikely that RF channel-selecting filters with adequately small passband 
ripple can be manufactured with sufficient yield for high volume production. Indeed, unless 
industrial microfabrication facilities can do substantially better than their university 
counterparts, some form of frequency tuning or trimming will be needed. Inevitably, it is likely 
not a question of whether or not trimming or tuning is needed, but rather what protocol can 
most efficiently correct the passband response. 

Towards answering this question, the coupled resonator filter highlighted in Chapter 
4 employs electrical stiffness-based voltage-control of capacitive-gap transduced resonator 
frequency [30] to explore an automated tuning protocol bent on maximizing the integrated 
energy in the filter response spectrum. The method lends itself well to iterative convergence, 
where the change in integrated energy induced by a small tune in one direction immediately 
confirms or rejects that direction, hence, governs the direction needed for the next tune 
increment. Use of this tuning protocol yields a 4-resonator micromechanical filter with a 0.1% 
bandwidth commensurate with the needs of channel-selection (albeit at a low frequency) and 
an impressive 20-dB shape factor of 1.59, all with less than 3 dB of additional passband ripple 
(beyond the design ripple). 

1.3 Overview 

This dissertation focuses on employing a unified frequency-tunable resonator 
topology to realize an ultra-compact, low-power micromechanical clock oscillator and a high-
order, small percent bandwidth coupled-resonator filter. Chapter 2 presents an overview of the 
frequency-tunable capacitive-comb transduced folded-beam resonator. In this chapter, design 
equations and equivalent circuit models are established. Following this discussion, Chapter 3 
presents a resonator designed and fabricated following the topology outlined in Chapter 2 in 
combination with a custom-designed ASIC to yield a 32.768-kHz clock oscillator. Here the 
resonator scaling benefits, and design considerations with respect to the resonating element and 
the sustaining amplifier are outlined in detail. Next, Chapter 4 discusses the mechanical 
coupling of several resonators of the Chapter 2 topology to realize a high-order 
micromechanical filter. In this chapter, special attention is payed to the effects of resonator-to-
resonator frequency mismatch and a tuning protocol capable of providing autonomous filter 
passband correction. Finally, Chapter 5 concludes this dissertation. 
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2. THE CAPACITIVE-COMB 
TRANSDUCED FOLDED-BEAM 
RESONATOR 

As emphasized in Chapter 1, this dissertation focusses on leveraging MEMS 
resonators to yield micromechanical clock oscillators and narrowband filters. This chapter 
serves to establish the resonator topology harnessed in both applications and present the 
relevant design equations, circuit models, and fabrication details. 

2.1 Micromechanical Resonators 

Frequency selective electronics such as oscillators and bandpass filters typically rely 
on mechanical resonators to generate precise frequencies. This is because unlike on-chip LC 
tanks with Q values rarely surpassing 50 [34][35], mechanical resonators have Q values in 
excess of 1,000 [36]–[38]. A micromechanical resonator is essentially a mechanical system 
that is driven into resonance at a specific frequency or set of frequencies. In its simplest form, 
a unidirectional mechanical resonator can be modelled as a mass-spring-damper system. As 
seen in Figure 2.1, the resonator has a mass m, a spring k, and a damper c. The resonator is 
driven into vibration by applying a sinusoidal force F with a frequency ω. In this simplistic 
model motion is restricted to a single axis, therefore the system possess one degree of freedom. 
With the application of Newton’s second law the force can be expressed as a function of 
velocity 

 𝑭𝑭 = 𝒋𝒋𝒋𝒋𝒋𝒋𝒙̇𝒙 +
𝒌𝒌
𝒋𝒋𝒋𝒋

𝒙̇𝒙 + 𝒄𝒄𝒙̇𝒙 (2.1) 

and the mass-spring-damper’s resonance frequency 𝜔𝜔0 is expressed as 

 𝝎𝝎𝟎𝟎 = �𝒌𝒌
𝒎𝒎

 (2.2) 

While (2.1) and (2.2) serve as good starting points for designing micromechanical 
resonator geometries, owing to their small stature, these devices are overwhelmingly embedded 
in electrical systems and it is therefore particularly useful to model these mechanical devices 
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with analogous electrical components. In addition, when designing filters comprised of coupled 
resonators it is beneficial to work in the electrical domain to take advantage of well-established 
filter synthesis techniques [25][39].  

 
Figure 2.1: The mechanical mass-spring-damper system used to model a unidirectional 
resonator 

In the electrical domain, the mass-spring damper of Figure 2.1 can be modelled, 
assuming an appropriate electromechanical transducer, as the series inductor-capacitor-resistor 
(LCR) network shown in Figure 2.2 [40]. 

 
Figure 2.2: An electrical domain representation of the mass-spring-damper of Figure 2.1 

To further bridge the mechanical and electrical domains, expressions for the 
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normalized amplitude, natural frequency, and Q are summarized in Table 2.1. These 
expressions coupled with the models of Figure 2.1 and Figure 2.2 provide essential resonator 
design and operational insights, however a method for driving the micromechanical resonators 
into motion must still be established.  

Table 2.1: Resonator Amplitude, Frequency, and Q of the Mechanical Resonator 
Modelled in the Mechanical and Electrical Domains [25] 

Domain Normalized Amplitude Frequency Q 

Mechanical 

𝑋𝑋𝑋𝑋
𝐹𝐹0

=
1

��1 − � 𝜔𝜔𝜔𝜔0
�
2
�
2

+ � 𝜔𝜔
𝑄𝑄𝜔𝜔0

�
2

 
𝜔𝜔0 = �𝑘𝑘

𝑚𝑚
 𝑄𝑄 =

𝑘𝑘
𝑐𝑐𝜔𝜔0

 

Electrical 

𝐼𝐼𝑥𝑥
𝑉𝑉𝑖𝑖(𝜔𝜔𝐶𝐶𝑥𝑥) =

1

��1 − � 𝜔𝜔𝜔𝜔0
�
2
�
2

+ � 𝜔𝜔
𝑄𝑄𝜔𝜔0

�
2

 
𝜔𝜔0 =

1
�𝐿𝐿𝑥𝑥𝐶𝐶𝑥𝑥

 𝑄𝑄 =
𝜔𝜔0𝐿𝐿𝑥𝑥
𝑅𝑅𝑥𝑥
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2.2 Capacitive Transduction 

Due to its relative fabrication ease and linearity, capacitive transduction remains one 
of the most widely utilized transduction methods for driving micromachined micromechanical 
resonators into motion. In particular, capacitive transduction is desirable because both the 
resonator and transducer can be patterned from the same material layer. This greatly simplifies 
the fabrication process, even allowing for the creation of fully functioning resonators defined 
by a single lithographic mask [9][41][42]. 

 
Figure 2.3: Perspective-view schematic of a parallel-plate capacitive transducer 

Figure 2.3 presents the perspective-view schematic of a parallel-plate capacitive 
transducer with a dc-bias voltage VP and an ac (sinusoidal) excitation signal vi. Neglecting 
fringing fields, the capacitance C of a parallel plate can be expressed as  

 𝑪𝑪𝒊𝒊 =
𝜺𝜺𝜺𝜺
𝒅𝒅

 (2.3) 

where ε is the dielectric permittivity; A is the plate overlap area and d is the plate separation. 
The electric potential energy U and the electrostatic force F of the capacitor can be written as 

 𝑼𝑼𝒊𝒊 =
𝟏𝟏
𝟐𝟐
𝑪𝑪𝒊𝒊�𝑽𝑽𝒑𝒑 − 𝒗𝒗𝒊𝒊�

𝟐𝟐
 (2.4) 

and  

 𝑭𝑭𝒊𝒊 =
𝝏𝝏𝑼𝑼𝒊𝒊

𝝏𝝏𝝏𝝏
=
𝟏𝟏
𝟐𝟐
�𝑽𝑽𝒑𝒑 − 𝒗𝒗𝒊𝒊�

𝟐𝟐 𝝏𝝏𝑪𝑪𝒊𝒊
𝝏𝝏𝝏𝝏

 (2.5) 
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=
𝟏𝟏
𝟐𝟐
�𝑽𝑽𝒑𝒑 − |𝒗𝒗𝒊𝒊| 𝐜𝐜𝐜𝐜𝐜𝐜(𝝎𝝎𝝎𝝎)�𝟐𝟐

𝝏𝝏𝑪𝑪𝒊𝒊
𝝏𝝏𝝏𝝏

 

=
𝟏𝟏
𝟐𝟐
�𝑽𝑽𝑷𝑷𝟐𝟐 +

|𝒗𝒗𝒊𝒊|
𝟐𝟐

− 𝟐𝟐𝑽𝑽𝑷𝑷|𝒗𝒗𝒊𝒊| 𝐜𝐜𝐜𝐜𝐜𝐜(𝝎𝝎𝝎𝝎) +
|𝒗𝒗𝒊𝒊|𝟐𝟐

𝟐𝟐
𝐜𝐜𝐜𝐜𝐜𝐜 (𝟐𝟐𝝎𝝎𝝎𝝎)�

𝝏𝝏𝑪𝑪𝒊𝒊
𝝏𝝏𝝏𝝏

 

The resultant driven force of (2.5) contains a dc component and ac components at the excitation 
frequency ω and at twice the excitation frequency 2ω. If the excitation signal vi has a frequency 
matching the resonance frequency of the resonator, the force component at ω is amplified by 
the resonator’s quality factor Q, while the force components at dc and 2ω remain unchanged 
and in the high-Q case, these off-resonance force components may be neglected for simplicity. 
It should be noted that if the dc-bias establishes a built in ON/OFF switch because when the 
bias voltage is shorted (VP = 0 V), the on-resonance frequency component of the excitation 
force reduces to zero, impeding resonance vibration. 

As shown in (2.5), the capacitive transducer can change an electrical excitation into a 
mechanical force. Conversely, the capacitive transducer can also convert a mechanical motion 
into an electrical current. To establish this relationship it is instructive to consider the charge p 
on a capacitor given by 

 𝒑𝒑 = 𝑪𝑪𝒊𝒊(𝑽𝑽𝒑𝒑 − 𝒗𝒗𝒊𝒊) (2.6) 

A current is produced when the charge varies with time 

 
𝒊𝒊𝒊𝒊 =

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

= �𝑽𝑽𝒑𝒑 − 𝒗𝒗𝒊𝒊�
𝝏𝝏𝑪𝑪𝒊𝒊
𝝏𝝏𝝏𝝏

− 𝑪𝑪𝒊𝒊
𝝏𝝏𝒗𝒗𝒊𝒊
𝝏𝝏𝝏𝝏

   

= �𝑽𝑽𝒑𝒑 − 𝒗𝒗𝒊𝒊�
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 �

𝝏𝝏𝑪𝑪𝒊𝒊
𝝏𝝏𝝏𝝏 �

− 𝑪𝑪𝒊𝒊
𝝏𝝏𝒗𝒗𝒊𝒊
𝝏𝝏𝝏𝝏

 
(2.7) 

The first term in (2.7) arises from the time time-varying capacitance due to motion and the 
second term is a result of electrical capacitance feedthrough. In the case where the capacitive 
transducer is used to sense motion (no ac voltage is applied), the current becomes 

 𝒊𝒊𝒐𝒐 = �𝑽𝑽𝒑𝒑�
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 �

𝝏𝝏𝑪𝑪𝒊𝒊
𝝏𝝏𝝏𝝏 �

  (2.8) 

From (2.8) it becomes readily apparent that mechanical motion resulting in a capacitance 
change does indeed result in an electrical current. 

As seen in (2.3), the parallel plate capacitance is a function of both overlap area A and 
plate separation d. Capacitive transducers are typically designed in a fashion such that one of 
these geometries (either A or d) is fixed while the other is modulated in the presence of 
mechanical motion. These distinct configurations result in unique transduction properties and 
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both configurations are employed in this dissertation. Therefore, it is beneficial to take a closer 
at both configurations. 

2.2.1 Fixed Overlap Area Capacitive Transduction 

In the fixed overlap area capacitive transduction configuration, illustrated in Figure 
2.4, electrode plates move in a direction perpendicular to each other thereby modulating the 
capacitive plate separation d. Assuming operation in free space and neglecting fringing fields, 
the parallel-plate transducer capacitance as a function of displacement is written as 

 𝑪𝑪𝑭𝑭𝑭𝑭(𝒙𝒙) =
𝜺𝜺𝟎𝟎𝑨𝑨𝒐𝒐𝒐𝒐

(𝒅𝒅𝟎𝟎 + 𝒙𝒙)
= 𝑪𝑪𝒐𝒐𝒐𝒐 �𝟏𝟏 +

𝒙𝒙
𝒅𝒅𝟎𝟎
�
−𝟏𝟏

≈ 𝑪𝑪𝒐𝒐𝒐𝒐 �𝟏𝟏 −
𝒙𝒙
𝒅𝒅𝟎𝟎
� (2.9) 

where Aos is the fixed parallel plate overlap area, and Cos is parallel plate capacitance with a 
static plate displacement of d0. 

 
Figure 2.4: Perspective-view schematic highlighting the fixed overlap area capacitive 
transduction configuration. 

Assuming the moveable plate displaces a small fraction of the static gap d0, the fixed 
overlap area capacitance as a function of displacement CFA(x) becomes 
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 𝑪𝑪𝑭𝑭𝑭𝑭(𝒙𝒙) ≈ 𝑪𝑪𝒐𝒐𝒐𝒐 �𝟏𝟏 −
𝒙𝒙
𝒅𝒅𝟎𝟎
� (2.10) 

Differentiating (2.9) and approximating for small displacements using a first order Taylor 
expansion yields 

 
𝝏𝝏𝑪𝑪𝑭𝑭𝑭𝑭
𝝏𝝏𝝏𝝏

= −
𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎

�𝟏𝟏 +
𝒙𝒙
𝒅𝒅𝟎𝟎
�
−𝟐𝟐

≈ −
𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎

�𝟏𝟏 −
𝟐𝟐𝒙𝒙
𝒅𝒅𝟎𝟎
� (2.11) 

Combining (2.5) and (2.11) yields the electrostatic force for the fixed overlap area parallel plate 
transducer FFA 

 

𝑭𝑭𝑭𝑭𝑭𝑭 = −
𝟏𝟏
𝟐𝟐

(𝑽𝑽𝑭𝑭𝑭𝑭 − 𝒗𝒗𝒊𝒊)𝟐𝟐
𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎

�𝟏𝟏 +
𝒙𝒙
𝒅𝒅𝟎𝟎
�
−𝟐𝟐

 

≈ −
𝟏𝟏
𝟐𝟐

(𝑽𝑽𝑭𝑭𝑭𝑭 − 𝒗𝒗𝒊𝒊)𝟐𝟐
𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎

�𝟏𝟏 −
𝟐𝟐𝒙𝒙
𝒅𝒅𝟎𝟎
� 

(2.12) 

Assuming Vp ≫ |𝒗𝒗𝒊𝒊|, the electrostatic force can be approximated as 

 

𝑭𝑭𝑭𝑭𝑭𝑭 ≈ �𝑽𝑽𝑭𝑭𝑭𝑭𝟐𝟐 − 𝟐𝟐𝑽𝑽𝑭𝑭𝑭𝑭|𝒗𝒗𝒊𝒊|𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎)�
𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎

�𝟏𝟏 −
𝟐𝟐𝒙𝒙
𝒅𝒅𝟎𝟎
� 

≈ −
𝟏𝟏
𝟐𝟐
𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎

�𝑽𝑽𝑭𝑭𝑭𝑭𝟐𝟐 −
𝟐𝟐𝑽𝑽𝑭𝑭𝑭𝑭𝟐𝟐 𝒙𝒙
𝒅𝒅𝟎𝟎

− 𝟐𝟐𝑽𝑽𝑭𝑭𝑭𝑭|𝒗𝒗𝒊𝒊|𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎) +
𝟒𝟒𝒙𝒙𝑽𝑽𝑭𝑭𝑭𝑭|𝒗𝒗𝒊𝒊|𝒄𝒄𝒄𝒄𝒄𝒄(𝝎𝝎𝝎𝝎)

𝒅𝒅𝟎𝟎
� 

(2.13) 

The parallel plate transduction capacitance of (2.9) is a nonlinear function of 
displacement. As a result, when used to drive and sense micromechanical resonators, fixed 
overlap area capacitive transduction generally results in unfavorable performance 
characteristics such as frequency response distortion and harmonic distortion in the resonator 
output current [10].  Because these effects significantly hamper both oscillator and filter 
performance, fixed overlap area capacitive transduction is not well suited to drive and sense 
resonators in these applications. However, the nonlinearity of (2.9) does give rise to a 
frequency-pulling effect that is especially useful when leveraged to yield voltage controlled 
frequency tuning electrodes. 

2.2.1.1 Frequency Pulling 

As seen in (2.13), there exists a component of the electrostatic force that is 
proportional to the moveable plate’s displacement. The proportionality between displacement 
and the component of force is known as the electrical stiffness ke and is given by 
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 𝒌𝒌𝒆𝒆 =
𝑽𝑽𝑭𝑭𝑭𝑭𝟐𝟐 𝑪𝑪𝒐𝒐𝒐𝒐
𝒅𝒅𝟎𝟎𝟐𝟐

 (2.14) 

As illustrated in Figure 2.5, this electrical stiffness arises when the plate displacement 
grows and shrinks. For example, a shrinking gap enhances the electric field generated between 
the parallel plates due to the potential difference VFA. This varying electric field in turn 
generates an attractive force between the parallel plates. Because the generated attractive force 
varies linearly in phase with the moveable plate’s displacement, the plate can be viewed as 
possessing a negative stiffness that counteracts the mechanical stiffness km associated with the 
movable plate. If the movable plate is considered a resonator with a mass m, its resonance 
frequency 𝑓𝑓0 is given by 

 𝒇𝒇𝟎𝟎′ =
𝟏𝟏
𝟐𝟐𝝅𝝅

�(𝒌𝒌𝒎𝒎 − 𝒌𝒌𝒆𝒆)
𝒎𝒎

= 𝒇𝒇𝟎𝟎�𝟏𝟏 −
𝑽𝑽𝑭𝑭𝑭𝑭𝟐𝟐 𝑪𝑪𝒐𝒐𝒐𝒐
𝒌𝒌𝒎𝒎𝒅𝒅𝟎𝟎𝟐𝟐

 (2.15) 

Because the electrical stiffness of (2.14) is a function of the dc voltage held across the 
parallel plates, the resonance frequency of the resonator shown in Figure 2.7 can be adjusted 
negatively by applying a larger voltage across the plates.  

 
Figure 2.5 Perspective-view schematic describing the mechanism behind electrical stiffness 
generated by the parallel plate tuning electrodes 
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2.2.2 Capacitive-Comb Transduction 

 
Figure 2.6: Perspective-view schematic of the capacitive-comb transduction configuration 

When designing a resonator to be utilized in a frequency-selective application such as 
a clock oscillator or bandpass filter, frequency stability is of utmost concern. As previously 
mentioned, a drive capacitance that varies nonlinearly with displacement directly leads to 
resonance frequency instability. With stability in mind, the electrode-to-resonator capacitance 
should be designed to vary linearly with displacement. This can be achieved by employing 
capacitive-comb (fixed gap) transduction. 

In the capacitive-comb transduction configuration, illustrated in Figure 2.6, the 
moveable electrode is free to move in a direction parallel to the fixed electrode, resulting in a 
modulation of the parallel-plate capacitor’s overlap area A. Neglecting fringing fields, the 
parallel-plate capacitance can be approximated as 

 𝑪𝑪𝒇𝒇𝒇𝒇(𝒙𝒙) =
𝜺𝜺𝟎𝟎𝒉𝒉
𝒅𝒅𝟎𝟎

(𝑳𝑳𝟎𝟎 + 𝒙𝒙) (2.16) 

where h is the plate thickness and L0 is the initial overlap length. Differentiating (3.8) yields a 
constant change in capacitance per displacement given by 

 
𝝏𝝏𝑪𝑪𝒇𝒇𝒇𝒇
𝝏𝝏𝝏𝝏

=
𝜺𝜺𝟎𝟎𝒉𝒉
𝒅𝒅𝟎𝟎

 (2.17) 

The capacitive-comb transduction force is derived by combining (2.5) and (2.17) to 
yield 

 𝑭𝑭𝒇𝒇𝒇𝒇 =
𝟏𝟏
𝟐𝟐
�𝑽𝑽𝑷𝑷𝟐𝟐 +

|𝒗𝒗𝒊𝒊|
𝟐𝟐

− 𝟐𝟐𝑽𝑽𝑷𝑷|𝒗𝒗𝒊𝒊| 𝐜𝐜𝐜𝐜𝐜𝐜(𝝎𝝎𝝎𝝎) +
|𝒗𝒗𝒊𝒊|𝟐𝟐

𝟐𝟐
𝐜𝐜𝐜𝐜𝐜𝐜 (𝟐𝟐𝝎𝝎𝝎𝝎)�

𝜺𝜺𝟎𝟎𝒉𝒉
𝒅𝒅𝟎𝟎

 (2.18) 



Chapter 2: The Capacitive-Comb Transduced Folded-Beam Resonator 

   17 

As previously mentioned, when the excitation signal vi has a frequency matching the 
resonance frequency of the resonator and the resonator’s Q is large (≫ 10), the component at 
ω will dominate and all other terms can be neglected. This effect results in the simplified 
expression for capacitive-comb transduction force 

 𝑭𝑭𝒇𝒇𝒇𝒇 = −𝑽𝑽𝒑𝒑
𝜺𝜺𝟎𝟎𝒉𝒉
𝒅𝒅𝟎𝟎

𝒗𝒗𝒊𝒊 (2.19) 

Because (2.19) does not depend on displacement, this transduction configuration does 
not result in an electrical stiffness. Therefore, a capacitive-comb transduced resonator’s 
frequency should ideally be independent of the dc-bias voltage VP.  

2.3 Frequency Tunable Micromechanical Resonator Design Topology 

Figure 2.7 presents a perspective view of a capacitive-comb transduced folded-beam 
micromechanical resonator. This design essentially mimics the classic design of [43], except 
that it utilizes interdigitated capacitive-comb finger transducers for not only drive and sense, 
but also for frequency tuning. In particular, the drive and sense electrodes represent the 
capacitive-comb transducers of Section 2.2.2, which in turn realizes the a linear displacement-
to-capacitance transfer function that alleviates frequency instability [10] and (ideally) 
eliminates frequency dependence on applied voltages [44]. On the other hand, the fingers of 
the tuning electrodes represent the fixed-overlap-area capacitive transducers of Section 2.2.1. 
These transducers generate a nonlinear displacement-to-capacitance transfer function that 
realizes a voltage-controlled electrical stiffness suitable for post-fabrication frequency tuning 
[12]. 
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Figure 2.7: Perspective-view schematic of a frequency tunable capacitive-comb transduced 
folded-beam micromechanical resonator 

To excite the resonator into vibration, a dc voltage VP applied to the resonator shuttle 
creates an electric field between the shuttle and electrode fingers. An ac (sinusoidal) signal at 
the device’s resonance frequency applied to the input capacitive-comb electrode modulates the 
electric field across the electrode-to-resonator gap, thereby producing a force that drives the 
resonator into resonance vibrational motion. This motion, in turn, modulates the dc-biased 
capacitance between the vibrating resonator and output electrode fingers, generating an electric 
current that serves as the device’s output. 

2.3.1 Lumped Mechanical Parameters 

As previously, mentioned, mechanical resonators typically behave like the lumped 
parameter mass-spring-damper system of Figure 2.1. When considering resonator motion 
confined to the x-direction, the lumped mechanical parameters of Figure 2.7 are well 
established [9] and can be expressed as 

 𝒌𝒌𝒓𝒓 = 𝟐𝟐𝑬𝑬𝑬𝑬�
𝑾𝑾
𝑳𝑳 �

𝟑𝟑

 (2.20) 
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𝒎𝒎𝒓𝒓 = 𝑴𝑴𝑷𝑷 +
𝟏𝟏
𝟒𝟒
𝑴𝑴𝒕𝒕 +

𝟏𝟏𝟏𝟏
𝟑𝟑𝟑𝟑

𝑴𝑴𝒃𝒃 

𝒄𝒄𝒓𝒓 =
�𝒌𝒌𝒓𝒓𝒎𝒎𝒓𝒓

𝑸𝑸
 

where E is Young’s modulus; h is the resonator’s thickness; W and L represent the folded-beam 
widths and lengths respectively; MP, Mt, and Mb correspondingly represent the total mass of the 
resonator’s shuttle, the sum of the two horizontal trusses, and the sum of the eight parallel 
beams. 

While the mass-spring-damper model depicted in Figure 2.1 is useful in 
conceptualizing the device’s mechanical operation, is it perhaps more useful to represent the 
mechanical lumped parameters as equivalent lumped circuit elements that obey Kirchoff’s 
circuit laws [40]. These equivalent circuit values are summarized in Table 2.2. 

Table 2.2: Equivalent Lumped Circuit Elements and their Corresponding Lumped 
Mechanical Parameters 

Circuit Component Value 
Capacitor 1/𝑘𝑘𝑟𝑟 
Inductor 𝑚𝑚𝑟𝑟 
Resistor 𝑐𝑐𝑟𝑟 

 

2.3.2 Equivalent Two-Port Circuit Neglecting Voltage-Tuning 

In order to design electrical systems that incorporate the design topology of Figure 2.7 
it is useful to determine the transduced resonator’s equivalent lumped circuit parameters (LCR 
values) to apply the electrical domain expressions of Table 2.1 and utilize an equivalent 
schematic similar to Figure 2.2. This section will apply the results of well documented 
equivalent lumped parameter derivations [40][10][45] to yield an overall equivalent circuit 
model for the capacitive-comb transduced folded-beam resonator used throughout this 
dissertation. Initially, voltage controlled-tuning effects are ignored (𝑉𝑉𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 = 0), however these 
effects are incorporated into the equivalent circuit model in the following section.  

The electromechanical coupling factor, a coefficient that relates electrical current to 
mechanical velocity, serves as the bridging link between domains and is schematically 
represented as the turns ratio of an electrical transformer. In general, η is expressed as 

 𝜼𝜼 = 𝑽𝑽𝑷𝑷 �
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏�

   (2.21) 

Because the drive and sense transducers are equivalent to 2N capacitive-comb transducers in 
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parallel, where N is the number of comb fingers per side, equations (2.17) and (2.21) can be 
combined to yield the capacitive-comb electromechanical coupling factor: 

 𝜼𝜼 = 𝑽𝑽𝑷𝑷
𝟐𝟐𝑵𝑵𝑵𝑵𝟎𝟎𝒉𝒉
𝒅𝒅𝟎𝟎

  (2.22) 

Noting that the resonator topology of Figure 2.7 has symmetric drive and sense transducers and 
neglecting voltage-tuning effects, equation (2.22) combined with the equivalent lumped circuit 
elements summarized in Table 2.2 allows for the equivalent circuit model depicted in Figure 
2.8. 

 
Figure 2.8: Equivalent two-port transformer model for the resonator topology of Figure 2.7, 
neglecting voltage-tuning effects 

While the circuit of Figure 2.8 is certainly useful and can be directly imported into 
popular circuit analysis tools such as SPICE and Keysight ADS, because the design topology 
utilizes symmetric drive and sense electrodes, the circuit can be further simplified by “folding” 
the electromechanical coupling factor into the resonator’s lumped mechanical parameters. This 
simplification results in the transformer-less series LCR circuit model of Figure 2.9 with 
elements given by: 

 𝑪𝑪𝒙𝒙 =
�𝑽𝑽𝑷𝑷 �

𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏��

𝟐𝟐

𝒌𝒌𝒓𝒓
=
�𝑽𝑽𝒑𝒑

𝑵𝑵𝑵𝑵𝟎𝟎𝒉𝒉
𝒅𝒅𝟎𝟎

 �
𝟐𝟐

𝒌𝒌𝒓𝒓
=
𝜼𝜼𝟐𝟐

𝒌𝒌
 (2.23) 

 𝐿𝐿𝑥𝑥 =
𝑘𝑘𝑟𝑟

𝜔𝜔02 �𝑉𝑉𝑃𝑃 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕��

2 =
𝑘𝑘𝑟𝑟

𝜔𝜔02 �𝑉𝑉𝑃𝑃
𝑁𝑁𝑁𝑁0ℎ
𝑑𝑑0

�
2 =

𝑚𝑚𝑟𝑟

𝜂𝜂2
 (2.24) 

 𝑅𝑅𝑥𝑥 =
𝑘𝑘𝑟𝑟

𝜔𝜔0𝑄𝑄 �𝑉𝑉𝑃𝑃 �
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕��

2 =
𝑘𝑘𝑟𝑟

𝜔𝜔0𝑄𝑄 �𝑉𝑉𝑃𝑃
𝑁𝑁𝑁𝑁0ℎ
𝑑𝑑0

�
2 =

�𝑘𝑘𝑟𝑟𝑚𝑚𝑟𝑟

𝑄𝑄𝜂𝜂2
 (2.25) 
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Figure 2.9: Simplified LCR model for the resonator topology of Figure 2.7, neglecting voltage-
tuning effects 

Equations (2.23) through (2.25) indicate that the equivalent LCR circuit parameters for a 
capacitive-comb transduced folded-flexure are strong functions of the resonator’s dc-bias VP 
and the transduction capacitance per displacement ratio 𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕. 

For both oscillator and filter applications, it is often desirable to maximize the current 
seen exiting the output transducer when an ac-sinusoidal signal with a frequency equal to the 
resonator’s natural frequency 𝜔𝜔0  is applied to the resonator’s input transducer. Because 
capacitor and inductor impedances cancel at resonance, output current is increased in designs 
with lower 𝑅𝑅𝑥𝑥 values. This suggests design efforts should focus on maximizing resonator Q, 
minimizing the 𝑘𝑘𝑟𝑟𝑚𝑚𝑟𝑟product, and maximizing the electromechanical coupling factor η. 

2.3.3 Equivalent Two-Port Circuit with Voltage-Tuning 

The equivalent circuit of Figure 2.9 is particularly useful when formulating the initial 
resonator design because it provides a simple and intuitive insight into the device’s operation. 
However, this schematic must be modified to account for the voltage-controlled tuning 
provided by the fixed overlap area transducers shown in Figure 2.7. 

As emphasized in Section 2.2.1.1, a static dc potential, Vtune in this case, held across 
the fixed-overlap-area transducer gives rise to an electrostatic force that is proportional to the 
moveable plate’s displacement. The proportionality constant between this electrostatic force 
and the plate’s displacement is known as the electrical stiffness ke given by 

 𝒌𝒌𝒆𝒆 =
𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝑽𝑽𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐 𝑪𝑪𝒐𝒐𝒐𝒐

𝒅𝒅𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐  (2.26) 

Where Ntune is the total number of fixed-overlap-tuning electrodes, COS is the static overlap 
capacitance across a single tuning transducer, and dtune is the initial gap spacing between the 
parallel plates. 

Because the electrical stiffness term arises from an attractive force that counteracts 
the mechanical stiffness of the resonator kr, the overall stiffness of the system must be equal to 
kr – ke. Mechanically, this is equivalent to two springs acting in parallel, with the electrical 
stiffness having an opposite sign from the mechanical stiffness. Since, mechanical springs are 



Chapter 2: The Capacitive-Comb Transduced Folded-Beam Resonator 

   22 

schematically modelled as capacitors with values equal to the inverse of their stiffness, the 
electrical stiffness term can be readily incorporated into the resonator schematic of Figure 2.8 
by placing the electrical stiffness voltage-dependant capacitor in series with the mechanical 
stiffness capacitor. The new overall two-port transformer model schematic including voltage-
controlled tuning transducers is depicted in Figure 2.10. 

 
Figure 2.10: Transformer and simplified LCR schematic representation of the voltage-tunable 
capacitive-comb driven resonator of Figure 2.7 

Utilizing the analysis techniques demonstrated in the previous section, the model can 
once again be reduced to a simple LCR circuit because the input and output transducers are 
symmetric. Again, the electromechanical coupling factor is folded into the circuit, yielding a 
series LCR tank with component values given by equations (2.3) through (2.5). In addition, the 
LCR tank is placed in series with a negative variable capacitor with a value given by 

 𝑪𝑪𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 =
𝜼𝜼𝟐𝟐

𝒌𝒌𝒆𝒆
=

𝜼𝜼𝟐𝟐

𝑽𝑽𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝟐𝟐
𝒅𝒅𝟎𝟎𝟐𝟐

𝑵𝑵𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝑪𝑪𝑶𝑶𝑶𝑶
   (2.27) 

As a confirmation of the model, when Vtune is set to 0V, Ctune becomes a capacitor with 
infinite capacitance and can be considered a short circuit. In this case, the equivalent tuning 
capacitor can be neglected, resulting in the equivalent circuit of Figure 2.9. 

2.4 Typical Resonator Design Values 

In order to gain a better intuition for the equivalent circuit models of Figure 2.9 and 
Figure 2.10, it is instructive to consider typical resonator design values. Table 2.3 presents 
resonator design values and equivalent circuit values for a 34-kHz polysilicon resonator with 
an expected Q of 50,000. This design employs 57 comb fingers on a side and an intended dc-
bias voltage of 1.65 V. When considering the equivalent circuit values, careful attention should 
be payed to the series motional resistance Rx. This parameter is specifically important to 
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oscillator [46] and filter design [47].   

Table 2.3: Typical Capacitive-Comb Transduced Resonator Design Values  

Parameter Value Units 
E 150 GPa 
W 0.5 μm 
L 45 μm 
h 2 μm 
d 0.6 μm 
N 57 comb-fingers/side 

Mp 1.73×10-11 kg 
Mt 7.21×10-13 kg 
Mb 8.28×10-13 kg 
mr 1.79×10-11 kg 
kr 0.82 N/m 
f0 34.0 kHz 
Q 50000 ‒ 
VP 1.65 V 
Η 2.77 nF/m 
Rx 2.48 MΩ 
Cx 37.4 aF 
Lx 581 kH 
Co 8.41 fF 

 

2.5 Resonator Fabrication 

Resonators were fabricated using a conventional 3-mask process flow [43][47] 
following the cross-sections shown in Figure 2.11. Here, the fabrication steps largely mimic 
that of previously demonstrated comb-driven resonators, but differ in the use of an ASML300 
Deep-UV Stepper for lithography, capable of achieving 0.25μm resolution when operating 
under ideal conditions [48]. This stepper permits critical features substantially smaller in size 
than any other published resonator of this type.  
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Figure 2.11: Cross-sections succinctly illustrating the fabrication process flow used to achieve 
capacitive-comb driven devices. 

Figure 2.12 presents a scanning electron micrograph (SEM) of a fabricated 32-kHz 
capacitive-comb driven resonator with 600 nm suspension beam widths and 550 nm capacitive-
comb finger gaps. These diminutive features combine to deliver a compact device footprint 
measuring just 110 μm × 140 μm, or 0.0154mm2. This compact area is more than 100× smaller 
than the smallest packaged commercial quartz clock-resonator [20] and at least 4× smaller than 
the smallest previously demonstrated MEMS-based research resonator [13]. The design and 
characterization of this resonator will be outlined in the Chapter 3. 

The SEM of a 523-kHz coupled resonator filter is presented in Figure 2.13. This 
device is comprised of four mechanically coupled resonators and in total occupies an area of 
146 μm × 872 μm. Here each coupled resonator possesses independent tuning electrodes that 
allow for the application of an automated passband correction protocol. The design and 
characterization of this device is detailed in Chapter 4. 



Chapter 2: The Capacitive-Comb Transduced Folded-Beam Resonator 

   25 

 
Figure 2.12: SEM of a fabricated 32-kHz capacitive-comb driven folded-beam frequency 
tunable MEMS-based resonator. 
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Figure 2.13: SEM of a fabricated 523-kHz coupled resonator filter. 
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3. A MEMS-BASED REAL-
TIME CLOCK 

In this chapter, the resonator topology outlined in Section 2.3 is combined with a 
custom designed ASIC, yielding a compact, ultra-low power 32.768-kHz clock oscillator. First, 
a discussion of the resonator’s design is overviewed with special emphasis paid to its immense 
scaling benefits. Next, focus shifts the design and implementation of a CMOS sustaining 
amplifier designed with low power in mind. Finally, experimental results are presented and 
comparisons are made to previously demonstrated works. 

3.1 Resonator Design 

Figure 3.1 presents a schematic of the overall 32.768-kHz oscillator that embeds the 
capacitive-comb transduced folded-beam micromechanical resonator highlighted in the 
previous section in a positive feedback loop with a CMOS sustaining amplifier (to be described 
in more detail, later). The resonator device consists of a 2 μm thick n-doped polysilicon 
movable shuttle suspended 2 μm above an n-doped polysilicon ground plane and connected to 
its central anchor points via folded beam suspension springs. As previously outlined, the overall 
design essentially mimics the classic design of [43], except that it utilizes interdigitated 
capacitive-comb finger transducers for not only drive and sense, but also for frequency tuning. 
In particular, the drive and sense electrodes employ interdigitated fingers that slide relative to 
one another in a motion that maintains constant gap spacings, which in turn realizes a linear 
displacement-to-capacitance transfer function that (ideally) eliminates frequency dependence 
on applied voltages. On the other hand, the fingers of the tuning electrodes move towards or 
away from one another, in parallel-plate fashion, where their gap spacings mimic shuttle 
displacements. This generates a nonlinear displacement-to-capacitance transfer function that 
realizes a voltage-controlled electrical stiffness suitable for frequency tuning [12].  
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Figure 3.1: Perspective-view schematic of the tunable capacitive-comb driven folded-beam 
resonator connected in a series-resonant oscillator circuit 

3.1.1 Benefits of Scaling 

As previously mentioned in Section 2.3, the electrostatic-comb driven resonator first 
established by William Tang [49] represents an excellent low frequency surface 
micromachined resonator design topology because the drive and sense electrodes employ 
interdigitated fingers that maintain constant gap spacings, which in turn realizes a linear 
displacement-to-capacitance transfer function. While this design is already rich in benefits, 
from the stress-relief afforded by its folded beams, to the frequency stability provided by 
sliding interdigitated comb-fingers, perhaps its most important benefit is the rate at which 
reductions in its lateral dimensions decrease its areal footprint and motional resistance. 

The resonance frequency of the capacitive-comb transduced folded-beam resonator of 
this work is given by [50] 
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 𝒇𝒇𝟎𝟎 =
𝟏𝟏
𝟐𝟐𝝅𝝅

�𝟐𝟐𝑬𝑬𝑬𝑬�
𝑾𝑾
𝑳𝑳 �

𝟑𝟑

𝑴𝑴𝒆𝒆
 (3.1) 

where E is Young’s modulus; h is thickness; W and L are widths and lengths, respectively, of 
the beams used in the folded-beam suspension. Me represents dynamic mass of the resonator 
which is evaluated using Rayleigh’s energy method as [9]  

 𝑴𝑴𝒆𝒆 = 𝑴𝑴𝒑𝒑 +
𝟏𝟏
𝟒𝟒
𝑴𝑴𝒕𝒕 +

𝟏𝟏𝟏𝟏
𝟑𝟑𝟑𝟑

𝑴𝑴𝒃𝒃 (3.2) 

where MP, Mt, and Mb represent the total mass of the resonator’s shuttle, the sum of the two 
horizontal trusses, and the sum of the eight parallel beam. While Young’s E and thickness h 
are dictated by the fabrication process, the design is still open ended, particularly regarding the 
folded-beam dimensions. As indicated in (3.1), when lateral dimensions W and L are scaled by 
the same factor, their ratio W/L remains fixed, which means the resonance frequency stays the 
same, so long as MP >> Mb. 

One of the most important factors determining oscillator performance is resonator 
motional resistance Rx. For many oscillator configurations, minimizing Rx not only reduces 
power consumption, it also raises the power handling ability of the resonator, which, in turn, 
can contribute to improved noise performance. For the resonant structure of this work, the 
motional resistance is given by [50] 

 𝑹𝑹𝒙𝒙 =
𝟏𝟏
𝝅𝝅

𝑬𝑬
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   (3.3) 

where Q is the resonator quality factor; N is the total number of input/output (I/O) comb-fingers 
on the resonator shuttle; and g0 is the spacing between them, assumed equal for all finger 
pairings. As seen in Figure 3.8, like resonance frequency, Rx remains constant with constant 
W/L scaling. However, if one reduces the gap spacing g0 in addition to structure lateral 
dimensions, the motional resistance shrinks very quickly, by a square law. 

Of course, device footprint also scales with lateral dimensions. For the resonator 
design of this work, the die area consumed can be approximated according to  

 𝑫𝑫𝑫𝑫𝑫𝑫 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨 ≈  𝜶𝜶𝑳𝑳𝟐𝟐 (3.4) 

where α is a design-specific scale factor equal to 7.5 for the device of this work. From (3.3) 
and (3.4), when all lateral dimensions (i.e., W, L, and g0) shrink by scale factor S, both die area 
and Rx decrease dramatically by S2. Figure 3.2 illustrates this point by plotting both die area 
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and Rx against lithographic resolution (assumed to set the minimum W and g0). As shown, the 
smallest lithographically defined features in this work are 550 nm, yielding a motional 
resistance of 2 MΩ (for a dc-bias VP=1.65 V) and a die area of 0.015 mm2 (≈0.12 mm×0.12 
mm). The ASML300 Deep-UV stepper employed to achieve these small features actually 
boasts the capability of attaining features as small as 0.25 μm in a production environment [48], 
and if gaps and features this size were possible, they would yield a significantly smaller die 
area of 0.0027 mm2 (≈0.05 mm×0.05 mm) and an Rx value of only 400 kΩ at the same dc-bias 
voltage. Ultimately, with the use of 20 nm CMOS-grade lithography and patterning techniques 
already available in industry [51], and with a (big) assumption that gaps and features this size 
can be attained in 2 µm-thick structural material, this design is theoretically capable of scaling 
to an extremely small die area of only 0.000002 mm2 (≈1.4 μm×1.4 μm), while achieving an 
Rx of just 3 kΩ with VP=1.65 V. 

 
Figure 3.2: Plot illustrating the simulated benefits of both motional resistance Rx and die area 
when scaling down critical dimensions W and g0 as lithographic resolution improves 

When comparing resonator performance it is often beneficial to consider 
electromechanical coupling efficiency. Another benefit of lateral dimensional scaling is an 
enhancement of the resonator’s electromechanical coupling efficiency as feature sizes are 
reduced. The electromechanical coupling efficiency of a given resonator is commonly gauged 
by its motional-to-static transducer capacitance ratio Cx/C0. For the capacitive-comb transduced 
resonator of this work the static capacitance C0 is written as 
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 𝑪𝑪𝟎𝟎 =
𝑵𝑵𝜺𝜺𝟎𝟎𝒉𝒉𝑳𝑳𝟎𝟎
𝒈𝒈𝟎𝟎

 (3.5) 

where L0 is the static comb-finger overlap length. The motional transducer capacitance Cx is 
written as  

 𝑪𝑪𝒙𝒙 =
𝜼𝜼𝟐𝟐

𝒌𝒌𝒎𝒎
=
𝑽𝑽𝒑𝒑𝟐𝟐 �

𝑵𝑵𝜺𝜺𝟎𝟎𝒉𝒉
𝒈𝒈𝟎𝟎

�
𝟐𝟐

𝟐𝟐𝑬𝑬𝑬𝑬 �𝑾𝑾𝑳𝑳 �
𝟑𝟑  (3.6) 

With equations (3.5) and (3.6) handy, the motional-to static transducer ratio Cx/C0 is simplified 
to  

 
𝑪𝑪𝒙𝒙
𝑪𝑪𝟎𝟎

=
𝑵𝑵𝑵𝑵𝒑𝒑𝟐𝟐𝜺𝜺𝟎𝟎

𝟐𝟐𝒈𝒈𝟎𝟎 �
𝑾𝑾
𝑳𝑳 �

𝟑𝟑 (3.7) 

Again, like resonance frequency and Rx, this ratio remains fixed with constant W/L scaling. 
However, the coupling efficiency improves dramatically if the resonator to electrode gap 
spacing is scaled as well. With a VP of 1.65 V and the gap spacing of 550 nm achieved in this 
work, Cx/C0 is calculated to be 0.52%. While this efficiency already represents a significant 
improvement over existing technologies including quartz tuning forks (Cx/C0 = 0.22%) [52], if 
the gap spacing of 250 nm could be achieved, the coupling efficiency will balloon to 1.1% 

3.1.2 Voltage-Controlled Frequency Tuning 

Although the above orders of magnitude improvements in both die area and Rx as 
lithographic feature sizes shrink are impressive, concerns naturally arise regarding center 
frequency variance from device-to-device, especially as features aggressively scale down. To 
circumvent this problem, the Figure 3.1 design employs voltage-controlled frequency tuning, 
made possible by electrical stiffnesses generated by the parallel-plate transducers previously 
mentioned in Section 2.2.1.1. 

As illustrated in Figure 2.5, this electrical stiffness ke arises when the gap gtune between 
a resonator finger and a tuning-electrode finger grows and shrinks. For example, a shrinking 
gap enhances the electric field generated by the tuning electrode-to-resonator potential 
difference Vtune. This varying electric field, in turn, generates an attractive force that varies in 
phase with and is proportional to the shuttle displacement―attributes that fit the definition of 
a negative stiffness. As emphasized in equation (2.5), the electrical stiffness ke, being negative, 
counteracts the mechanical stiffness km, resulting in a downward shift in frequency. 

Note that because the dc-bias voltage VP does not appear in (2.14) or (3.1), it does not 
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influence the electrical stiffness, so the resonance frequency of the resonator remains 
unaffected by fluctuations in VP. This, in turn, means that the resonator’s motional resistance 
(given by (3.3)) and resonance frequency (given by (3.1)) can be set independently of one 
another, with the former set by VP, and the latter by Vtune. In other words, the frequency of this 
device can be adjusted without affecting its motional resistance—a very important 
characteristic for any resonator used in a tunable oscillator. 

As observed in equation (2.14), in addition to the applied tuning voltage Vtune, ke 
depends on the lithographically designable features Atune and gtune, meaning the resonator and 
tuning-electrode designs dictate the overall tuning range. The tuning-electrodes of this work 
feature 1 μm gaps that allow for a 50,000 ppm frequency tune over a 3.3 V tuning voltage 
range, as shown by the measured curve of Figure 3.3. 

 
Figure 3.3: Measured plot of resonance frequency versus tuning voltage for the device of Figure 
3.16.  

3.1.3 Resonator Design Constraints and Considerations 

When designing a micromechanical resonator, careful attention must be payed to its 
specific geometries and materiel properties. The resonator design of this section is constrained 
by three important parameters: 1) resonance frequency, 2) motional resistance, and 3) die area. 
When incorporated as the frequency selective component of a real-time clock oscillator, each 
of these parameters greatly affects the oscillator’s performance with respect to power 
consumption and manufacturing cost. 

As previously discussed, the resonator design of Figure 3.1 maintains a relatively 
constant resonance frequency as folded-beam dimensions W and L are laterally scaled. 
Therefore, from an area perspective, it is beneficial to set W to the minimum resolvable feature 
size. To further constrain the resonator’s designable geometries, motional resistance Rx should 
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be minimized because when combined with a series-resonant sustaining amplifier to form an 
oscillator, reductions in Rx typically lead to reduced oscillator power consumption. Combining 
the expression for the motional resistance of the resonator of this section, equation (3.3), and 
the relationship between stiffness, mass, and resonance frequency detailed in equation (2.2) 
yields 

 𝑹𝑹𝒙𝒙 =
�𝟐𝟐𝑬𝑬𝑬𝑬�𝑾𝑾𝑳𝑳 �

𝟑𝟑
𝑴𝑴𝒆𝒆

𝑸𝑸�
𝟐𝟐𝑵𝑵𝜺𝜺𝟎𝟎𝑽𝑽𝒑𝒑
𝒈𝒈𝟎𝟎

�
𝟐𝟐  (3.8) 

From equation (3.8) it becomes readily apparent that it is beneficial to minimize the capacitive 
comb finger gap spacings g0 and the total dynamic resonator mass Me while maximizing the 
total number of transduction fingers N. In other words, for a design constrained by minimal 
motional impedance, the capacitive-comb finger gap spacings should be set to the minimum 
resolvable feature size and the resonator’s dynamic mass should ideally be limited to the 
combined mass of a large number of rotor fingers. While it is not physically possible to have 
the entire dynamic mass comprised solely of comb fingers, heavy emphasis should be placed 
on maximizing the total number of comb fingers while still maintaining a structurally sound 
resonator shuttle. After the resonator shuttle has been designed, the dynamic mass can be 
approximated using (3.2). With this dynamic mass in mind, the folded beam length, L is set to 
dimension that presents the necessary stiffness to the moveable resonator shuttle that results in 
a lateral resonance frequency of 32 kHz. 

Besides critical geometric dimensions, it is also important to consider fabrication 
defects during the resonator design. As previously mentioned, the resonator topology of this 
chapter includes parallel-plate tuning transducers to correct for device-to-device variations in 
resonance frequency. Because these transducers must occupy additional area and contribute to 
the resonator’s dynamic mass, their presence must be observed when specifying critical 
features. Another significant fabrication effect to consider is stiction, an effect that becomes 
more troublesome as dimensions shrink [53]. One way to plan for the possibility of post-release 
stiction is to “cut” sections from the resonator shuttle to allow a probe to slide under the shuttle 
and “free” the device. 

3.1.4 Resonator Design Parameters and Layout 

With a strategy for designing for minimal device area and motional resistance in place, 
concrete resonator design parameters can be established. Figure 3.4 shows the mask layout and 
Table 3.1 outlines important design parameters, geometries, and equivalent circuit parameters 
for the main resonator design of this work. It should be noted that the resonance frequency was 
actually designed to be 34 kHz instead of 32.768 kHz. The reasoning behind this design choice 
relates back to the electrostatic tuning transducers outlined in Section 2.2.1.1. From equation 
(2.15) it can be seen that the resonance frequency can only be pulled downward with the 
application of a dc tuning voltage, even if a negative voltage is applied. This means the 
resonator should be designed to have a frequency higher than the desired oscillation frequency 
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so that fabrication imperfections resulting in both positive and negative frequency shifts can be 
corrected with an applied tuning voltage.  

 
Figure 3.4: Lithographic mask layout for the capacitive-comb transduced resonator of this 
section 
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Table 3.1: Capacitive-Comb Transduced Resonator Design Values  

Parameter Value Units 
E 150 GPa 
W 0.5 μm 
L 45 μm 
h 2 μm 
d 0.6 μm 
N 57 comb-fingers/side 

Mp 1.73×10-11 kg 
Mt 7.21×10-13 kg 
Mb 8.28×10-13 kg 
mr 1.79×10-11 kg 

Area 0.00154 mm2 

kr 0.82 N/m 
f0 34.0 kHz 
Q 50000 ‒ 
VP 1.65 V 
Η 2.77 nF/m 
Rx 2.48 MΩ 
Cx 37.4 aF 
Lx 581 kH 
Co 8.41 fF 

 

3.1.5 Resonator FEM Simulation 

After resonator geometries have been specified, it is often beneficial and cost-effective 
to run a finite element method (FEM) modal analysis to yield a more accurate prediction of the 
post-fabrication resonance frequency. In this dissertation, CoventorWare was employed to 
provide layout and process specific FEM modal analyses for resonator design iterations. These 
simulations can also highlight potentially devastating issues that may have been previously 
overlooked such as electrical shorting resulting from unforeseen shuttle and truss bending. 

Figure 3.5 shows the resulting modal simulation of for the design of Figure 3.4. Here 
the resonance frequency is predicted to be 33.026 kHz, which represents a nearly 30,000 ppm 
shift from the designed frequency of 34 kHz. In fact, this result was the intentional consequence 
of several design iterations performed in conjunction with FEM simulations. The predicted 
frequency lies comfortably above the desired oscillation frequency of 32.768 kHz and well 
with the designed 3.3-V tuning range of 50,000 ppm. 
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Figure 3.5: Layout and process specific CoventorWare FEM modal analyses for the resonator 
design of Figure 3.4 
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3.2 CMOS Sustaining Amplifier 

 
Figure 3.6: Top-level circuit schematic of the series resonant oscillator architecture  

To attain the clock oscillator of Figure 3.1, a compatible sustaining amplifier circuit 
is required. Figure 3.6 presents the oscillator circuit topology used herein. This circuit is  
comprised of a transresistance amplifier in series with the MEMS resonator, which as 
previously discussed in Section 2.3.2 can be represented by an LCR tank. When the 
transresistance gain is 2.8 MΩ, this topology yields sufficiently low input and output 
resistances, on the order of Ri=180 kΩ and Ro=110 kΩ, respectively, to allow a reasonably 
small transresistance gain Ramp, where one necessary condition for sustained oscillation 
requires 

 𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹 ≥ 𝑹𝑹𝒙𝒙 + 𝑹𝑹𝒊𝒊 + 𝑹𝑹𝒐𝒐 (3.9) 

A second condition for oscillation requires a total 0º phase shift around the oscillator 
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loop. Since the resonator incurs a 0° phase shift across its input/output (I/O) terminals when 
operating at series resonance, the amplifier must also provide a 0° phase shift from input-to-
output. 

 
Figure 3.7: Transistor level schematic of the custom-designed transresistance sustaining 
amplifier presented alongside  the op-level circuit schematic of the micromechanical resonator 
clock oscillator of this chapter. 

The circuit of Figure 3.7 satisfies the above criteria for sustained oscillation while 
utilizing a single gain stage designed to minimize common mode noise [54][55]. The sustaining 
circuit entails a fully balanced differential CMOS op-amp connected in shunt-shunt feedback 
on one side, with the output taken from the other side. As detailed in the circuit schematic, the 
gain stage encompasses transistors M1-M4, while transistor M5 operates as an MOS resistor to 
set the large transresistance gain needed to satisfy (3.9). 

The transresistance gain, input resistance, and output resistance of the sustaining 
amplifier are expressed as follows: 

 𝑹𝑹𝒂𝒂𝒂𝒂𝒂𝒂 =
𝟏𝟏
𝟐𝟐𝒈𝒈𝒎𝒎𝟏𝟏(𝑹𝑹𝒇𝒇//𝒓𝒓𝟎𝟎𝟎𝟎//𝒓𝒓𝟎𝟎𝟎𝟎)𝑹𝑹𝒇𝒇

𝟏𝟏 +  𝟏𝟏𝟐𝟐𝒈𝒈𝒎𝒎𝟏𝟏(𝑹𝑹𝒇𝒇//𝒓𝒓𝟎𝟎𝟎𝟎//𝒓𝒓𝟎𝟎𝟎𝟎)
≅

𝒈𝒈𝒎𝒎𝟏𝟏𝑹𝑹𝒇𝒇𝟐𝟐

𝟐𝟐 + 𝒈𝒈𝒎𝒎𝟏𝟏𝑹𝑹𝒇𝒇
≅ 𝑹𝑹𝒇𝒇   (3.10) 
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 𝑅𝑅𝑖𝑖 =
𝑅𝑅𝑓𝑓

1 + 1
2𝑔𝑔𝑚𝑚1(𝑅𝑅𝑓𝑓//𝑟𝑟01//𝑟𝑟03)

≅
2𝑅𝑅𝑓𝑓

2 + 𝑔𝑔𝑚𝑚1𝑅𝑅𝑓𝑓
≅

2
𝑔𝑔𝑚𝑚1

   (3.11) 

 𝑅𝑅𝑜𝑜 =
𝑅𝑅𝑓𝑓//𝑟𝑟01//𝑟𝑟03

1 + 1
2𝑔𝑔𝑚𝑚1(𝑅𝑅𝑓𝑓//𝑟𝑟01//𝑟𝑟03)

≅
2𝑅𝑅𝑓𝑓

2 + 𝑔𝑔𝑚𝑚1𝑅𝑅𝑓𝑓
≅

2
𝑔𝑔𝑚𝑚1

   (3.12) 

where gm1 is the transconductance of M1, ro1 and ro3 are the output resistance of M1 and M3, 
respectively. Rf is the MOS resistor value implemented by MRf1 and MRf2, and is assumed to be 
much smaller than the circuit’s ros, and the forms on the far rights assume the amplifier’s open 
loop gain 1/2gm1Rf >> 1.  

Expression (3.10) indicates the sustaining amplifier’s gain depends primarily on Rf, 
therefore it might seem reasonable to simply reduce transistor drain currents ID as much as 
possible when designing for minimal power consumption. However, the amplifier’s input and 
output resistances, expressed in (3.11) and (3.12) respectively, must also be taken into 
consideration. To reduce Q loading effects of the oscillator, both Ri and Ro should be kept 
significantly lower than Rx, and it is therefore beneficial to increase the value of gm1. Employing 
very large W/L transistors is an attractive method for increasing gm1 without increasing power 
consumption, however any escalation in transistor aspect ratio in turn reduces the 3-dB 
bandwidth of the amplifier due to the increase in MOS parasitic capacitance. As a rule of 
thumb, the amplifier’s bandwidth should be greater than 10× the oscillation frequency in order 
to keep the phase shift at this frequency as close to 0° as possible. Fortunately, implementing 
a design with a lower gain Rf will lead to an increase in the 3-dB bandwidth as outlined in the 
following section. Because Rf must be greater than Rx to sustain oscillation, shrinking Rx 
through scaling allows for lower allowable Rf implementations and enables designs with overall 
reduced power consumptions. 

3.2.1 Low Power Design 

The essential systemic consideration for nearly all real-time clock applications is 
power consumption. To that end, it is of upmost importance to unveil which designable 
parameters can lead to reduced power consumption and to predict a figure for the minimum 
possible power consumption, given ideal conditions. 

3.2.1.1 Sustaining Amplifier Simulation parameters 

In order to gain a quantitative feel for the sustaining amplifier circuit of Figure 3.7, it 
is instructive to simulate various amplifier parameters under specific conditions, assuming 
typical resonator and transistor values. The typical resonator and transistor values to be utilized 
in this section are reflected in Table 3.2 and Table 3.3 respectively. 
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Table 3.2: 32 kHz Capacitive-Comb Transduced Resonator Design Values  

Parameter Value Units 
f0 32.0 kHz 
Q 50000 ‒ 
VP 1.65 V 
Η 2.77 nF/m 
Rx 2.48 MΩ 
Cx 39.9 aF 
Lx 618 kH 
Co 8.41 fF 

Table 3.3: Sustaining Amplifier Design Parameters  

Parameter Value Units 
VDD 1.8 V 
Vov 100 mV 
λ 0.1 V-1 

Cp 0.75 pF 
RF 5 MΩ 

3.2.1.2 Design Analysis 

The transimpedance amplifier of Figure 3.7 is best specified by its full transfer 
function 

 𝒁𝒁𝒂𝒂𝒂𝒂𝒂𝒂(𝒔𝒔) = −
𝑹𝑹𝒇𝒇𝒂𝒂𝒗𝒗𝝎𝝎𝒊𝒊𝒊𝒊𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐

𝒔𝒔𝟐𝟐 + (𝝎𝝎𝒊𝒊𝒊𝒊 + 𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐)𝒔𝒔 + 𝝎𝝎𝒊𝒊𝒊𝒊𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐(𝟏𝟏 + 𝒂𝒂𝒗𝒗)
  (3.13) 

where 

 

𝝎𝝎𝒊𝒊𝒊𝒊 =
𝟏𝟏

𝑹𝑹𝒇𝒇𝑪𝑪𝒊𝒊𝒊𝒊
,  𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐 =

𝟏𝟏
(𝑹𝑹𝒇𝒇//𝒓𝒓𝟎𝟎𝟎𝟎//𝒓𝒓𝟎𝟎𝟎𝟎)𝑪𝑪𝒐𝒐𝒐𝒐𝒐𝒐

    

𝒂𝒂𝒗𝒗 =
𝟏𝟏
𝟐𝟐
𝒈𝒈𝒎𝒎𝟏𝟏(𝑹𝑹𝒇𝒇//𝒓𝒓𝟎𝟎𝟎𝟎//𝒓𝒓𝟎𝟎𝟎𝟎) 

(3.14) 

and where av is the dc voltage gain of the base op amp, and Cin and Cout are the total capacitance 
at the input and output terminals of the amplifier, respectively. For simplicity, Cin and Cout can 
be expressed as 

 𝑪𝑪𝒊𝒊𝒊𝒊 = 𝑪𝑪𝟎𝟎 + 𝑪𝑪𝒑𝒑,𝒊𝒊𝒊𝒊 (3.15) 
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𝑪𝑪𝒐𝒐𝒐𝒐𝒐𝒐 = 𝑪𝑪𝟎𝟎 + 𝑪𝑪𝒑𝒑,𝒐𝒐𝒐𝒐𝒐𝒐 

Where Cp,in and Cp,out represent the total parasitic capacitance at the input and output terminals 
including MOS parasitic capacitance and pad capacitance, while C0 represents the resonator’s 
static comb-finger capacitance given by equation (3.5). 

Equation (3.13) has the form of a lowpass biquad transfer function. Figure 3.8 
illustrates that for a given Rf value, 5 MΩ in this case, the sustaining amplifier’s dc gain and 3-
dB bandwidth decrease as transistor drain current decreases. This effect is also seen in the 
expression for dc gain Zamp(0)=Ramp given in (3.10), and the expression for effective bandwidth 
ωb,eff given by 

 𝝎𝝎𝒃𝒃,𝒆𝒆𝒆𝒆𝒆𝒆 ≅ [𝝎𝝎𝒊𝒊𝒊𝒊𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐(𝟏𝟏 + 𝒂𝒂𝒗𝒗)]
𝟏𝟏
𝟐𝟐 ≅  �

𝒈𝒈𝒎𝒎𝟏𝟏
𝟐𝟐𝑹𝑹𝒇𝒇𝑪𝑪𝒊𝒊𝒊𝒊𝑪𝑪𝒐𝒐𝒐𝒐𝒐𝒐

�

𝟏𝟏
𝟐𝟐

  (3.16) 

As illustrated in Figure 3.8 and (3.13), any increase in Rf directly translates to an increase in 
the sustaining amplifier’s gain. However, because the phase across the sustaining amplifier 
should be as close to 0° as possible for this topology, especially when combined with high Q 
resonators, Rf’s effect on the amplifier’s effective bandwidth must be considered. From (3.16), 
the bandwidth can be increased by decreasing Rf, Cin, and Cout. In order to meet Barkhausen’s 
conditions for oscillation, the minimum Rf value is set by equation (3.9) and the bandwidth 
should be larger than the oscillation frequency and for best stability, the effective bandwidth 
should be chosen, as a rule of thumb, to be at least 10× greater than the oscillation frequency 
[56].  
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Figure 3.8: Simulated frequency response of the sustaining amplifier of Figure 3.7 with Rf held 
to 5MΩ and bond pad capacitances of 0.75 pF 

Figure 3.9 plots the sustaining amplifier’s bandwidth as a function of Rf. As shown, 
when Rf is increased, the sustaining amplifier’s 3-dB bandwidth is diminished. In addition, it 
can be observed that for a fixed Rf value, the amplifier bandwidth decreases as transistor drain 
current is reduced. Therefore, if minimum current is desired, Rf should be set to the smallest 
value that still meets the criteria of equation (3.9). 
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Figure 3.9: Bandwidth plotted against Rf for the sustaining amplifier of Figure 3.7 with bond 
pad capacitances of 0.75pF 

As previously mentioned, the sustaining amplifier’s bandwidth is typically set to be 
at least 10× the oscillation frequency as a rule of thumb. However, if minimal power 
consumption is of utmost concern, it is necessary to observe cases in which this rule is violated. 
Figure 3.10 presents a plot of the sustaining amplifier’s gain and phase shift, at 32 kHz, as a 
function of Rf. Once again, it can be seen that as Rf is reduced the gain provided by the amplifier 
is also lessened. Perhaps more interestingly, reductions in transistor current also lead to reduced 
gain and increased phase shift across the amplifier. Provided the amplifier’s gain is sufficiently 
large, oscillation is sustained at the frequency at which a 0º phase shift persists around the 
oscillator loop. This condition for oscillation implies that any phase shift present across the 
amplifier must be compensated by a corresponding phase shift across the resonator. Although 
this phase shift can be readily achieved by sustaining oscillation slightly off-resonance, the 
magnitude of impedance seen across a high-Q resonator rapidly increases as the operation 
frequency deviates from the resonator’s natural frequency. This, in turn, requires additional 
sustaining amplifier gain to overcome the heightened resonator impedance. Therefore, it 
becomes unfavorable to sustain oscillation in a configuration requiring significant resonator 
phase compensation.  
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Figure 3.10: Simulated gain and phase shift at an operating frequency of 32 kHz plotted against 
Rf for the sustaining amplifier of Figure 3.7 with bond pad capacitances of 0.75pF 

 

To determine just how small the value of the feedback resistor can be limited to, and 
in turn the minimum operating current, it is necessary to examine the full oscillator loop gain 
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expression incorporating resonator effects. As previously described in Section 2.3.2, the 
micromechanical resonator can be represented as an LCR tank with a complex impedance 
given by 

 𝒁𝒁𝒓𝒓𝒓𝒓𝒓𝒓(𝒔𝒔) =  𝒔𝒔𝑳𝑳𝒙𝒙 +
𝟏𝟏
𝒔𝒔𝒔𝒔𝒙𝒙

+ 𝑹𝑹𝒙𝒙 = 𝒔𝒔𝟐𝟐𝝎𝝎𝟎𝟎
𝟐𝟐 + 𝒔𝒔𝑹𝑹𝒙𝒙𝑪𝑪𝒙𝒙 + 𝟏𝟏  (3.17) 

Combining equation (3.13) and (3.17) yields the full transfer function representing the gain 
around the oscillator loop, which can be expressed as 

 

𝑯𝑯(𝒔𝒔) =
𝒁𝒁𝒂𝒂𝒂𝒂𝒂𝒂(𝒔𝒔)
𝒁𝒁𝒓𝒓𝒓𝒓𝒓𝒓(𝒔𝒔)

 

𝑯𝑯(𝒔𝒔) = �
𝑹𝑹𝒇𝒇𝒂𝒂𝒗𝒗𝝎𝝎𝒊𝒊𝒊𝒊𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐

𝒔𝒔𝟐𝟐 + (𝝎𝝎𝒊𝒊𝒊𝒊 + 𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐)𝒔𝒔 + 𝝎𝝎𝒊𝒊𝒊𝒊𝝎𝝎𝒐𝒐𝒐𝒐𝒐𝒐(𝟏𝟏 + 𝒂𝒂𝒗𝒗)� �
𝟏𝟏

𝒔𝒔𝟐𝟐𝝎𝝎𝟎𝟎
𝟐𝟐 + 𝒔𝒔𝑹𝑹𝒙𝒙𝑪𝑪𝒙𝒙 + 𝟏𝟏

�   

(3.18) 

Assuming the resonator and amplifier design parameters summarized in Table 3.2 and Table 
3.3 respectively, the magnitude and phase around the oscillator loop, whose transfer function 
is summarized in equation (3.18), is plotted in Figure 3.11. Oscillation will be sustained if the 
closed loop magnitude is greater than 0 dB at the frequency where the phase around the 
oscillator loop crosses 0º. Here three transistor drain current cases are considered. Under the 
condition that the amplifier drain current is operated at 10 nA, oscillation is not sustained 
because the closed loop gain never exceeds 0 dB. On the other hand, oscillation will be 
sustained under both the 30 nA and 50 nA drain current conditions because at the frequency in 
which the phase shift is 0º, the magnitude of the loop gain exceeds unity. Therefore it can be 
surmised that for this particular oscillator design, the minimum transistor current consumption 
will fall somewhere between 10 nA and 30 nA. Indeed, as depicted in the simulation of Figure 
3.12, the minimum drain current required for sustained oscillation is 20.9 nA. This is because 
at the frequency in which the phase around the loop is equal to 0°, the closed loop magnitude 
is exactly equal to unity (0 dB).  
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Figure 3.11: Closed loop frequency response for various amplifier drain currents assuming the 
resonator and sustaining amplifier conditions outlined in Table 3.2 and Table 3.3 respectively 
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Figure 3.12: Closed loop frequency response with the minimum drain current required for 
sustained oscillation 

Following the same procedure that was used to determine the minimum current 
consumption required for sustained oscillation in Figure 3.12, the minimum oscillator power 
consumption is computed under a range of conditions in order to better establish relationships 
between design parameters and device power. Figure 3.13 presents a plot the minimum 
sustaining amplifier power consumption as a function of resonator motional impedance Rx. In 
addition, the total input and output parasitic capacitance Cp is varied. Here, it becomes 
immediately apparent that if minimal power consumption is desired, attention must be paid 
toward reducing both motional impedance and unwanted capacitances. As previously 
discussed in Section 3.1.1, reductions in motional impedance can be achieved by laterally 
scaling the comb-finger gap. This effect is applied to produce the plot of Figure 3.14. From this 
plot, it can be observed that lateral gap scaling can indeed result in significant reductions in 
oscillator power consumption. 
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Figure 3.13: Minimum sustaining amplifier power consumption plotted against resonator 
motional resistance under various parasitic capacitance conditions 
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Figure 3.14: Minimum sustaining amplifier power consumption required to sustain oscillation 
plotted against comb finger gap spacing for various parasitic capacitance conditions 

3.3 Experimental Results 

In order to confirm the designs of Sections 3.1 and 3.2, resonators were fabricated in 
the Berkeley Marvell Nanolab following the procedure outlined in Section 2.5. Figure 3.15 
presents the frequency characteristic of the device of Figure 2.12 operating under 10 µTorr 
pressure in a Lakeshore FWPX Vacuum Probe Station and measured utilizing a 1 MΩ op-amp-
based transresistance amplifier into an HP8751A network analyzer. With an applied dc-bias 
voltage of only 1.65V, the resonator exhibited a motional resistance Rx of 1.94 MΩ, well within 
the range needed to meet the requirements of the CMOS sustaining amplifier. From (3.8), it 
should be noted that while the resonator’s high Q value of 57,000 certainly contributed to the 
modest Rx value, the resonator’s notably small capacitive-comb gaps g0 of 550 nm were much 
more responsible for keeping Rx small. 
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Figure 3.15: Measured frequency characteristic for the Figure 2.12 device under 10 μTorr 
vacuum. 

The custom ASIC CMOS sustaining amplifier of Figure 3.7 was fabricated in a 0.35 
μm foundry process. As depicted in Figure 3.16, the oscillator circuit combines the MEMS 
resonator and sustaining amplifier dies via bond-wires. The oscillator was then placed into a 
custom-designed vacuum box equipped with feedthroughs for electrical connection to outside 
measurement instrumentation. Oscillation starts up immediately on application of the 
necessary voltages outlined in Table 3.4. As seen in Figure 3.17, the oscillator produces a clean 
sinusoidal time-domain signal with a frequency of precisely 32.768 kHz. Note that this exact 
frequency did not come about via strict process control in fabrication, but rather from 
application of 2.95 V to the resonator’s tuning-electrodes, which provided the necessary 
frequency correction. In fact, the measured tuning range of 50,000 ppm over a Vtune range of 
3.3 V is 5× greater than the measured device-to-device frequency variance of 10,000 ppm, 
confirming the efficacy of the design described in Section 3.1.2. 
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Figure 3.16: Photo of the custom vacuum box test apparatus, with a blow up of a mock 
oscillator schematic combining the SEM of the micromechanical resonator with a die photo of 
the custom-designed ASIC amplifier. 

As seen in Table 3.4, sustained oscillation did not call for the application of any 
voltages above the CMOS technology’s design rail of 3.3 V. Furthermore, with the transistors 
forced into weak inversion by lowering the supply-rail to 1.8 V, the oscillator consumed only 
2.1 μW of power, which is on par with the power consumptions of nearly all commercially 
available compact-footprint clock oscillators. 
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Figure 3.17: Measured oscillator output spectrum and time-domain waveform. 

The clock oscillator of this work compares favorably to previously demonstrated clock 
oscillators in terms of both size and power consumption Table 3.5 and Figure 3.18 compare 
the oscillator and resonator of this work with previously demonstrated 32-kHz oscillators and 
resonators, respectively. The size comparison illustrated in Table 3.5 references all MEMS-die 
footprints to the package size of the smallest commercially available quartz clock oscillator 
[57], where the larger the scale factor, the smaller the die footprint. From Table 3.5, it can be 
seen that the oscillator of this work is 311× smaller than its quartz-crystal counterpart and 
significantly smaller than previously demonstrated MEMS approaches [13], [58]. The device 
of this work also offers a considerably larger tuning range than the recently demonstrated 
piezoelectric based approach [13], and consumes less power than the smallest commercially 
available 32-kHz quartz-based product. Given the favorable scaling attributes for capacitive-
transduced resonators, highlighted in Section 3.1.1, even more reductions in size and power 
consumption should be possible as better lithography becomes available. 
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Table 3.4: Oscillator Bias and Results Summary 

Resonator Bias VP 1.65V 
Supply Voltage VDD 1.80V 

Tuning Voltage Vtune 2.95V 
Oscillation Amplitude 87.61mVRMS 
Power Consumption 2.1 µW 

 
 

 

Table 3.5: Oscillator Comparison 

Device 
SG-

3030CM 
[61]  

SiT1552, 
Asl et. al 
[23][62]  

Cioffi & 
Hsu [58] 

Serrano et. 
al [13] 

This 
Work 

Type Quartz Capacitive 
MEMS 

Capacitive 
MEMS 

Piezoelectric 
MEMS 

Capacitive 
MEMS 

Area 3200 
×1500µm 

1500 
×800µm 

~500µm 
×400µm 

250µm 
×250µm 

140µm 
×110µm 

Scale 
Factor 1 4 24 76.8 311 

VP N/A 3.6 2.5V N/A 1.65V 
Q N/A 52,000 60,000 5,000 57,000 

Tuning 
Range N/A N/A N/A 6,500 ppm 

over 6V 

50,000 
ppm over 

3.3V 
Power 2.0µW 1.0µW 1.0µW N/A 2.1µW 
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Figure 3.18: Size comparison of the resonating element of this work against previously 
demonstrated miniature clock resonators [18][19][20][13] 

3.4 Conclusions 

A 32.768-kHz clock oscillator employing an ultra-compact tunable capacitive-comb 
transduced MEMS-based resonator as its frequency-setting element has been demonstrated 
with all applied dc-bias voltages < 3 V while consuming only 2.1 μW of power. The resonator 
design possesses beneficial scaling properties, whereby scaling-down all lateral dimensions 
results in square-law reductions in both motional resistance and die footprint.  

Because of this extensive scaling potential, capacitive-transduced MEMS resonators 
seem well positioned to provide the smallest real-time clock oscillators provided that the 
repeatability issues associated with scaling can be mitigated. While the frequency tuning-
electrodes in this work provide an effective solution for alleviating center frequency variations 
exacerbated by aggressive scaling, there is some concern that the large tuning range can give 
rise to instability if the variables controlling the tuning are themselves not sufficiently stable. 
For this reason, design improvements that reduce device-to-device mismatch are always 
desirable and are the subject of future work. 
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4. HIGH-ORDER 
MICROMECHANICAL FILTERS 

This chapter presents the mechanical coupling of several resonators following the 
topology guidelines laid out in Chapter 2 to realize a high-order, narrowband MEMS-based 
filter. After a brief discussion detailing relevant filter performance metrics, coupled resonator 
filter operation and design is explored with special emphasis paid to designs comprising more 
than three resonators, such as the design show schematically in Figure 4.1. Next, an automated 
passband correction protocol is presented and applied to the voltage-controlled tuning 
electrodes of Section 2.2.1.1. The chapter concludes with measurement results highlighting the 
efficacy of the tuning protocol. 

 
Figure 4.1: Top-view schematic of the 8-pole micromechanical filter in a single-ended drive 
and sense configuration and equipped with frequency tuning electrodes to allow for passband 
correction using an automated tuning protocol. 
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4.1 Filter Performance Metrics 

To set the stage for the discussion of micromechanical filters, it is helpful to outline 
some of the important bandpass filter performance metrics. Figure 4.2 presents the simulated 
frequency spectrum of a 455-kHz micromechanical filter comprised of four coupled resonators 
with notable performance metrics overlaid. For communication applications the shape factor 
should be kept small (as close to unity as possible), the insertion loss should be minimized 
(typically less than 1 dB), and by design, passband ripple is often held under 1 dB [59]. In order 
to satisfy the demands of modern communication systems, multiple resonator tanks coupled in 
a ladder configuration are required [39]. 

 

Figure 4.2: Sample bandpass filter spectrum with important performance metrics highlighted. 

When discussing coupled resonator filters, the filter order is typically described as 
being equal to the number of resonators used in the network, and this convention will be used 
throughout this chapter. As illustrated in Figure 4.3, as more resonators are coupled and the 
filter order increases, the shape factor of filter tends to decrease. In general, better selectivity 
can be achieved by utilizing more resonators; however, this comes at the cost of increased size, 
tuning complexity, and in some cases insertion loss [47].  
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Figure 4.3: Filter Spectrum illustration highlighting the improvement in shape factor as the 
number of coupled resonator filters is increased. 

4.2 Coupled Resonator Filter Operation 

Before detailing the tuning protocol, it is instructive to first review the structure and 
operation of the filter-to-be-tuned, shown in top-view in Figure 4.1. Here, the demonstrated 
filter is similar to that of [1] in its use of capacitive comb-driven ratioed-folded-beam 
resonators coupled at low-velocity locations via flexural mode beams. In the preferred 
operation scheme, the combination of a dc-bias voltage VP and AC input voltage vi applied 
through a proper termination resistance across the electrode-to-resonator comb of the left-hand-
side end resonator generates a force at the frequency of vi amplified by the magnitude of VP. 
This force, in turn, produces an input vibration (i.e., a mechanical signal) on the left-hand-side 
resonator that traverses the filter transfer function, being shaped in the process into a 
corresponding output vibration at the right-hand-side end resonator. Vibration of the right-
hand-side end resonator effectively realizes a dc-biased time-varying capacitor that converts 
the mechanical velocity signal to an electrical output current io = VP (dC/dt). This current feeds 
into the output load, generating a corresponding voltage output. In effect, this filter takes an 
input voltage, converts it to a mechanical signal, processes the signal in the mechanical domain, 
then converts the signal back to an electrical signal to be forwarded to the next block in the 
system. 

Reference [12] already presents a full description of the design and modelling of this 
type of filter, so rather than cover all of the fine design details, this chapter primarily focuses 
on filter passband correction via tuning of each constituent resonator. In particular, in this 
design the resonance frequency of each constituent resonator is tunable via voltage-controlled 
electrical springs [30] generated by the parallel-plate electrodes indicated in the zoom-in of 
Figure 4.4, which presents the perspective-view schematic of one of the constituent resonators. 
The overall filter described here uses more resonators than that of [12], so it achieves a better 
shape factor. From a simplistic perspective, the first four lateral vibration modes of this 4-
resonator system, shown in Figure 4.6, generate the 4th order, 8-pole passband shown. To flatten 
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the mode peaks of Figure 4.6 into the more familiar flat passband normally seen (cf. Figure 
4.2)) termination impedances RQ, shown in Figure 4.1, are incorporated into the test circuit.  

 
Figure 4.4: Perspective-view illustration showing details of the capacitive comb-driven folded-
beam resonator used in the multi-resonator filter. 

4.2.1 Simplified Design Procedure 

 
Figure 4.5: Perspective-view and equivalent circuit of a section of three coupled resonators in 
a micromechanical filter configuration. 
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Figure 4.6: Simulated terminated and unterminated four-resonator filter passband alongside the 
system’s vibrational mode shapes. 

All resonators in Figure 4.1 are designed to have identical stand-alone frequencies, as 
emphasized in Figure 4.5, while the springs that couple them serve to split their frequencies 
apart to form the multiple-mode passband. Figure 4.6 illustrates the four distinct resonant mode 
shapes present in a 4th order filter. As shown, the lowest frequency mode occurs when all four 
resonators vibrate in phase, and the highest frequency mode occurs when each coupled 
resonator vibrates 180° out of phase with respect to its neighboring resonator. The frequency 
placements of these vibration peaks is determined by the stiffnesses of the coupling beams ksij, 
as dictated from beam theory, and their constituent resonators at the coupling location kr. For 
a filter with a bandwidth BW and center frequency f0, the following expression must be satisfied 

 𝑩𝑩𝑩𝑩 = �
𝒇𝒇𝟎𝟎
𝒌𝒌𝒌𝒌𝒌𝒌�

�
𝒌𝒌𝒔𝒔𝒔𝒔𝒔𝒔
𝒌𝒌𝒓𝒓𝒓𝒓

� (4.1) 

where kij represents the normalized coupling coefficient as specified by a filter cookbook [39]. 
As seen in equation (4.1), the filter bandwidth is not a function of absolute resonator and 
coupling beam stiffnesses, but rather their ratio ksij/krc. This allows for the general design 
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procedure of reference [12], summarized as follows: 

1) Fix coupling beam widths to the minimum value as dictated by lithographic resolution; 

2) Set all coupling beam lengths to the effective quarter-waveflength of the filter’s center 
frequency, and evalute the correseponding coupling beam stiffness kij; 

3) Design all resonators to have the same resonant frequency, while simultaneously presenting 
the necessary stiffness at the coupling locations krc as dictated by equation (4.1); 

4) Terminate and tune the filter as needed. 

Note that in the above procedure, the stiffnesses presented at coupling locations are 
modified to satisfy the demands outlined by the normalized filter coupling coefficients. In the 
filter topology depicted in Figure 4.1, the resonators are coupled at the truss, so there exists a 
demand on the individual resonator topology to have a designable truss stiffness. 
Unfortunately, this is not the case for generalized resonator topology outlined in Chapter 2, 
however full control over truss stiffness can be achieved by introducing the concept of ratioed 
folded beams. 

4.2.2 Ratioed Folded-Beams 

As depicted in Figure 4.7, the folded-beams of the comb driven resonator can be 
designed in a way such that the lengths of the inner and outer beams, denoted by Lbi and Lbo 
respectively, are not necessarily the same. With the addition of differing beam lengths to the 
topology design, the stiffness at the resonator truss krc can be specified as [12]: 

 𝒌𝒌𝒓𝒓𝒓𝒓 = 𝟒𝟒𝟒𝟒𝟒𝟒(𝟏𝟏 + 𝜷𝜷𝟑𝟑) �
𝑾𝑾
𝑳𝑳𝒃𝒃𝒃𝒃

�
𝟑𝟑

 (4.2) 

where E is Young’s modulus; h is the resonator thickness and β is the ratio of the folded-beam 
lengths given by 

 𝜷𝜷 =
𝑳𝑳𝒃𝒃𝒃𝒃
𝑳𝑳𝒃𝒃𝒃𝒃

   (4.3) 

the expression for resonance frequency can also be modified to incorporate ratioed beams. The 
resultant expression as derived in [12] is given by 

 
𝝎𝝎𝟎𝟎 = �𝟒𝟒𝟒𝟒𝟒𝟒�

𝑾𝑾
𝑳𝑳𝒃𝒃𝒃𝒃

�
𝟑𝟑

(𝟏𝟏 + 𝜷𝜷𝟑𝟑)𝒎𝒎𝒓𝒓
 

(4.4) 



Chapter 4: High-Order Micromechanical Filters 

   61 

Where mr is the effective mass of the resonator given by equation (2.20). The utilization of 
equations (4.2) and (4.4) now allow for a resonator topology that presents a designable truss 
stiffness for a given resonator frequency, enabling the use of the simplified design procedure 
as described in section 4.2.1. 

 
Figure 4.7: Perspective-view of a single resonator highlighting its ratioed folded-beams. 

 

4.2.3 Resonator Asymmetry 

For coupled resonator filters designed in the Chebyshev or Butterworth families, the 
normalized coupling coefficients are specified to be unique at the various coupling locations 
throughout the resonator. This, in turn, requires individual resonators to present a different 
stiffness to the coupling beams connected to its trusses. This is accomplished through an 
asymmetric resonator design in which the folded beam ratio is not consistent within the 
resonator. This effect is depicted by the mask layout of a single resonator making up a section 
of a 4th order filter, shown in Figure 4.8. Here the top section has a β value of 1.54, while the 
bottom section has a β of 1.63. In order to balance the lateral motion of the resonator, the 
effective truss masses were compensated (the lower truss was made wider in this case) such 
that the total effective truss and beam masses presented from the anchor points to the shuttle is 
identical from top to bottom. 
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Figure 4.8: Mask layout of a single coupled resonator. The lower truss is designed to more 
mass to compensate for the necessary asymmetric ratioed folded beams. 

4.2.4 Fourth Order Filter Layout 

With the design procedure summarized in Section 4.2.1 and the considerations of 
Section 4.2.3, mask layout was generated for the fabrication process flow of Section 2.5. The 
mask layout for the 4th order filter to be highlighted in the remainder of this Chapter is shown 
in Figure 4.9. 
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Figure 4.9: Mask layout of a micromechanical filter comprised of four coupled resonators 

4.3 Filter Passband Correction 

It is important to note that the better matched the resonator frequencies, the more 
correct the passband. On the other hand, the smaller the bandwidth of the filter, the higher the 
degree of resonator matching needed to avoid passband distortion. 

Figure 4.10 illustrates how a wide 3% bandwidth filter response is relatively immune 
to resonator mismatches on the order of 1000 ppm, but the passband of a small 0.1% percent 
bandwidth filter is quite sensitive to even small mismatches down to 250 ppm, which is on the 
order of what is measured for disk resonators fabricated in a university microfabrication 
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laboratory [33]. Clearly, the 0.1% bandwidth filters demanded by RF channel-selection require 
matching better than so far demonstrated in fabrication, i.e., matching that would be difficult 
to achieve without trimming or tuning.  

 
Figure 4.10: Simulations illustrating the effects of mismatching of a single resonator in a 4-
resonator filter with percent-bandwidths of (a) 3% and (b) 0.1%. Here, the passband distorting 
effect of frequency mismatch is much larger for smaller percent-bandwidth. 

4.3.1 Tuning Protocol 

If tuning is required, then arguably voltage-controlled tuning is most desired, since it 
is more convenient than laser trimming or other methods, and it can be done in real-time, 
anytime. The tuning process should also be fast and efficient, and if possible, automated. 
Indeed, although “eye-balling” the spectrum on a network analyzer while hand-tuning was 
sufficient for the 2nd and 3rd order filters of [12], such a procedure is not desirable for higher 
order ones, especially if needed in high volume production. Rather, an iterative, easily 
programmable, automated tuning methodology is desired. 

The automated tuning protocol used here seeks to maximize the energy in the filter 
response by maximizing the integrated area under the response spectrum. Specifically, the 
protocol for tuning is as follows: 

1) Apply a white input signal, i.e., with constant power density at all frequencies around the 
passband, to the filter input and measure the total energy passed. This energy will be the 
total integrated energy under the filter frequency response spectrum. 

2) Increment a single resonator’s tuning voltage VT,i by a small amount in one direction, then 
measure the total integrated energy under the frequency characteristic. 
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3) If the energy decreased, then change the direction of the next increment for that same 
resonator. If it increased, then make the next increment in the same direction. 

4) Continue adjusting VT,i and measuring energy output in steps until the energy output is 
maximized. At this point, the (integrated) area under the frequency characteristic is 
maximized. 

5) Repeat steps 2 through 4 for each tuning voltage on each resonator and iterate the entire 
process as needed. 

The above procedure assumes a convenient method for measuring the energy output, which 
can be done easily using diode-based circuitry. Alternatively, for the purposes of studying the 
progression of this tuning approach with the number of tuning increments, a network analyzer 
might be used to plot out and track the filter frequency characteristic while also integrating the 
total area under the curve to determine the direction of next tune. This, in fact, is what is done 
to verify this approach in Section 4.4. 

 
Figure 4.11: Block diagram of the proposed tuning protocol 

4.3.2 Rationale Behind the Protocol 

That the area under the frequency characteristic is maximized when the filter response 
is as designed is simply a consequence of the filter design procedure. After all, minimizing 
passband loss, i.e., maximizing passband energy, is one of the aims of filter design. That mere 
tuning of the constituent resonator frequencies can effectively correct the passband of a filter 
follows readily from mesh analysis of the filter’s lumped equivalent circuit model shown in 
Figure 4.12. Here the use of λ/4 coupling beams, as prescribed in [39], cancels the reactance of 
the coupling links to either side of a given resonator mesh, leaving only the effective LCR of 
the resonator itself in any given mesh. Since each such mesh must resonate at the geometric 
center frequency of the filter, this means that the core resonator in a mesh, i.e., the comb-
transduced folded-beam resonator itself, must resonate at this frequency. Thus, tuning each of 
the resonators making up a filter so that all resonate at its geometric center frequency will 
correct a misshapen passband. 
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Figure 4.12: Equivalent lumped element model for an n-th order coupled resonator filter 
indicating the meshes that must resonate at the geometric center frequency. 

If the tuning protocol, however, required that individual resonator resonances be 
measured, this would make for a tedious tuning procedure. Fortunately, one need not monitor 
each resonator’s frequency; rather, only the total energy passed by the filter with a white input 
signal need be measured—something easily done using a diode-based energy detection circuit. 
This works, since again, the area under the frequency characteristic is maximized when all 
meshes resonate at the geometric center frequency of the filter. 

That a given tune step is in the right direction if it increases the filter output response 
to a white input obviously also follows from the above arguments. To further illustrate, Figure 
4.13, demonstrates the simulated effect on filter spectrum as a single resonator’s resonance 
frequency is adjusted. By observing the filter spectrum as a frequency deviation is incurred, it 
becomes apparent that the integrated energy under the spectrum is maximised under the 
condition of perfect resonator-to-resonator frequency matching. Figure 4.14 presents a plot of 
integrated energy passed by a 4-resonator Chebyshev filter as a function of the frequency 
deviation of one mismatched resonator from the filter’s geometric center frequency, with all 
other resonators matched correctly. Here, the energy curve peaks only when the resonator’s 
frequency matches the geometric center frequency. 
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Figure 4.13: Simulated effects of passband distortion due to frequency variation of a single 
coupled resonator 
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Figure 4.14: Simulated 4-resonator filter output energy plotted against the frequency offset of 
a single one of its constituent resonators, assuming all other resonators are spot on. 

4.3.3 Simulated Passband Correction 

Analytical verification of this energy maximization-based protocol is perhaps best 
done via brute force simulation. To this end, Figure 4.15 plots the integrated energy under a 
400 Hz-bandwidth 455kHz 4-resonator bandpass filter characteristic over a 5-kHz window 
around the filter center frequency as tuning increments are applied. Here, at the start, each 
resonator in the filter takes on a random mass error deviating between 200-4000 ppm away 
from the designed value resulting in a severely distorted passband. As seen in Figure 4.15, 
tuning voltage steps applied individually to each resonator following the protocol of Section 
4.3.1 generate a change in the energy in the 5-kHz band, and this energy increases as each 
resonator is tuned in sequence. After iterating the tuning protocol through each of the four 
resonators, the filter response spectrum transforms from a practically unusable response to that 
of a near-perfect 4th order Chebyshev filter. The completion of four tuning iterations required 
a mere 49 individual voltage steps, which could be applied in rapid succession with a digital 
control system yielding almost instantaneous passband correction. 
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Figure 4.15: Simulation demonstrating the method and efficacy of the energy maximizing 
tuning protocol. 

4.4 Experimental Confirmation 

Pursuant to demonstrating the described passband tuning protocol, 4-resonator filters 
using the topology of Figure 4.1 were designed and fabricated using a three-mask polysilicon 
surface-micromachining process similar to that of [44]. Figure 4.16 presents the SEM of one 
such filter, this one centered at 523.5 kHz with a 532 Hz bandwidth, which is 0.1%. 
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Figure 4.16: SEM images of a micromechanical filter comprised of 4 coupled resonators 
alongside an enlarged view of one of its constituent capacitive comb-transduced resonators. 

Figure 4.17 presents a photo of the test apparatus used to evaluate the tuning protocol 
of Section 4.3.1, which included a custom-built glass vacuum chamber to provide a 10 μTorr 
environment during measurement while also facilitating electrical connection to outside 
instrumentation via bias and signal feedthroughs. Since the intent of measurement was to study 
the progression of the filter frequency response as tuning was applied according to the protocol, 
an Agilent 8751A network analyzer, rather than an energy-sensing diode circuit, was used to 
collect data. 
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Figure 4.17: Custom-made glass vacuum chamber used to test the filter tuning protocol of this 
work 

Figure 4.18 presents three filter response spectra measured while tuning a fabricated 
4-resonator 523.5-kHz filter. The response in (a), taken before any tuning, is clearly distorted, 
looking nothing like the desired passband response. After tuning resonator 1 via the described 
protocol, the spectrum of (b) results, which now looks much more like a bandpass filter 
response, except with considerable passband distortion. Finally, (c) presents the filter response 
after tuning is finished (i.e., after all resonators are tuned to maximize the integrated output 
energy), showing the desired 0.1% bandwidth response with a 20-dB shape factor of just 1.59 
(enabled by the use of four resonators) and an insertion loss of only 1.27dB, which is impressive 
for this small a percent bandwidth. Again, it is tuning, together with high constituent resonator 
Q’s on the order of 25,000 (cf. Figure 4.19), that makes possible this performance. Given that 
the filter response immediately after fabrication in Figure 4.18(a) is quite bad, tuning in fact 
appears instrumental to achieving reasonable performance with this small a percent bandwidth. 



Chapter 4: High-Order Micromechanical Filters 

   72 

 
Figure 4.18: Measured 4-resonator filter characteristic with (a) no tuning applied, i.e., straight 
out of the fab, (b) tuning voltages governed by one procedural iteration (through one of the 
constituent resonators), and (c) the final tuned response after two iterations. 
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Figure 4.19: Measured  transconductance spectra for a single capacitive comb-transduced 
resonator 

It should be noted that the filter passband, although nice and uniform, exhibits about 
3.4dB of ripple, which is 2.9dB more than the expected 0.5dB from design. This ripple is not 
a deficiency of the tuning protocol, but rather a consequence of insufficient electromechanical 
coupling, where the (Cx/Co) of 6.3% for the measured filter is smaller than the 9.4% needed to 
attain a response with the designed ripple. The corrected passband in Figure 4.18(c) is in fact 
as it should be with this consideration. 

4.5 Conclusions 

The demonstration of tuned passband correction capable of attaining a near perfect 
frequency response for a 523.5-kHz 0.1%-bandwidth 4-resonator micromechanical filter with 
only 0.58 dB of insertion loss, a shape factor of 1.59, and passband ripple less than 3.5 dB, 
confirms the energy maximization-based tuning protocol described herein. It should be noted 
that the tuning procedure demonstrated here utilizes a purely mathematical optimization and 
can therefore be driven entirely by computer. Although this work demonstrated tuning via 
voltage-controlled electrical stiffness, any method for tuning or trimming is usable, including 
laser trimming [60] and localized anneal based methods [29]. The protocol is not limited to 
comb driven resonator based filters, but rather practically any filter using tunable or trimmable 
resonators, including high-frequency disk resonators, which are next on the bucket list. 
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5. CONCLUSION 

Vibrating mechanical tank components, such as quartz crystals and SAW resonators, 
are leveraged as the frequency-setting elements in the majority of clock oscillators and 
narrowband RF filters today. These devices greatly outperform traditional LC tanks 
implemented using transistor technologies because they possess orders of magnitude higher Q 
values. Unfortunately, these crystals and SAW resonators are large, off-chip components that 
constitute a bottleneck in system miniaturization. While attempts have been made to shrink the 
physical dimensions of these devices to meet the ever-increasing demand for small form-factor 
electronic applications, these attempts have come at the expense of increased fabrication costs 
and worsened performance. 

This dissertation serves to shed light on the potential benefits of harnessing MEMS 
resonators as the high-Q tank elements in critical timing and frequency filtering applications. 
A generalized frequency tunable capacitive-comb driven resonator topology was presented that 
realizes significant performance enhancements as device dimensions are diminished. This 
topology was then utilized to demonstrate two practical applications: (1) a tiny, ultra-low power 
32.768-kHz real-time clock oscillator and (2) a 4th order 0.1% bandwidth coupled-resonator 
filter with an impressive shape factor and minimal insertion loss. 

5.1 MEMS-Based Real-Time Clock Oscillator 

First, a capacitive-comb transduced micromechanical resonator using aggressive 
lithography to occupy only 0.0154-mm2 of die area was combined via bond-wiring with a 
custom ASIC sustaining amplifier and a supply voltage of only 1.65V to realize a 32.768-kHz 
real-time clock oscillator. The resonator occupied an area more than 100× smaller by area than 
miniaturized quartz crystal implementations and at least 4× smaller than other MEMS-based 
approaches, including those using piezoelectric material. The key to achieving such large 
reductions in size is the enormous rate at which scaling improves the performance of 
capacitive-comb transduced folded-beam micromechanical resonators, for which scaling of 
lateral dimensions by a factor S provides an S2× reduction in both motional resistance and 
footprint for a given resonance frequency. This is a very strong dependency that raises 
eyebrows, since the size of the frequency-setting tank element may soon become the most 
important attribute governing cost in a potential MEMS-based or otherwise batch-fabricated 
32.768-kHz timing oscillator market. In addition, unlike quartz counterparts, the size reduction 
demonstrated here actually reduces power consumption, allowing this oscillator to operate with 
only 2.1μW of DC power. 

Because of their extensive scaling benefits, capacitive-transduced MEMS resonators 
seem well positioned to offer the smallest real-time clock oscillators provided that the 
repeatability issues associated with scaling can be mitigated. While the frequency tuning-
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electrodes in this work provide an effective solution for alleviating center frequency variations 
exacerbated by aggressive scaling, there is some concern that the large tuning range can give 
rise to instability if the variables controlling the tuning are themselves not sufficiently stable. 
For this reason, design improvements that reduce device-to-device mismatch are always 
desirable and should be the subject of future work.  

5.2 High Order Micromechanical Filters 

Next, a systematic protocol for filter passband correction, together with voltage-
controlled frequency tuning provided by capacitive-gap transducers, has made possible a 4-
resonator micro-mechanical filter with a 0.1% bandwidth commensurate with the needs of 
channel-selection and an impressive 20-dB shape factor of 1.59. Indeed, a filter with this small 
a percent bandwidth would yield very poorly without this tuning mechanism and correction 
protocol, since typical finite fabrication mismatch tolerances on the order of 300 ppm do not 
permit an undistorted filter passband without post-fabrication tuning. Although demonstrated 
at a medium frequency (MF) of only 523.5 kHz, this filter passband correction protocol is 
directly applicable to higher frequency small percent bandwidth filters targeted for ultra-low 
power RF channel-selecting communication front-ends. An automated computer-controllable 
passband tuning protocol like that demonstrated here is among the more important ingredients 
needed to realize an RF channel-selecting filter bank. The demonstration of tuned passband 
correction capable of attaining a near perfect frequency response for a 523.5-kHz 0.1%-
bandwidth 4-resonator micromechanical filter with only 0.58 dB of insertion loss, a shape 
factor of 1.59, and passband ripple less than 3.5 dB, confirms the energy maximization-based 
tuning protocol described herein.  

It should be noted that the demonstrated tuning procedure utilizes a purely 
mathematical optimization and can therefore be driven entirely by computer. Although this 
work demonstrated tuning via voltage-controlled electrical stiffness, any method for tuning or 
trimming is usable, including laser trimming and localized anneal based methods. The protocol 
is not limited to comb-driven resonator based filters, but rather practically any filter using 
tunable or trimmable resonators, including high-frequency disk resonators. The application of 
this tuning protocol on higher frequency filters stands as an exciting avenue for future research 
exploration. 

5.3 Future Research Directions 

The devices demonstrated in this work appear to be well suited for assisting in the 
proliferation of low-power sensor nodes fit for the Internet of Things. However, before they 
can become practically applied, several technical concerns must first be addressed. 

One such issue revolves around the effects of frequency instability incurred through 
environmental temperature changes. Certainly, oven-control could be employed to maintain a 
stable temperature and alleviate this concern. Unfortunately, this solution comes at the expense 
of significant power consumption. Utilizing the voltage controlled tuning electrodes 
highlighted throughout this work to compensate for temperature changes appears to be a logical 
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solution, however before this solution can be applied, extensive temperature related 
characterization must be performed, and an effective method for outfitting devices with 
integrated temperature sensors and feedback circuitry must be researched. 

Another concern that must be addressed stems from the difficulty in implementing a 
suitable device package. The resonant structures of this work must be operated in sub-mTorr 
vacuum environments in order to achieve high Q values. Presently the packages capable of 
maintaining this level of pressure are significantly more expensive than traditional IC packages. 
In addition, package-induced stresses have been known to result in unpredictable resonance 
frequency shifts. Research aimed at developing a stress-free vacuum package holds significant 
importance. 

5.4 Concluding Remarks 

In conclusion, this dissertation explored methods by which voltage-controlled 
frequency tuning of capacitively-transduced micromechanical resonators made possible 1) an 
ultra-compact, low-power 32.768-kHz micromechanical clock oscillator; and 2) a high-order, 
small percent bandwidth coupled-resonator filter with minimal passband distortion.  With 
future research and development, these devices show much promise for one day enabling the 
proliferation of low power, inexpensive, wireless sensor nodes. 
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