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Abstract

We study ridge-regularized generalized robust regression estimators, i.e

n

> . 1 T
5 = argmingen, - > pi(Ys = X[6) + FIBIF , where Y; = + Xifh.

i=1

in the situation where p/n tends to a finite non-zero limit.

Our study here focuses on the situation where the errors ¢;’s are heavy-tailed and X;’s have an
“elliptical-like” distribution. Our assumptions are quite general and we do not require homoskedasticity
of ¢;’s for instance. R

We obtain a characterization of the limit of |3 — So||, as well as several other results, including central

limit theorems for the entries of 3.

1 Introduction

Robust regression estimators are a standard and important tool in the toolbox of modern statisticians.
They were introduced in the last sixties (Relles (1968)) and important early results appeared shortly
thereafter (Huber (1972, 1973)). We recall that these estimators are defined as

~ ] 1 &
By = argmingep, ~ > p(Yi — X{B) &)
=1

for p a function chosen by the user. Here Y; is a scalar response and X; is a vector of predictor in RP.
In the context we consider here, p will be a convex function. Naturally, one of the main reason to use
these estimators instead of the standard least-squares estimator, is to increase the robustness of Bp to
outliers in e.g Y;’s. Formally, this robustness result can be seen through results of Huber (see Huber and
Ronchetti (2009)), in the low-dimensional case where p is fixed. Huber showed that when Y; = X5y + €;,
and when ¢;’s are i.i.d, under some mild regularity conditions, Bp is asymptotically normal with mean Sy
and (asymptotic) covariance
E (¢%(e))
[E (¥'(e))]*
The question of understanding the behavior of these estimators in the high-dimensional setting where
p is allowed to grow with n was raised very early on in Huber (1973) (p.802, questions b) to f)). These
questions started being answered in the mid to late eighties in work of Portnoy and Mammen (e.g Portnoy

(x'x)! where ¢ = p’ . (2)
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(1984), Portnoy (1985), Portnoy (1986), Portnoy (1987), Mammen (1989)). However, these papers covered
the case where p/n — 0 while p — oo.

In the papers El Karoui et al. (2011) and El Karoui et al. (2013), we explained (mixing, as in Huber
(1973), rigorous arguments, simulations and heuristic arguments) that the case p/n — k € (0,1) yielded a
qualitatively completely different pictureAfor this class of problems. For instance, under various technical
assumptions, we explained that the risk ||3,—fol|2 could be characterized through a system of two non-linear
equations (sharing some characteristics with the one below), the distribution of the residuals could be found
and was completely different of that of the ¢;’s, by contrast with the low dimensional case. Furthermore,
we showed in Bean et al. (2013) that maximum likelihood estimators were in general inefficient in high-
dimension and found dimension-adaptive loss functions p that yielded better estimators than the ones we
would have gotten by using the standard maximum likelihood estimator, i.e using p = —log f., where
fe is the density of the i.i.d errors ¢;’s. (We subsequently showed in as-of-yet-unpublished El Karoui
(2013) that the techniques we had proposed in El Karoui et al. (2011) could be made mathematically
rigorous under various assumptions. See also the paper Donoho and Montanari (2013) that handles only
the case of i.i.d Gaussian predictors, whereas El Karoui (2013) can deal with more general assumptions on
the predictors. Donoho and Montanari (2013) also make interesting connection with the Scherbina-Tirrozi
model in statistical physics - see Shcherbina and Tirozzi (2003) and Talagrand (2003). For other interesting
results using rigorous approximate message passing techniques, see also e.g Bayati and Montanari (2012))

In the current paper, we study a generic extension of the robust regression problem involving ridge
regularization. In other words, we study the statistical properties of

—~ ] 1 & -
B = argmingcpy - Zm(YZ — XIB) + §H,BH2 , where Y; = ¢; + X/f30 .
i=1

We will focus in particular on the case where there is no moment restriction on ¢;’s. Furthermore, a
key element of the study will be to show that the performance of B is driven by the Euclidean geometry
of the set of predictor {X;}! ;. To do so, we will study “elliptical” models for X;’s, i.e X; = \;&;, where
X; has for instance independent entries. We note that when ); is independent of X; and E ()\f) =1,
cov (X;) = cov (&;). Hence these families of distributions for X;’s have the same covariance, but as we will
see they yield estimators whose performance vary quite substantially with the distribution of A;’s. As we
explain below, the role of \;’s is to induce a “non-spherical geometry” on the predictors; understanding the
impact of A;’s on the performance of B is hence a way to understand how the geometry of the predictors
affects the performance of the estimator. We note that in the low-dimensional case, when X;’s are i.i.d,
X'X/n — cov (X7) in probability under mild assumptions, and hence the result of Huber mentioned in
Equation (2) shows that the limiting behavior of Bp defined in Equation (1) is the same under “elliptical”
and non-elliptical models.

Our interest in elliptical distributions stems from the fact that, as we intuited for a related problem in
El Karoui et al. (2011), the behavior of quantities of the type X/QX; for Q) deterministic is at the heart of
the performance of ,/6’\ . Hence, studying elliptical distribution settings both shed light on the impact of the
geometry of predictors on the performance of the estimator and allow us to put to rest potential claims of
“universality” of results obtained in the Gaussian (or geometrically similar) case. We note that in statistics
there is a growing body of work showing the importance of predictor geometry on various high-dimensional
problems (see e.g Diaconis and Freedman (1984); Hall et al. (2005); El Karoui (2009, 2010); El Karoui and
Koesters (2011)).

One main motivation for allowing p; to change with ¢ is that it might be natural to use different loss
functions for different observations if we happen to have information about distributional inhomogeneities
in {X;,Y;}" ;. For instance, one group of observations could have errors coming from one distribution and
a second group might have errors with a different distribution. Another reason is to gain information on
the case of weighted regression, in which case p; = w;p. Also, this analysis can be used to justify rigorously
some of the claims made in El Karoui et al. (2011). Finally, it may prove useful in some bootstrap studies
(see e.g El Karoui and Purdom (2015) for examples).

In the current paper, we consider the situation where 5y is “diffuse”, i.e all of its coordinates are small
and it cannot be well approximated by a sparse vector. In this situation, use of ridge/¢s penalization is



natural. The paper also answers the question, raised by other researchers in statistics, of knowing whether
the techniques of El Karoui (2013) could be used in the situation we are considering here. Finally, the
paper shows that some of the heuristics of Bean et al. (2012) can be rigorously justified.

When p; = p for all i, a natural question is to know whether we can find an optimal p, in terms of
prediction error for instance, as a function of the law of ¢;’s - in effect asking similar questions to the
ones we answered by Huber (Huber and Ronchetti (2009)) in low-dimension and in Bean et al. (2013) in
high-dimension. However, the constraints we impose in the current paper on both the errors (i.e we do
not want them to have moments) and the functions p;’s make part of the argument in Bean et al. (2013)
not usable and might require new ideas. So we will consider this “optimization over p;’s and 7” in future
work, given that the current proof is already long.

The problem and setup considered in this paper are more natural in the context of robust regression
than the ones studied in the as-of-yet unpublished El Karoui (2013), where the setup chosen was targeted
towards problems related to suboptimality of maximum likelihood methods. However, the strategy for the
proof of the results here is similar to the strategy we devised in El Karoui (2013). There are three main
conceptual novelties, that create important new problems: handling ellipticity and the fact that Sy # 0
requires new ideas in the second part of the proof (i.e Section D). Dealing with heavy tails and appropriate
loss functions impacts the whole proof and requires many changes compared to the proof of El Karoui
(2013). Conceptually, this latter part is also the most important, as it shows that all the approximations
made in earlier heuristic papers are valid, even in the presence of heavy-tailed errors. This situation is of
course the one where these approximations, while having clearly shown their usefulness in giving conceptual
and heuristic understanding of the statistical problem, were the most mathematically “suspicious”. So it
is interesting to see that they can be made to work rigorously, especially since the probabilistic heuristics
developed in this earlier papers allow researchers to shed light quickly on non-trivial statistical problems.

We now state our results. We believe our notations are standard but refer the reader to p.17 in case
clarification is needed.

2 Results

The main focus of the paper is in understanding the properties of
2 . IS ' T 2 /
B = argmingcpy - sz(Y; - X;B) + §H/BH , where Y; = X80 + ¢€; , (3)
i=1

and 7 > 0. For all 1 <7 < n, we have ¢, € R and X; € RP.
We prove four main results in the paper:

1. we characterize the y-risk of our estimator, i.e |3 — o2

2. we describe the behavior of the residuals R; = Y; — X/ E and relate them to the leave-one-out prediction
error 7 ; = Y; — X{B;)

3. we obtain an approximate update formula for E when adding an observation (and show it is very
accurate)

4. we provide central limit theorems for the individual coordinates of B .

For the sake of clarity, we provide in the main text a series of assumptions that guarantee that our
results hold. However, a more detailed and less restrictive statement of our assumptions is provided in the
Appendix (see p. 14 and beyond).



2.1 Preliminaries and overview of technical assumptions

We use the notation prox(p) to denote the proximal mapping of the function p, which is assumed to
be convex. This notion was introduced in Moreau (1965). We recall that

1
prox(cp)(x) = argmin, cg (cp(y) + 5(3: —y)?), or equivalently,

prox(cp)(z) = (Id + e¢p) ~1(z) , where ¢ = p/

We refer the reader to Moreau (1965), Beck and Teboulle (2010), or Ruszczynski (2006), Section 7.3, for
more details on this operation. Note that the previous definitions imply that

Vo, prox(cp)(x) + et (prox(ep)(a)) = @ .

We give examples of proximal mappings in the Appendix, Section F, p. 51.

We now state some sufficient assumptions that guarantee that all the results stated below are correct.
The main proofs are in the Appendix. The proofs done in the Appendix are done at a much greater level of
generality than we are about to state and various aspects of those proofs require much weaker assumptions
than those we present here. We start by giving an example where all of our conditions are met.

Example Our conditions are met when

e p/n— Kk € (0,00)
e ¢;’s are i.i.d Cauchy (with median at 0)

o X, =\ A;, where \; € R and A; € RP are independent. \;’s are i.i.d with bounded support; X;’s are
i.i.d with i.i.d N(0,1) entries, or i.i.d entries with bounded support and mean 0 as well as variance
LA, {\i}, and {¢}, are independent.

Bo is a “diffuse” vector with Bo(i) = u;p/ /P, 0 < |uip| < C and Y7, u%p =1.

e p; = pfor all i’s. ¢ = p/ is bounded and ¢’ is Lipschitz and bounded. sign(¢(z)) = sign(z) and
p(z) = p(0) = 0.

We note that this last condition is satisfied for smoothed approximation of the Huber function, where the

discontinuity in 9/’ at say 1 is replaced by a linear interpolation; see below for more details. Note however

that the Huber function has a priori no statistical optimality properties in the context we consider.
Sufficient conditions for our results to hold

e p/n has a finite non-zero limit.

e p;’s are chosen from finitely many possible convex functions. If ¢; = pf, sup;||i|lcc < K, sup;||?}]|
K, for some K. 1) is also assumed to be Lipschitz-continuous. Also, for all € R, sign(y;(x))
sign(z) and p;(z) > p;(0) = 0.

IIA

e X; = N\, where X;’s are i.i.d with independent entries. \;’s are independent and independent of
AX;’s. The entries of &}’s satisfy concentration property in the sense that if G is a convex 1-Lipschitz
function (with respect to Euclidean norm), P(|G(X;) — mg| > t) < Cexp(—ct?), for any t > 0, mg
being a median of G(&;). We require the same assumption to hold when considering the columns of
the n x p design matrix X'. Aj’s have mean 0 and cov (&;) = Id,. We also assume that the coordinates
of X; have moments of all order. Furthermore, for any given k, the k-th moment of the entries of X;
is assumed to be bounded independently of n and p.

e E(\?) =1, E()\}) is bounded and sup;<;<, |A;| grows a most like C(logn)* for some k. A;’s may
have different distributions, but the number of such possible distributions is finite.

e ¢;’s are independent. They may have different distributions, but the number of such possible dis-
tributions is finite. Those distributions are assumed to have densities that are differentiable, sym-
metric and unimodal. Furthermore, we assume that if f; is the density of one such distribution,
limy oo zfi(x) = 0. {5}, {Ni}l, and {¢;}}_; are independent.



e ||fo||2 remains bounded. Furthermore, ||fo||cc = O(n™¢), where 1/4 < e.

e The fraction of time each possible combination of functions and distributions for (p;, L£(€;), £(\;))
appears in our problem has a limit as n — oo. (L(¢;) and L()\;) are the laws of ¢; and \;.)

We now state our most important results (several others are in the Appendix, where we give the proof) and
our proof strategy; naturally, the two go together to provide a sketch of proof. We postpone our discussion
of both the assumptions and our results to Subsection 2.3 on p. 9.

2.2 Results and proof strategy

2.2.1 Characterization of the risk of E

Consider B defined in Equation (3) and assume that 7 > 0 is given, i.e does not change with p and n.
Under the technical assumptions detailed in Subsection 2.1, we have :

Theorem 2.1. As p, n tend to infinity while p/n — k € (0,00), var <||,§—ﬁg||2) — 0. Furthermore,

HB— Bol| = rp(k) in probability, for r,(k) a deterministic scalar. Call Wi = €; + 1,(k)\iZ;, where Z; is a
N(0,1) random variable independent of €; and \;. Then there exists a constant c,(k) > 0 such that

lim, oo 250 | E ([prox(cg(/f))\?%i)]’(Wi))] =1—-k+71cy(k) A
P |:hmn—>oo % Z?:l E ((Wifproac(cfj)(\’;))\iﬂi)[wi]) )} + T2”BDHQCZ(’€) _ /ﬁ%‘%(ﬁ) ) ( )

We note that ) )
(z — prox(c, (k) A; pi)[z])

A2
(2
so in case \; takes the value 0, we can replace the expression on the left hand side by that on the right
hand side, which does not involve dividing by A\?. This alternative expression also shows that there is no
problem taking expectations in our equations.
The previous system can be reformulated in terms of prox((c,(k)A?p;)*), where f* represents the
Fenchel-Legendre dual of f. Indeed, Moreau’s prox identity (Moreau (1965)) gives

= 2(k)AJ V7 (prox(c, (k) A7 pi)[2])

prox((cp)")(x) = & — prox(cp)(x) -

This is partly why we chose to write the system as we did, since it can be rephrased purely in terms
of prox([c,(k)A?p;]*), a formulation that has proven useful in previous related problems (see Bean et al.
(2013)).

We note that r,(k) and c¢,(x) will in general depend on 7, but we do not index those quantities by 7
to avoid cumbersome notations.

2.2.2 Organization of the proof and strategy

The proof is quite long so we now explain the main ideas and organization of the argument. Recall
that if

1 — ,
F(8) = > nilYi = XIB) + L1182,
=1

we have

B = argmingeg, F'(3) .
The proof is broadly divided into three steps. _
First step The first idea is to relate 8 and f;), the solution of our optimization problem when the
pair (X;,Y;) is excluded from the problem. It is reasonable to expect that adding (X;,Y;) will not change
too much 7; ;) = Yj — XB(;) when j # 4, and hence that 7 ;) ~ R; = Y; — X} when j # i. Armed

with this intuition, we can try to use a first-order Taylor expansion of § around B(Z-) in the equation

-~

VF(8) = 0 to relate the two vectors. This is what the first part of the proof does, by surmising an



approximation for n; = B — //6’\(1')— following along the intuitive lines above but non-trivial to come up with
at the precision we need. Much work is devoted to proving that this very informed guess is sufficiently
accurate for our purposes. Since “the only thing we know” about B\ is that VF (B) = 0, we compare
VFE(B) — VF(B) + m) to do so, and show in our preliminaries (see Section B) that controlling this latter

quantity is enough to control |3 — E(l-) — ni]l. Once our bound for |3 — Zi\(i) — n|| is established, we
use it to bound E <|H§— Boll? — ||§(i) - Bo||2|2> and use a martingale inequality to deduce a bound on

var (HB — ﬁoH2>, which we show goes to zero. The corresponding results are presented in Subsubsection

2.2.3 and the detailed mathematical analysis is in Section C.

Second step The second step of the proof is to relate B to another quantity 7, which is the solution
of our optimization problem when the last column of the matrix X is excluded from the problem - see
Subsubsection 2.2.4 below and Section D for detailed mathematical analysis. Call V' the corresponding
design matrix. In our setting, it is reasonable to expect that r; 1, = Y; — X;(p)Bo(p) — Vi ~Y; — XZ’E

A first order Taylor expansion of VF (B) around (3" Bo(p))" and further manipulations yields an informed

“guess”, denoted b below, for ﬁ , and in particular for Bp, the last coordinate of B A large amount of work
is devoted to proving that the quantity denoted b, below we surmised approximates ﬁp sufficiently well
for our purposes - once again by doing delicate computations on the corresponding gradients. Since b,
has a reasonably nice probabilistic representation, it is possible to write E (bg) is terms of other quantities
appearing in the problem, such as t;(r;p) (where ¢; = p}) and a quantity c,, that is the trace of the

inverse of a certain random matrix. Because b, approximates (3, sufficiently well, our approximation of

E ([312,) can be used to yield a good approximation of E (HB — 60\\2>. However, we want the approximation
of E (H B - ﬁoH2> to not depend on quantities that depend on p, such as ;] and c; . Further work is

needed to show that the approximation of E (HB\ - ﬁoH2> can be made in terms of 7; (;)’s - which we used
in the first part of the proof - and a new quantity ¢, which is the trace of the inverse of a certain random
matrix, as was c;p. The resulting approximation for E (H 8 — BOH2> is essentially the second equation of

our system - see Proposition (2.4) for instance.
Third step The last part of the proof - see Subsubsection 2.2.5 and Section E for detailed mathe-
matical analysis - is devoted to first showing that 7; ;) = Y; — X{B(i) behaves asymptotically like ¢; +

Aiy/E <|| B— 50”2) Z;, where Z; ~ N(0,1). The work done previously in the proof is extremely useful for

that. Finally, we show that ¢, is asymptotically deterministic. The characterization of ¢, is essentially the
first equation of our system - see Theorem 2.6 below. After all this is established, we can state for instance
central limit theorems for Ep and interesting quantities that appear in our proof.

The following few subsubsections make all our intermediate results precise. Armed with the above
explanation for our approach, they provide the reader with a clear overview of the arc of our proof. The
detailed mathematical analysis is given in the Appendix.

2.2.3 Leave-one-observation out approximations

We call the residuals R R
R =Y, —X/B=¢—X/(B—Bo) .

We consider the situation where we leave the i-th observation, (X;, ¢;), out. We call

~ ) 1 T
B(z) = argmingcpy Fz(ﬁ) , Where Fl(ﬁ) = ﬁ ij(@' + X;ﬁo - X;B) + 5”5”2 :
i
and
Fj,(i) =€ — X](,B ,30 and S Z”L/Jj X X/
J#Z

Note that 7; ;) are simply the leave-one-out residuals (for j # i) and the leave-one-out prediction error
(for j =1).



Let us consider
~ o~ 1 B ~ —~
Bi = By + (i + 71d) "X i (prox(cipi) (7)) = By +mi
where 1 1
¢ = ;XQ(SZ- +7I1d)71X; , and n; = 5(52» + 71d) " X0 (prox(cips) (7i 1)) -
We have the following theorem.

Theorem 2.2. Under our technical assumptions, we have, for any fixed k, when 7 is held fixed,

~ polyLog(n
sup (13— Bill = O, (2L2E)
1<i<n
Also,
- polyLog(n)
sup sup |7 — Ri| =0, (—————2) ,
1<ign #E)' i~ Rl = 0n (=)
- polyLog(n)
sup |R; — prox(cipi)(Ti i))| = OLk(T)
1<i<n n
Finally,

e (15— ) =0 (2100

n

A stronger version of this theorem is available in the Appendix. There are two main reasons this theorem
is interesting: it provides online-update formulas for § through (;, with guaranteed approximation errors.
Second, it relates the full residuals, whose statistical and probabilistic properties are quite complicated to
the much-simpler-to-understand “leave-one-out” prediction error, 7; (;). Indeed, because X; is independent

of B(i) under our assumptions, the statistical properties of //B\Ei)Xi are much simpler to understand than
those of B’Xi.

2.2.4 Leave-one-predictor out approximations

Let V be the n x (p — 1) matrix corresponding to the first (p — 1) columns of the design matrix X. We
call V; in RP~! the vector corresponding to the first p— 1 entries of X;, i.e V/ = (X;(1),..., X;(p—1)). We
call X (p) the vector in R"™ with j-th entry X;(p), i.e the p—th entry of the vector X;. When this does not
create problems, we also use the standard notation X, for X;(p).

Let us call 4 the solution of our optimization problem when we use the design matrix V instead of X.
In other words,

=R . 1 < T
7 = argmin, g — > pile = V(7 =70)) + 21 (5)
i=1

For stating the following results, we will rely heavily on the following definitions:

Definition. We call the corresponding residuals {Ti,[p]}zn:lv Lerp =6+ Vv — V/7. Let
1 - / 1 < / !
Up = n Zd}i(ri,[p])v:iXi(p) ,Gp = n Z%(Tz‘,[p])vz"/; .
i=1 i=1
We have u, € RP~! and &, is (p — 1) x (p — 1). We call

1 @ _
én = o Z Xf(p)wz'-(n,[p]) - U;/n(ep + 71d) 1Up )
=1

RS
N, = NG ;Xi(p)¢i(ri,[p]) -



We consider

by 2 Bolp) =+ = )
Note that when &, > 0, we have
by — Bo(p) =~ %22?:1 ;Xi(p)wi(ri,[p]) —7by _ n~2N, — 7b,
o i1 XS ()i (1) — up (S + TId) "y, én
We call R o o
;= [ Bo?m] 5 — Bo(p)] [‘< ot 7l “p} | (7)

Theorem 2.3. Under our Assumptions, we have, for any fixed T > 0,

~ = polyLog(n)
|8 — bl <O, (W/\ne]g

In particular,

~ polyLog(n nl/2
vy = bp) = O, ( [n1/2 A ne ’
, polyLog(n)n'/?
Sup | X5 ( | =Or, ( [n1/2 /\ne )
polyLog(n polyLog(n)n'/?
Sup | R = iy = Or, ( fAne V [ 172 A o2

Let us call

cr = ltmce ((S+7Id)™") , where S = Zwl DX X! .

n
We also have

Proposition 2.4. Under our assumptions, we have

(2Y'B (18 - A013) = 2L ST (fee At (proa(e- X200 7o o)1) + 721 A0l°B (e2) + o(1)
i=1

Furthermore,
sup[¢; — Me | =0y, (n~2polyLog(n)) .

(2

2.2.5 Final steps and related results

Lemma 2.5. Under our assumptions , asn and p tend to infinity, 7; ;) behaves like €;+\;y | E <||B — 50”2) Z;,

where Z; ~ N(0,1) is independent of €; and )\;, in the sense of weak convergence.
Furthermore, if i # j, 7; ;) and 7 ;) are asymptotically (pairwise) independent. The same is true for
the pairs (7; iy, \i) and (T} jy, Aj)

Theorem 2.6. Under our assumptions, when p/n — & € (0,00), ||B — Bol|> — rp(K), where ry(k) is
deterministic. Call Wi = €; + \irp(k)Z;, where Z; ~ N(0,1) independent of €; and ;. Call

1< 1 .
Gn() = n ; b <1 + a:Aglbg(proz(fopi)(Wi))) and G(z) = nlggo Gn(x)

Hp(x) = %ZE ([aj)\iwi(prom(a:)\?pi)(Wi))]Q) and H(z) = nh_)n(f)lo H,(x) .
i=1



Under our assumptions, ¢ — c,(k) in probability, where c,(k) is the unique solution of the equation
G(z) =1— Kk + Tz. Furthermore, r,(k) solves

K*rp(r) = kH(cp (k) + 721 Bol P () -

We note that the equation G(x) = 1 —rk+7z translates into the first equation of our system (4). The last
equation of Theorem 2.6 is the second equation of our system (4). (The fact that the limits of G,, and H,
exist simply come from our assumptions that the proportion of times each possible triplet (p;, L(€;), L(\;))
appears has a limit as n — c0.)

From this main theorem follows the following propositions.

Proposition 2.7. &, — £ in probability, where £ = k/c,(k) — T > 0.
N, = N(0,v?) where

JLHSOEZE )\2 Y5 [prox(c,y(k )/\zzﬂz)(wz)])

Finally, when Bo(k) = O(n=1/2),
V(T +€)By — Bo(k)E] = N (0,02) .

The previous result is still true if v? is replaced by 02 = %Z?:l A2 [prox(cT)\gpi)(fi,(i))] and & is replaced
by wy, = p/(ne;) — 7.

We note that w, is computable from the data. In our setup, A;’s are estimable using the scheme
proposed in El Karoui (2010) and 92 can therefore also be estimated from the data. Hence, the previous
proposition allows for testing the null hypothesis that 5y(k) = 0, for any 1 < k < p.

We are also now in position to explain the behavior of the residuals.

Proposition 2.8. When our assumptions are satisfied and we further assume that \;’s are uniformly
bounded, we have

sup | R; — proa(Xie,(r)pi) (7 )| = o, (1) -
1<i<n
The behavior of the residuals is therefore qualitatively very different in this high-dimensional setting
than its counterpart in the low-dimensional setting.

2.3 Discussion of assumptions and results
2.3.1 Why consider elliptical-like predictors?

The study of elliptical distributions is quite classical in multivariate statistics (see Anderson (1984)).
As pointed out by various authors (see in the context of statistics and random matrix theory Diaconis
and Freedman (1984); Hall et al. (2005); El Karoui (2009)), the Gaussian distribution has a very peculiar
geometry in high-dimension. It is therefore important to be able to study models that break away from
these geometric restrictions, which are not particularly natural from the point of view of data analysts.
Under our assumptions, in light of Lemma G.3, it is clear that

X;l1?
sup || ZH :O(l)
1<i<n p
X'X;
sup | —2| =o(1) .
i#] p

In the Gaussian (or Gaussian-like case of i.i.d entries for X;, with e.g bounded entries which satisfy the
assumptions we stated above), \; = 1. Hence, Gaussian or Gaussian-like assumptions imply that predictor
vectors are situated near a sphere and are nearly orthogonal. (This simple geometry is of course closely



tied to - or a manifestation of the - concentration of measure for convex 1-Lipschitz functions of those
random variables.)

This is clearly not the case for elliptical predictors, though under our assumptions, cov (X;) = Id,, even
in the “elliptical” case we consider in the paper. So all the models we consider have the same covariance
but the corresponding datasets may have different geometric properties.

We show in the paper that the role of the distribution of A;’s in the performance of the estimator
depends on much more than its second moment, as Theorem 2.1 makes very clear. This is a situation
that is similar to corresponding results in random matrix theory - see e.g El Karoui (2009); El Karoui and
Koesters (2011). It is therefore clear here again that predictor geometry (as measured by A;) plays a key
role in the performance of our estimators in high-dimension, in contrast with the low-dimensional setting
(see Huber and Ronchetti (2009) - which shows that in low-dimensional robust regression, what matters
is only cov (X3)).

These types of studies are also interesting and we think important as they clearly show that there is little
hope of statistically meaningful “universality” results derived from Gaussian design results : moving from
independent Gaussian assumptions for the entries of X; to i.i.d assumptions does not change the geometry
of the predictors, which appears to be key here as our proof’s reliance on concentration of quadratic forms
in X; makes clear. As such, while very interesting on many counts, for instance to allow discrete predictors,
moving from Gaussian to i.i.d assumptions is not a very significant perturbation of the model for statistical
purposes. This is why we chose to work under elliptical assumptions. See also Diaconis and Freedman
(1984) for similar observations in a different statistical context.

In conclusion, the generalized elliptical models we study in this paper prove also that many models may
be such that the predictors have the same covariance cov (X;) but yield very different performance when it
comes to lim||5 — By||. They therefore provide a meaningful perturbation of the Gaussian assumption, give
us insights into the impact of predictor geometry on the behavior of our estimators, and give us a rough
idea of the subclass of models for which we can expect similar (or “universal”) performance for 3.

Examples of distribution for X; satisfying our concentration assumptions Corollary 4.10 in
Ledoux (2001) shows that our assumptions are satisfied if X; has independent entries bounded by 1/(24/c).
Theorem 2.7 in Ledoux (2001) shows that our assumptions are satisfied if X; has independent entries with
density fi, 1 <k < p such that fi(z) = exp(—ug(x)) and u}(x) > y/c for some ¢ > 0. Then ¢ = ¢/2. This
is in particular the case for the case where X; has i.i.d N'(0,1) entries: then ¢ =1 and ¢ = 1/2. We discuss
briefly after Lemma G.1 in the Appendix the impact of choosing other types of concentration assumptions.

2.3.2 Non-sparse [3): why consider /;/ridge-regularization?

In this paper, we consider the case where 5y cannot - in general - be approximated in f2-norm by a
sparse vector. This is a situation that is thought to not be uncommon in biology (see, in a slightly different
context, Michael B. Eisen and Botstein (1998) and many similar references), where sparsity assumptions
are often/sometimes in doubt.

In other words, if s is a sparse vector (e.g with support of size o(p)), we necessarily have when [y is
diffuse (i.e all of its entries are roughly of size p—'/2) ||fy — s|| 4 0. In the situation we consider, it is
in fact unclear whether any estimator can be consistent in £y for By. One interesting aspect of our study
is that the System (4) might allow us to optimize (at least in certain circumstances) over the functions
pi’s we consider to get the best performing estimator in the class of ridge-regularized robust regression
estimators for 5y and hence potentially beat sparse estimators (in the same line of thought, there are of
course numerous applied examples where ridge regression outperforms Lasso in terms of prediction erroQ.

Finally, one benefit of our analysis is that we have a central limit theorem for a linear transform of 3,
(see Proposition 2.7), which makes testing possible. In the situations where 3y has some large entries (of
size up to n /47" 1 > 0) and many small ones (of size o(n~/2)), this central limit theorem and its more
refined version in Proposition E.8 could help in designing better performing estimators by using scaled
versions of 3,, which we would threshold according to the result of our test.
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2.3.3 A remark on the fixed design case

We have worked in this paper with a certain class of random designs. It is not unusual to do so in
robust regression studies - see the classic Portnoy (1987, 1984, 1985). In many areas of applications, it is
also unclear why statisticians should limit themselves to the study of fixed designs, in particular when they
do not have control over the choice of the values of the predictors, i.e they cannot design their experiments.

However, it is also interesting to understand what remains valid of our analysis in the case of fixed
design. We note that our analysis gives already a few results in this direction.

In fact, since we have shown that var (H B— BOH2> — 0, we have shown that

E (var (|18 - Boll*1X) ) = 0 and var (E (|13 - Aol X)) =0,

since
var (118 = Bol2) = B (var (I8 = Bol21X) ) +var (E (I8 - Bo]21X) ) -
Therefore, with probability (over the design X) going to 1,
HB— Boll> = rp(k) — 0 in Pyc,yn_ -probability .

(P{ei}ln:l—probability simply refers to probability statements with respect to the random ¢;’s, the only source
of randomness if the design matrix X is assumed to be fixed.) In other words, if the design is fixed, but
results from a draw a random of a n X p matrix satisfying our distributional assumptions, Theorem 2.1
applies with probability (over the choice of design matrix) going to 1.

We note that HB — Poll is an especially important quantity in terms of prediction error in our context,
which why our short discussion above focused on this quantity: if we are given a new predictor vector X ¢,
we would naturally predict an unobserved response YnewA by X;wwg and hence, if Ve, = €new + X} o305
our prediction error will be PEpeyy = €new + X)ie0,(Bo — B). (Of course, if Xy, satisfies cov (Xpew) = Id,,

By [Xheuw(Bo = B)] = 1150 — I3,

2.3.4 Optimization with respect to 7 and p

Just as the classic work of Huber on robust regression started by establishing central limit theorems
for the estimator of interest (as a function of p) and proceeded to find optimal methods in various contexts
(see Huber and Ronchetti (2009)), one objective of our work is to pave the way for answering optimality
questions in the setting we consider. An important first step to do so is therefore to obtain results such as
Theorem 2.1.

A natural question is therefore to ask what are the optimal p;’s in the context we consider, where
optimality might be defined in terms of minimizing r,(x) in Theorem 2.1 or v? in Proposition 2.7. For
an example of such a study for r,(k) in a slightly different context, see Bean et al. (2013). Similarly,
optimization over 7 should be possible. We leave however these questions for future work, since they are
of a more analytic nature. (We have had success in Bean et al. (2013) in the situation where \; = 1 and
the errors are log-concave and hence not heavy-tailed, but the technique we employed in that paper does
not apply readily here.)

We also note that in our context the optimal 7 is in general not going to be close to 0, so the fact that
our current study requires 7 > 0 is not a problem (see also Bean et al. (2012)).

2.3.5 Possible extensions

Less smooth p’s and ¥’s While our approach is quite general and allows us to handle designs that are
far from being Gaussian, the proof presented in this paper still requires some smoothness concerning p;’s
and 1;’s. On the one hand, results such as the ones obtained in Bean et al. (2013) suggest that it is often
the case that optimal loss functions in high-dimension are smoother than in low dimension. So the fact
that we require 1;’s to be smooth is a source of less concern that it would be in low dimension. (Note also
that the classic papers Portnoy (1985); Mammen (1989) also require smoothness properties on .)
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Though it is unclear whether the Huber function is optimal in any sense for the problems we are looking
at, and hence whether it warrants a special focus, let us discuss this function in some detail. For the sake
of simplicity let us focus on the situation where the transition from quadratic to linear happens at z = +1.

Then
T if |z| <1
TS S
sign(z) if |z| >1

So 9 is not differentiable at 1. However, it is easy to approximate this function by a function whose
derivative is Lipschitz. As a matter of fact, 1/147 such that

1 if x| <1—n
vn(e) = {5 it fal e (1-9,1)
0 if |[z| > 1
is 1/n-Lipschitz. Furthermore,
x if |lz] <1-—n
Upla) = {1 =n+6(@)n—2G) if o] = 1—n+6(x),0 < 6() <,
1—n+ Lsign(z) if 2| > 1

can be made to be arbitrarily close to 1) and similarly for the corresponding p,, picked such that p,(0) = 0.

Our results apply to p,, for any 7 > 0. It seems quite likely that with a bit (and possibly quite a bit)
of further approximation theoretic work, it should be possible to establish results similar to Theorem 2.1
for the Huber function by taking the limit of corresponding results for p, with n arbitrarily small.

We note that most of our proof (in particular Sections C and D) is actually valid with functions p;’s
that can change with n. In particular, many results hold when ¢ are L;(n)-Lipschitz with L;(n) < Cn®.
So one strategy to handle the case of the Huber function could be to use v, with n, = 1/log(n) for
instance and strengthen the arguments of Section E in the Appendix - in this very specific case where 1),
has a limit - to get the Huber case as a limiting result. Because our proof is already long, we leave the
details to the interested reader and might consider this problem in detail in future work.

Weighted robust regression One motivation for working on the problem at the level of generality we
dealt with is that our results should allow to tackle among other things weighted robust regression. For
instance if €;’s or A;’s in our model had different distributions, it would be natural to pick the corresponding
pi’s either as completely different functions, or maybe as p; = w;p, with w; deterministic but possibly
depending on the distribution of ¢;’s or A;’s. In the case where ¢;’s and \;’s come from finitely many
possible distributions, our results handle this situation.

Most of our results - i.e those of Section C and D - are true even when w;’s are allowed to take a possibly
infinite set of different values. If ¢;’s are i.i.d, \;’s are i.i.d and w;’s are i.i.d and these three groups of
random variables are independent of each other, our arguments can be made to go through without much
extra difficulties. The main potential problem is in Section E, but then distributional symmetry between
the R;’s on one hand and the 7; (; on the other hand becomes helpful, as it had in El Karoui (2013). So
it is very likely that our results could be extended to cover this case at relatively little technical cost.

3 Conclusion

We have studied ridge-regularized robust regression estimators in the high-dimensional context where
p/n has a finite non-zero limit. Our study has highlighted the importance of the geometry of the predictors
in this problem: two models with similar covariance but different predictor geometry will in general yield
estimators with very different performance. We have shown this result by studying the random design case
in the context of elliptical predictors and looking at the influence of the “ellipticity parameter” \; on our
results. Importantly, this shows that no statistically meaningful “universality” results can be derived from
the study of Gaussian or i.i.d-designs, since their geometry is so peculiar (i.e they are limited to the case
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A; = 1 for all #’s). The technique used in the paper seems versatile enough to be useful for several other
high-dimensional M-estimation problems.

We have also obtained central limit theorems for the coordinates of 3 that can be used for testing
whether By(k) = 0 for any 1 < k < p. However, our interest was mostly in the case where f is diffuse,
with all coordinates small but contributing to Y; = ¢; + X{ﬁo- Our results also provide a very detailed
understanding of the properties of the residuals R;.

All these results were obtained without moment requirements on the errors ¢;’s.

Finally, our characterization of the risk of these estimators raise interesting analytic questions related
to finding optimal loss functions p;’s in the context we consider. We plan to study these questions in the
future.
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APPENDIX

A Assumptions and technical elements
Recall that the focus of the paper is on understanding the properties of

B = argmingegs > pilei = X158 ~ o)) + 6P (A-1)
=1

where 7 > 0. For all 1 <14 <n, we have ¢; € R and X; € RP.

Different parts of the proof require different assumptions. So we label them accordingly.

Most of our proof (Sections C and D) is carried out for functions p;, that may vary with n, so our
assumptions reflect this and we carry out most of our work at this level of generality. However, we do not
make the dependence of p;, on n explicit to avoid cumbersome notations. Having these results available
should make future work on weighted regression or work of a more approximation-theoretic nature (for
instance using a sequence p; , to approximate a function p; that is not smooth) easier. This is one of the
prime motivations for working at this level of generality.

Naturally, our assumptions are more and more restrictive as the proof progresses, so the summary
of assumptions we provided in the main text is obtained by going through the assumptions and simply
tallying the more restrictive ones. A sketch of proof is provided in Subsubsection 2.2.2, which should be
helpful in navigating the detailed proof we provide in this appendix.

Before we delve into the details of the assumptions needed for each part of the proof to work, we
summarize for the convenience of the reader the assumptions we need for the whole proof to go through.

Assumptions under which the whole proof goes through

e A1l p/n has a finite non-zero limit
e A2 5| remains bounded. Furthermore, ||fpl|cc = O(n™¢), for e > 1/4

e A3 p;’s are twice differentiable, and convex. If ¢; = p}, we assume that sign(¢;(x)) = sign(z) and
pi > 0 = p;(0). Furthermore, there exists C such that ||1;|l < C, [|¢}]|lcc < C and 7] is assumed to
be Lipschitz. The functions p;’s can be chosen among finitely many possible functions.

e A4 X; = \;X;,. \;’s are random variables with A\; € R. A; € RP are independent and identically
distributed. Their distribution is allowed to change with p and n. The entries of X; are independent.
Furthermore, for any 1-Lipschitz (with respect to Euclidean norm) convex function G, if mg(y;,) is a
median of G(A;), for any ¢ > 0, P(|G(X;) —mg(a,)| > t) < Cnexp(—cut?®), Cp, and ¢, can vary with n.
For simplicity, we assume that 1/c, = O(polyLog(n)) and C,, is bounded in n. X;’s have mean 0 and
cov (&;) = Id,. We also assume that the coordinates of X; have moments of all order. Furthermore,
for any given k, the k-th moment of the entries of X; is assumed to be bounded independently of n
and p. Also, for any 1 < k < p, the vectors O = (X1 (k),..., X, (k)) in R™ satisfy: for any 1-Lipschitz
(with respect to Euclidean norm) convex function G, if mg(e,) is a median of G(©y), for any t > 0,
P(IG(Ok) — mg(e,)| > t) < Crexp(—cpt?), Cp and ¢, can vary with n. As above, we assume that
1/c, = O(polyLog(n)).

e A5 )\;’s are independent of each other and {X;}!;. E (A\?) =1 and E ()\}) < C and sup;<;<,, |Ai| =
Op, (polyLog(n)).
e A6 ¢;’s are independent {X;}! ; and {\;}]_, and of each other. Furthermore, for any r € R, if

Z ~ N(0,1), independent of ¢;, ¢; + rZ has a (differentiable) density f;, which is increasing on
(—00,0) and decreasing on (0, c0). Finally, lim, o tf;(t) = 0.
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e AT )\;’s can have different distributions. Similarly, €;’s can have different distributions. However, the
number of choices for the triplet (p;, £L(\;), L(€;)) is finite. Furthermore, the fraction of times each
such triplet appears in our problem - see Equation (A-1) has a limit. (L(¢;) just means the law of
Ei-)

We note that the entries of X; do not need to have the same distribution. Our condition A4 is satisfied
when X; have i.i.d N'(0,1) entries, or independent entries that are bounded by a constant and have mean
0 and variance 1. (See Ledoux (2001), Corollary 4.10.)

Condition A7 just means that if for instance p; = p and A;’s are i.i.d but ¢;’s can come from 3
distributions, the fraction of €;’s coming from each of these three distributions has a limit as n — oo.
(This last condition mostly plays a role in guaranteeing that we can take limits in various expressions.)
The simplest case is of course when p; = p, A;’s are i.i.d and ¢;’s are i.i.d, in which case there is only one
possible choice for the triplet (p;, L(\;), L(€;)).

We now state the conditions under which we carry out the proof. We state them in one place for the
convenience of the reader. A discussion follows immediately after the statement of all the conditions.

First part of the proof (Section C)

For the first part of the proof (i.e “leave-one-Observation-out”), we work under the following assump-
tions:

e O1: p/n has a finite non-zero limit.

e O2: p;’s are twice differentiable, convex and non-linear. v; = p;,. Note that ¢, > 0 since p; is convex.
We assume that sign(v;(z)) = sign(x) and p; > 0 = p;(0).

e O3: sup,; |[¢i(x)| < CpolyLog(n) where C is constant. This is natural in the context of robust
statistics, since it means that we allow p;’s to grow at most linearly at infinity. This assumption
is for instance verified for Huber functions. Furthermore, v} is assumed to be L;(n)-Lipschitz with
Li(n) < Cn®, o > 0. (We here have in mind smoothed Huber functions.) We also assume that
sup; |||l < CpolyLog(n). Finally, we assume that 13" |42 < C, where C is a constant
independent of n.

e O4: X; = \AX;. A\;/s are random variables with A\; € R. A; € RP are independent and identically
distributed. Their distribution is allowed to change with p and n. Furthermore, for any 1-Lipschitz
(with respect to Euclidean norm) convex function G, if mgy;,) is a median of G(&;), for any t > 0,
P(IG(X;) — mgay| > t) < Cpexp(—cut?), Cp and ¢, can vary with n. For simplicity, we assume
that, 1/c, = O(polyLog(n)) and C,, is bounded in n. X;’s have mean 0 and cov (&;) = Id,. We also
assume that the coordinates of X; have moments of all order. Furthermore, for any given k, the k-th
moment of the entries of &; is assumed to be bounded independently of n and p. {&;}7; and {\;}]",
are independent.

e O5: {X;}7 , and {\;}]; are independent of {¢;}" ;. ¢’s are independent of each other.

e 06: sup; <<, |\i| = £, = O, ((log n)?) and \;’s are independent. Furthermore, E (A\?) = 1. (Note
that this implies that cov (X;) = cov (&;).)

e O7: 1 —2a >0 and ||fo|| = O(polyLog(n)).

Note that we do not assume that ¢;’s have identical distributions. Assumption O4 is satisfied for
instance when AX; are for instance N(0,Id,) or have i.i.d entries bounded by polyLog(n) - see Ledoux
(2001) (this reference guarantees the concentration result we require is satisfied; the moment conditions
need to be checked by other methods, but this is generally much simpler, as the case of Gaussian random
variables clearly shows). Importantly, note that O4 does not require the entries of X; to be independent;
see Ledoux (2001) or El Karoui (2009) for examples of &) satisfying O4 with dependent entries. In other
respects, the assumption E ()\f) = 1 plays a very minor role mathematically and could be relaxed to
E ()\f) is uniformly bounded without problems. Statistically, it is however important as it guarantees that
cov (X;) = Id, in all the models we consider.
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Second part of the proof (Section D)

For the second part of the proof (i.e “leave-one-Predictor-out”), we need all the previous assumptions
and

e P1: X}’s have independent entries. Furthermore, for 1 < k < p, the vectors O = (X1 (k), ..., Xn(k))
in R™ satisfy: for any 1-Lipschitz (with respect to Euclidean norm) convex function G, if mge,) is
a median of G(Oy), for any t > 0, P(|G(Ok) — mg(e,)| > t) < Cpexp(—cyt?), Cp and ¢, can vary
with n. As above, we assume that 1/c, = O(polyLog(n)).

o P2 ;30 Wil = O(1).

e P3: ||folloc = O(n™°), where e > 0. Furthermore, ||fo||2 < C, where C is a constant independent of
p and n. e satisfies a +1/4 —e < 0.

e P4: 1/2 —2a > 0 and min(1/2,e) — a — 1/4 > 0. The latter implies that min(1/2,e) —a >0

We note that according to Corollary 4.10 and the discussion that follows in Ledoux (2001), Assumptions
04 and P1 are compatible. O4 and P1 are for instance satisfied if the entries of X;’s are independent and
bounded by polyLog(n). Another example is the case of X; ~ N(0,Id,), in which case ¢, is a constant
independent of the dimension.

Note that we do not assume that the entries of X; have the same distribution.

We note that if for instance a = 1/12 and e = 5/12, all the conditions in P3-P4 are satisfied. When
a = 0, they simply become e > 1/4.

Last part of the proof (Section E)

For the last part of the proof, when we combine everything together, we will need the following as-
sumptions on top of all the others:

e F1: the ¢;’s may have different distributions; however, they may only come from finitely many dis-
tributions. Furthermore, for any r € R, if Z ~ N(0, 1), independent of ¢;, ¢; + rZ has a differentiable
density f;, which is increasing on (—o0,0) and decreasing on (0, c0). Finally, lim,_,. tf;-(t) = 0.

e F2: 15" |Wbillc = O(1). ¢} has Lipschitz constant Li(n). Furthermore, 23" | Li(n)||v]lec =
O(1).

e F3: a<1/6 and a+1/3 < 2min(1/2,e)
e F4: there exists C independent of n and p such that E ()\;1) <C.

e F5: )\;’s may have different distributions, but the set of possible distributions for A; is finite. Similarly,
p; may be different functions, but the set of possible functions p; may be is finite. Also, the number
of distinct triplets (p;, L(€;), £L(A;)) is finite. Furthermore, the proportion of each such distinct triplet
has a limit as n — oo.

Condition F3 is clearly satisfied in the case @ = 1/12 and e = 5/12 we mentioned above. On the other
hand, condition F5 requires that o = 0, since it prevents p; to change with n. (We note that since F5
is required only at the very end of the proof, one could probably weaken its requirements considerably if
another situation that the one we investigate really called for it.)

We refer the reader to Lemma H.1 and the discussion immediately following it for examples of densities
for €;’s satisfying F1. We note that smooth symmetric (around 0) log-concave densities will for instance
satisfy all the assumptions we made about the ¢;’s. See Karlin (1968) and Ibragimov (1956) for instance.
This is also the case for the Cauchy distribution (see Theorem 1.6 in Dharmadhikari and Joag-Dev (1988)).
The latter is the most relevant reference here since we care about heavy-tailed €;’s.
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Discussion of the assumptions

Assumptions concerning the loss functions We wanted to investigate in this paper the situation
where ¢;’s have no moment restrictions, as befits “classical” robust statistics studies. As such, it is natural
to assume that 1;’s remain bounded, which is part of assumption A3. We think that interesting results
can be found in Sections C and D: in particular for dealing with ¢; functions that are not smooth and
require approximations by 1; ,, functions that are smooth, but also for bootstrap studies for instance. This
is why the paper handles those cases, even though we do not use fully these results in the main statements
of the paper. We note that in specific cases, one would simply need to modify various arguments in Section
E to handle limits of those v; .

Assumptions concerning the predictors Assumption O4 is a bit stronger than we will need. For
instance, Sections C and D do not actually require the X;’s to have identical distributions; Section E would
work if we assumed that X;’s were coming from finitely many distributions, with the proportion of A;’s
picked from a particular distribution having a limit as n — oco. The functions G we are working with will
either be linear or square-root of quadratic forms, so we could limit our assumptions to those functions.
However, as documented in Ledoux (2001) and discussed briefly in the introduction, a large number of
natural or “reasonable” distributions satisfy the O4 assumptions. Our choice of having a potentially
varying ¢, is motivated by the idea that we could, for instance, relax an assumption of boundedness of the
entries of X;’s - that guarantees that O4 is satisfied when X; has independent entries - and replace it by an
assumption concerning the moments of the entries of X;’s and a truncation of triangular arrays argument
(see for instance Yin et al. (1988)). We also refer the interested reader to El Karoui (2009) for a short list
of distributions satisfying O4, compiled from various parts of Ledoux (2001). Finally, we could replace the
exp(—c,t?) upper bound in 04 by exp(—c,t?) for some fixed 8 > 0 and it seems that all our arguments
would go through. We chose not to work under these more general assumptions because it would involve
extra book-keeping and does not enlarge the set of distributions we can consider enough to justify this
extra technical cost. Importantly, O4 allows the entries of X;’s to be dependent.
To give a concrete example, let us consider the situation where the entries of X; are independent and
symmetric with an exponential density chosen to have variance 1. Then it is clear that sup; ; [Xi(j)| <
K(log(n)]? almost surely as n,p — oo. Our analysis and assumptions then apply to the predictors X; =
Aisplipn, with I';,, = X; 1||X oo <K [log(n)2 where s,, is chosen so that 1/3 = var (I'; ) (the variance of the
entries of I'; ,, is not 1, since it is a truncation of X; but it is easy to see that var (I';;,) — 1). Note that
X; = X; almost surely, and therefore our statistical problem is not affected. Very minor modifications to
the arguments of Section E are then needed to handle s,, and show that our results go through. Naturally
the same argument could be made for other (non-exponential) distributions as long as sup; ; |X;(j)| <
K[log(n)]2. We note that our method should also be able to handle c, such that 1/c, grows faster that
polyLog(n) and hence deal with an even broader class of predictor distributions, but we chose not to do it
to limit the book-keeping burden in an already long proof.

Notations

We will repeatedly use the following notations: Y; = X!3y + €;; polyLog(n) is used to replace a power
of log(n); Amax(M) denotes the largest eigenvalue of the matrix M; [[|M]|[|2 denotes the largest singular
value of M. We call ¥ = %Z?:l X; X! the usual sample covariance matrix of the X;’s when X;’s are

known to have mean 0. We say that X <Y in L if E (|X|¥) < E (|Y|*). We write X £ Y to say that

the random variables X and Y are equal in law. We use the usual notation ;) to denote the regression
vector we obtain when we do not use the pair (X;,Y;) or (Xj,¢€;) in our optimization problem, a.k.a the
leave-one-out estimate. We will also use the notation X() to denote {X1,...,X;—1, Xiy1,...,Xn}. We
use the notation (a,b) for either the interval (a,b) or the interval (b,a): in several situations, we will have
to localize quantities in intervals using two values a and b but we will not know whether a < b or b > a.
We denote by X the n x p design matrix whose i-th row is X/. We write a A b for min(a,b) and a Vv b for
max(a,b). If A and B are two symmetric matrices, A = B means that A — B is positive semi-definite,
i.e A is greater than B in the positive-definite/Loewner order. The notations op, Op are used with their
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standard meanings, see e.g van der Vaart (1998) p.12 for definitions. For the random variable W, we use

the definition ||[W| ., = [E (|W]k)]1/ ¥ For sequences of random variables W,,, Z,,, we use the notation
Wi = O (Zn) (resp Wy, = or,(Z5)) when [Wal|z, = O(|ZallL,) (vesp [Wallz, = o(l[Znl|L,)). For a
vector v in RP, [[v]| is its Euclidean norm, whereas ||v|looc = maxj<i<p|v(k)|. For a function f from R to
R, [Iflloc = supzer |f (2)]

Remarks

We call

F(B) = 3" pilei + X{Bo — X16) + T8I (a2
=1

~

Note that under our assumptions on p, 3 is defined as the solution of

~

f(B) =0 with (A-3)
1 - / /
VE=[(8)=— D —Xihi(ei + X{Bo — X{B) + 78 . (A-4)
i=1
Recall the important definitions:
Definition. We call
R; = ¢; + X!8y — X!B (i.e the residuals), (A-5)
1 g / !/
=— (R)X: X, A-6
5= vl XX, (4-6)
1
cr = ﬁtrace (S +7Id)~* . (A-7)

B Preliminaries

B-1 General remarks

Proposition B.1. Let 51 and B2 be two vectors in RP. Then, when p;’s are convex and twice-differentiable,

161~ Ball < T1F(B) — £ (13-5)

Proof. Let 51 and (B2 be two vectors in RP. We have by definition

f(B1) = f(B2) = 7(B1 — B2) + %ZXz [Wi(ei + XiBo — XiB2) — vi(ei + X Bo — XiB1)] -

=1

We can use the mean value theorem to write
¢z’(€i + XZI/BO - X{BQ) - ¢z(€z + X{ﬁﬂ - X{Bl) = ¢;('7;+XZ(/307X1{51,XZ{52)Xg(ﬁl - B2) s

where 7:i+X{/30,X{[31,X{62 is in the interval (&; + XS0 — X! 01, €; + X[ o — X/ B2) - recall that we do not care

about the order of the endpoints in our notation.
Hence,

FB) = F(B2) = 7B~ B2) + = S U s s X X1 — )
=1

which we write

f(/Bl) — f(B2) = (551752 + TIdp)(Bl - p2), (B-Q)
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where
1 « .
561,68, = n Zwg(%ﬁxg,ﬁo,xgﬁl,x;ﬁg)Xin{ . (B-10)
i=1
This shows that
B — B2 = (S, + 71dp) ' (f(B1) — f(B2)) -

Since p;’s are convex, ¥, = p} is non-negative and Sg, g, is positive semi-definite. In the semi-definite
order, we have Sg, 3, + 7Id;,, = 7Id,. In particular,

181~ 2l <~ (B1) — FBl

Proposition B.1 yields the following lemma.

Lemma B.2. For any 1,
~ 1
18—l < £

-~

The lemma is a simple consequence of Equation (B-8) since by definition f(8) =0 .

Our strategy in what follows is to come up with “good candidates” for 5, for which we can control
f(B1) and transfer the information we will glean about the statistical properties of 8; to 8 through Lemma
B.2.

B-2 On [[f]| and |5 - fo
We show in the following lemma that ||| and |3 — Bo|| cannot be too large.
Lemma B.3. Let us call W,,(b) = 23" | X;bi(e; + X[b), W, € RP.

T n

We have, if Dy, (y,) is the n x n diagonal matriz with (i,)-entry ;(Y;) = ¥i(e; + X; o),

SO 1 /1
1511 < ~ W (Bo)ll = T\/nzlthi(Yi)XX’Dwi(mln ;

and if Dy, () s the n X n diagonal matriz with (i,17)-entry ;(€;),

—~ 1 1 /1
15— Boll < 8ol + L@ = 180l + 24/ 51Dy X XDy

Also,
A pY

1. D 1
N (V)T
W (Bo) > < 221X X /m ] -

Therefore, under our assumptions O1-086,

~ 1 p
2 o 2 P2 i
E (181”) < 2 C?polyLog(n) , and (B-11)
- 1
E (HB H4> < —7CpolyLog(n) (B-12)
Similarly, for any finite k,
E (/13 - Goll5) < Ci |I18oll* + polyLog(n)/7*] -

In the case k = 2, we have the more precise bound

E (|- 5l3) <2 [uﬁor\? +PRy (w?<ei>)] .
=1

T2 n 4
3
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Proof. The first and key inequality simply comes from applying Lemma B.2 with g1 = 0, after noticing

that f(0) = =Wy(bo).
The second one comes from using #; = Py and noticing that f(5y) = —W,,(0) + 5.
We note that under our assumptions, according to Lemma G.4

X' X/n||l2 = Or, (polyLog(n))
and

1 — 1 —
- Zw?(n) < EZIW?IIOO =0(1),
=1 =1

which gives all the results about Lj; bounds.
The last result about k = 2 follows from computing E (||W,(0)||?) = 22 3" | E (¢'?(¢;)) and using the

n =1
bound 9
18 = Boll* < 2lIBoll* + 5 1Wa(0)] -
O
C Approximating 8 by ((;: leave-one-observation-out
We consider the situation where we leave the i-th observation, (Xj,¢;), out. By definition,
o . 1 T
ﬁ(z) = argmlnﬁeRp Fz(ﬂ) , where E(ﬁ) = E ij(fj + X],BD - X‘;ﬁ) + 5”5”2 ’
J#i
We call
Fi) = € — Xi(Buy — Bo) and S; = Z¢ XX
J#Z
We also call
gy =L iles X! / _ L il — X
fz(ﬁ) - _n ZX]wj(ej + XjBO - XJ/B) + 7—5 - f(/B) + anwz(ez - Xz(ﬁ - /30)) .
J#i
We have of course N
fi(Bwy) =
Let us consider
Ei = B\(z) —+ — (S + TId) 1X ﬁh(pTOX(Csz)( )) B( ) + M (C—13)
where
¢ = lxg(si +7Id)"'X; , and (C-14)
n
1 _ -
n; = E(S’ + TId) 1Xi1/Ji(pI‘OX(CZ‘pZ‘)(Tij(i))) . (C—15)

These definitions and the approximations they will imply can be understood in light of the probabilistic
heuristics we derived for a related problem in El Karoui et al. (2011) and El Karoui et al. (2013). The
interested reader is referred to those papers - where we made a large effort to explain our intuitive ideas
- for more information and intuition; given page limit requirements, we do not give a complete heuristic
derivation of our results and refer the reader to Subsubsection 2.2.2 for a detailed explanation of our
strategy. (A somewhat long heuristic derivation would also likely not be appropriate for submission to
PTRF.) We note however that the rigorous proof requires refinements over the intuitive ideas. Those
aspects are of a more technical nature and become apparent only through the analysis that we present
here.

One of our aims is to show Theorem C.6 below, which shows that we can very accurately approximate
ﬁ by 6, Note that the statistical properties of ﬂz are easier to understand that those of B ; our high-quality
approximations will allow us to transfer our understanding of Bz to B
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C-1 Deterministic bounds

Proposition C.1. We have, with BZ defined in Equation (C-13),
~ 1
18 = Bill < ;HRz‘H ) (C-16)

where
Ri=—)Y_ [@D;(W*(Xj, Buaysmi)) — %(f]‘,(i))} X;X5mi (C-17)
J#
and ’y*(Xj,B(Z-),m) is in the (“unordered”) interval (7} (;), 7 i)~ X}m):(ﬁj—FX]/ﬂo—X}E(iy ej—l—XJ’ﬂo—X]’ﬁi).
Proof. The proof and strategy are similar to the corresponding ones in El Karoui (2013). However, since

there are delicate cancellations in the argument, we give all the details of the argument.
We recall that Y; = ¢; + X! 50

Since fZ(B(Z ) =0, and §3; = ﬂ + i,

FBi) = £(Bi) — fi(Buy) = —*X Wi (Vi — X16;) + ZX [% Y — X 5@ ) — ¥ (Y — X]/'(B(i) +77i)>} +7n; -
J#Z

By the mean-value theorem, we also have
V(Y5 — X;By) — ¥ (Y5 — X5(Ba) +mi) = ¥5(75 ) Xjmi + [7/1;‘(7*()(3'7 By mi)) — %(fj,(i))} Xini
where v* (X}, E(Z-), 7;) is in the (“unordered”) interval (Y —X;B\(i), Y — X (B(i) +ni)), 1-e ()5 Tj,6) — Xj7i)-

Hence, if R; is the quantity defined in Equation (C-17),

1 ~ ~
30X (9% = X3By) — (Y = X By + i) } S ) X X+ R
i ﬁéz
=9Sn +R; .

In light of the previous simplifications, we have, using

F(8) = £:(B) — - XetulYi — X{6) and fi(F) =0,

the equality
~ 1 ~
f(Bi) = —ﬁXﬂﬁi(Yé — X8+ (Si + 7Id)n; + R

Since by definition, n; = 1(S; + 71d) 1 Xvi (prox(cips ) (74, (1))

1 -
(S; + 7Id)n; = EXid)@-(prox(cipi)(r@(i))) .
In other respects, ~
Y; — XiBi = 7 iy — cabi(prox(cips) (7; (7)) -

When p is differentiable, = — cp(prox(cp)(z)) = prox(cp)(x) almost by definition of the proximal mapping
(see Lemma F.1). Therefore, Y; — X!3; = prox(cipi)(fi,(i)) and

1 -
——Xithi(Yi = XiBi) + (Si + 71d)m = — X [=thi(prox(cips) (7i 5))) + Yi(prox(cipi) (7 i)))] = 0.
We conclude that B
f(Bi) =R .
Applying Lemma B.2, we see that
O |
18— Bill < ;HRiH .
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C-1.1 On R;
Clearly, controlling R; is the key to controlling || B — BZH, so we need to develop insights into R;.

Lemma C.2. We have
LXll

H ZH — \fT \f

WZ( )‘ ) (C-18)

e X
L (X5, Blays i) — V5i(756)) NN

(Ti,0)) - (C-19)
We note that under our assumptions, we have

|¥i(7ii))| < [¥ille < CpolyLog(n)

and, using Lemma G.1

up 151
i Vn
Proof. This proof is essentially obvious. We refer the reader to a corresponding one given in El Karoui
(2013) in case details are needed. O

= Op, (sup [A]) -

C-1.2 On 'y*(Xj,B\(Z-),m) and related quantities

iy (X, By i) — V5i(Fi0) s

We now show how to control f SUp;jz;

Equation (C-16) into a useful bound.

Lemma C.3. Suppose, as in our assumption O3, that 1} is Li(n)-Lipschitz. Then,
sup (95 (v (X5, By, mi)) — %(@',(i))‘ < [ sup Li(n)] sup [ Xl .
jF#i 1<i<n J#1

Proof. By definition, we have R
v (X5, Baysmi) — 70| < 1XGmal -
The bound follows immediately, using the fact that v is L;(n)-Lipschitz.

C-2 Stochastic aspects
Recall that we have by definition

. 1 _
Xin; = T,Di(PTOX(CiPz’)(Ti,(i)))EXg"(Si +7ld,) !

We can therefore bound ||R;|| by

IRill < |sup

i n

2 (19237 iy ) 1pi(prox(eips) (7i )] -

‘X‘;'(Si—i_TIdp)ilX” sup;<ij<p Li(n) || X|
vnT vn

Therefore, we also have

2113 -

IRill < lsup
i n

J#

[XG(Si + 71dp) LG | Li(n) || X)
NN

This bound on ||R;|| shows that we can control || = il in Ly provided we can control each terms in
the above product in Ls, by appealing to Holder’s inequality and Proposition C.1.

We now turn our attention to the various elements of the bound on ||R;|| and show that we can control
them under our assumptions.
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C-2.1 On sup;; [ X;(S; + 71d) "1 X; /n|
We will control X}(S; + 71d) "1 X;/n by appealing to Lemma G.2.

Lemma C.4. Suppose X;’s are independent and satisfy Assumption O4; suppose \;’s satisfy O6. Then

15
sup | X} (S; + 71d)~ 1Xi/n| < —sup —=polyLog(n)
JFi Vi i TN

in Ly, for any finite k. Note also that under our Assumption O4, for any finite k,
Sup\HX I/v/n] = Or, (1
Proof. The proof follows from that of Lemma 2.3 in El Karoui (2013). Indeed,
[ X5(S; 4+ 71d) 7 X /n| = [N\ || X (S + 71d) T A/

The proof of Lemma 2.3 in El Karoui (2013) shows that

1 X;
sup |X;(S; + 71d) ™ Lx;/n| < —sup %1

polyLog(n)/cl/2
j#i n ot TVR "

in Ly, when sup,_; U_ \f” OL4(1); this latter result is shown in El Karoui (2013) (see the discussion after

Lemma 2.3 or Lemma G.1 in the current Appendix).

Now our assumptions O6 concerning sup; |A;| = Oy, (polyLog(n)) guarantee that the bounds we an-
nounced are valid. O
C-2.2 Consequences

We have the following result. Recall that ¢} is assumed to be Lipschitz with Lipschitz constant L;(n).

Proposition C.5. Under Assumptions O1-06, we have

([supl<,<n A ()] 1il|%

IRill = O,

polyLog(n)) .

nr

Furthermore, the same bound hold for sup;<;<, | Rill with supy<;<, ||1il|3 (instead of ||15]|2,) in the right-
hand side.

Proof. The proof follows by aggregating all the intermediate results we had, using Holder’s inequality and
noticing that under our assumptions, |||S|||z = Oy, (sup; M2c,; ') = Or, (polyLog(n)). This latter result is
shown in Lemma G.4.

The statement concerning sup; <, <, [|R;|| follows by the same arguments. O

We can now prove and state the following result, which relates residuals to leave-one-out-prediction
errors and give a way to do online update from ;) to .

We recall that f; is defined in Equation (C-13) on p.20.

Theorem C.6. Under Assumptions O1-O7, we have, for any fized k, when 7 is held fized and L;(n) <
Cn®,
( polyLog(n) )

nl—a

sup [|B - Bil| = O

1<i<n
In particular, we have
vi<i<n B (|5~ Bl?) = OpolyLogln)/n* )

Also,
polyLog(n) )

sup sup |7
p sup|r nl/2—a

1<i<n j#i

J,(3) — Rj‘:OLk(
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Finally,
8 polyLog(n)
sup |R; — PTO?U(Cz‘Pz‘)(Tz',(i))\ = OLk(W) . (C-20)
1<i<n n
We note that we could state a slightly finer result involving L;(n) and various powers of ||1;||sc. How-
ever, we will not need such fine results in what follows, so we opt for slightly coarser but easier-to-state
statements.

Proof. The first two results simply follow from our work on ||R;]|.
The third result follows from the coarse bound

X)(B - B(i))‘ < sup

i

Xi(B —B:)

sup |7 ;) — R;| = sup
#i J#i

+sup | X)(B; — Byl »
J J#i

1] = = ,
< | su Vnl|B = Bill +sup | X ;| ,
<1§j2n Tn 18 = Bill #IZ?’ il

and the fact that (SUPlgjgn ”f/(%”) = Oy, (polyLog(n)) under our assumptions. Our results on HB — Gill

give control of the first term. Control of the second term follows from Lemma C.4 and the assumption
that v; is bounded by CpolyLog(n).

Let us now turn to the final result, i.e the approximation of the residual R; by a non-linear function of
the leave-one-out prediction error 7; ;). Recall that

Ri =€+ X[Bo— X|B = e+ X|Bo— X|Bi — X|(B—By) -
Now, given the definition of Bi, we have
X{Bi = X{Bu) + cibilprox(cips) (7 i) -
Hence, since almost by definition, if y = prox(cp)(x), y + ct(y) = x, we get
ei + X[ Bo — XBi = i iy — citbilprox(cipi) (i iy)] = prox(cip:) (7 i) -
So we have established that

sup | Ri — prox(cipi) (7 )| = sup \Xé (Bi — 3)‘

and the result follows from our previous bounds. ]

C-3 On the limiting variance of ||3||? and |8 — |

An interesting consequence of our leave-one-observation-out work is that we can use the ideas and
approximations developed above to show that |3 — y|| and ||3]| are asymptotically deterministic (in other
words, they can be approximated asymptotically by deterministic sequences).

Proposition C.7. Under our assumptions O1-07,

var (HBHQ) —0asn—oo.

Therefore HB\H2 has a deterministic equivalent in probability and in Lo.

More precisely, we have
~ polyLog(n)
var (HBHQ) = O(w) .

The same type of results are true for var (HB— BOH%) provided ||Bo|| = O(polyLog(n)).
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Proof. We use the Efron-Stein inequality Efron and Stein (1981) to show that var (H 3 H2> goes to 0 as
n — oo. In what follows, we rely on our approximations and our assumptions to have enough moments for
all the expectations of the type E (HBH%) to be bounded like polyLog(n)/7%*. Note that this the content

of our Lemma B.3.
Recall the Efron-Stein inequality (Efron and Stein (1981)) : if W is a function of n independent random
variables, and W(;) is any function of all those random variables except the i-th,

var ( gi (W = W) ZE (W = W)?) .
i=1 i=1

In our arguments below, ||/§H2 plays the role of W and ||§(i)||2 plays the role of W;.
We first observe that

E (1812 — 18 I?1?) <2 [E (IBI2 - 1B:0212) + E (B — 13 12P)

Of course, using the fact that B =8B+ B and ||BI> — |G:lI*1> = [(B — B:)(B + 5;))%, and hence
(6 Bz) (ﬁ + /Bz) - 2(6 /Bz) Hﬁ ,61” we have

181> = 1Bill* = O, (I8 = Bill*) + \/OLl(polyLog(n)IIB* Bill*)

by the Cauchy-Schwarz inequality, since E (|| B ||k) exists and is bounded by KpolyLog(n) /7"
Using the results of Theorem C.6, we see that

- ~ polyLog(n _
B (11812 - 1BI122) = 0P8, _ oy
n
provided a < 1/2.

On the other hand, given the definition in Equation (C-13),

1B:ll> = 1B I* = % Bliy (Si + 71d) T Xy (prox(cip) (7, @)+ X(S +71d) X7 (prox(eips) (7 1)) -

Since B(i) and S; are independent of X;, and |||(S;+71d) 7Y ||2 < 1/7, ﬁzi)(Si—l—TId)*lXi = OL2(|)\1|H§(¢)H/C}/2),
using our assumptions O4 on &; applied to linear forms. Recall also that sup;||1;|lcc = O(polyLog(n)).
Therefore, we see that both terms are O, (polyLog(n)/ ney/ 2).

We conclude that then ) lyLog(n)
> ) polyL.og(n
B (|13 - 101]*) - oRLREN)

Taking W = || 5”2 and W) = || 5 )|I? in the Efron-Stein inequality, we clearly see that
~ polyLog(n)
var (117) = 0 (P2EE ) o)

This shows that || B |2 has a deterministic equivalent in probability and in L.

e About || B—Bo |- The results are obtained in a similar fashion using our bound on || B—Bo || and replacing
everywhere in the arguments HﬁH by ||B Boll, and 11Bsl| by ||3 = Bol|. The condition ||Bo]| = O(polyLog(n))
plays a role to guarantee in Lemma B.3 that Hﬁ Bol| = Or, (polyLog(n)). O

D Leaving out a predictor

In this second step of the proof, we do need at various points that the entries of the vector X; be
independent, whereas as we showed before, it is not important when studying what happens when we leave
out an observation.
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Let V be the n x (p — 1) matrix corresponding to the first (p — 1) columns of the design matrix X. We
call V; in RP~! the vector corresponding to the first p— 1 entries of X;, i.e V/ = (X;(1),..., X;(p—1)). We
call X (p) the vector in R with j-th entry X;(p), i.e the p—th entry of the vector X;. When this does not
create problems, we also use the standard notation X, for X;(p).

Let us call 4 the solution of

~ . 1 @ T
7 = argmingege1 — > pilei = Vi (v =10) + 51l (D-21)
i=1

A~

Note that <g) is the solution of the original optimization problem (3) when X;(p) is replaced by 0.

In this part of the paper, we will rely heavily on the following definitions:

Definition. We call the residuals corresponding to this optimization problem {r; ) }i_;, in other words
rifp = €+ Vit —Viy.

We call

n

1 Ly
up = —~ ng(ri,[p])Vin’(p) , and &, = — ng(ri,[p])viw :
i=1 =1

Note that u, € RP~! and &, is (p — 1) x (p — 1). We call

A 1 S / / _
= ; XP(p)i(ri ) — (S + 71d) Huyy (D-22)
and
A 1 O
Ny = NG ;Xi(l?)%(n,[p}) : (D-23)

We will show later, in Subsubsection D-2.2 that &, > 0. However, we will use this information from
the beginning and there are no circular arguments.
We consider

by 2 Polo) = + = (D21
Note that when &, > 0, we have
by — o) — o DO KiPiTigy) 7Oy VAN, Ty
w21 X ()Y (1) — up(Sp + T1d) "y, &n
We call o o o
= | oty | + oo = at) | 7SO (D-25)

The aim of our work in the second part of this proof is to establish Theorem D.10 on p.37, which
shows that ||b— || = O(polyLog(n)/n) in L. Because the last coordinate of b, by, has a reasonably simple
probabilistic structure and our approximations are sufficiently good, we will be able to transfer our insights
about this coordinate to 3,, the last coordinate of 5. This is also true when considering \/n(b, — 3,), so
our approximations will be interesting at that scale, too.

The approach and approximating quantities we choose - as well as the intuition behind those choices
- by using variants of the ideas discussed in our work in El Karoui et al. (2011), Bean et al. (2012) and
El Karoui et al. (2013). (Once again, we do not give here a heuritic derivation as it seems inappropriate
for a submission to this journal.)
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D-1 Deterministic aspects

Proposition D.1. We have

-1 N
18 = bl < =[bp = Bo(p)| sup |diyl \HEHb\/H(Gp +7ld) w2+ 1. (D-26)
T 1<i<n
where dip = [Vi(v],) — Vi(rip)] and 7}, is in the interval (e; + Vivo — V/7, e + X]Bo — X{g)
Furthermore,
1
(8 + i) w2 < - ZX i) = = SN A2 (D-27)
1=1

As we saw in Equation (B-8) and Lemma B.2, we have

o~ 1 ~
18 =0l <=lf®)I,
T
where

~ 1 & ~ ~
b:——E Xipi(e; + X! By — X/b b.
f() ni:1 ¢(€+ 1ﬂ0 z)+7—
We note furthermore that, by definition of 7,

g(vy :——ZVLZJZez—i—Vyo—V )+ 77 =0p_1.

The strategy of the proof is to control f (Z) by using g(¥) to create good approximations and then
recalling that g(7) = 0p—1.

Proof. The proof strategy and ideas are tied to the technique developed in El Karoui (2013); however,
because there are a number of delicate cancellations in the argument, we give it in full details. (Naturally,
coming up with good approximating quantities required much work.)

a) Work on the first (p — 1) coordinates of f(b)
We call f,_1(3) the first p — 1 coordinates of f(/5). We call 4z the p-dimensional vector whose first p — 1
coordinates are 4 and last coordinate is Sy(p), i.e

]

For a vector v, we use the notation veemp 1 to denote the p — 1 dimensional vector consisting of all the
coordinates of v except the k-th.
Clearly,

- R 1 & ~ ~ ~
fp-1(b) = fp—1(0) — 9(7) = T Z Vi {T/}z(ﬁz + Xz/BO - X;b) — (e + Vi/’YO - Vi/")/)] + T (beompp —7) -
=1

We can write by using the mean value theorem, for ~/, in the interval (e; — V/'(¥ —0), & — X (b — Bo)),
Wilei + X[Bo — X[b) — vilei + Vino — V/A) = ¥i(7}p) X} Feat — ) ,
= i(7i ) X Fear — b) + [Vi(vp) — i, [p)]Xi et — D) -
Let us call

dip = [Wi(vip) — Yilrim)]
Oip = [¢;(7:p) - 1/J£(Tz,[p])]X{(%xt -b),

1 < -
Rp = n Z di,P‘/in{('Yext —b).
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We have with this notation

n

~ 1 R ~ ~ R
fp—l(b) = T Z wz/'<7"i,[p])v;Xz((’Yext —b)+ T(bcompm —7) + Rp = Ap+Rp .

i=1
We note that by definition,

7 7Id)~tu
Jeat — b= [b, — Bo(p)] [(Gﬁ_lld) p} :

bcomp,p - ;Y\ = _[bp - /Bo(p)](GP + TId)_luP
Therefore, X! (Yext — b) = (b, — Bo(p)] [V} (&), + 71d) ', — Xi(p)], and

Ap =—(b, — Bolp ( Z% (ri ) Vi [Vi (S + 71d) " Muy, — Xi(p)] 4 7(S), +¢1d)1up> :

Recalling the definition of &, and u,, we see that
Ap = —(b, — Bo(p)) (6p(Sp + 7Id) ~Lup, — wp + 7(S + 7Id) ) = 0,1,

since 6,(&, + 7Id)~! + (6, + 7Id)~! = Id.
We conclude that

f,1(b) =R, .

b) Work on the last coordinate of j(g)
We call [f(b)], the last coordinate of f(b). We have shown above that

il + XiBo — X[b) — vilei + Vino = Vi7) = wi(ri ) X{ eat — b) + [ (47p) — 5 (s, 5)]X] et — ).
Recall the notation N
o = W;(’Y{k,p) - w;(ri,[p])]Xz{(:Y\ea:t - b) .
Clearly,

il + X[ Bo — X/b) = i(ri ) + UL (Ti ) X, Fewt — b) + Gy
= Pi(ry ) + i (i) [bp — Bo(0)] [Vi (Sp + 71d) " uy, — Xi(p)] + biyp -
We therefore see that

+ % zn;xi(p)ai,p = ZX (Wi(ri ) + i ) (6 — Bo(p)) [Vi (S + 71d) Hup, — Xi(p)]) + 7by |
T Th ZX )i (7)) — (bp — Bo(p))up(Sp + 71d) 'u
(bp — Bo(p sz p)+ by, |
[ ZX Vi(7ip)) pr]
+ (0, fuly ( St e, Md)—lup) |

- [\}HNP - rbp] + (bp — Bo(p))én

We conclude that
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Representation of f(b)

Aggregating all the results we have obtained so far, we see that
~ 1 <& ~
f(b) = <_TL Z;dz,szX'Z> (;y\e:ct - ) 5
1=

n Ly,
= —(bp, — Bo(p)) (:L Z deXin() [(6:0 +i11d) p] |
i—1

We conclude immediately that

~ ~

IF @I < [op = Bo(p)] sup |di, H!EH\z\/H(Gp +rld) |2+ 1 (D-28)

This gives Equation (D-26). The rest of the proof follows easily with mild modifications from El Karoui
(2013) and we do not repeat it here.
O

D-2 Stochastic aspects

From now on, we assume that X'(p), is independent of {V;, ¢;}7 ;. This is consistent with Assumption
P1. (Recall that X; = \;X; and therefore V; = \;V;.) Note that Assumption O4 is satisfied for V; if it is
satisfied for X;: convex 1-Lipschitz function of V; can be trivially made to be convex 1-Lipschitz function
of &; by simply not acting on the last coordinate of A;. _

Naturally, a large amount of the rest of the proof consists in showing that we can bound || f(b)]|
sufficiently finely for our results to hold true. So we will work on bounding each term in the product
appearing in Equation (D-26) in the rest of this section.

The last term is very easy to bound. In fact, using Equation (D-27), we have

T

_ 11
1(&p + 71d)~Huy|* < P D oA X () -
i=1
Under Assumption O3, this translates into
“1 2 o Sup[Ylles 1 190
(8 + 7id) L2 < T2 2 57 22 )
i=1

Hence, under assumptions O3-04 and O6, we see that, for any fixed k£ and at 7 fixed,

1(6p +71d)"'uy||* = O, (polyLog(n)) .

(Note that p does not play a particular role here. If we considered the same quantity when we remove
the k-th predictor, and took the sup over 1 < k < p of the corresponding random variables, the same
inequality would hold, in light of our work in e.g Lemma G.3.)

This guarantees that

2

< (1+ (8 + 71d)"'up|*) = O, (polyLog(n)) -

H(Gp + 71d) "u,
-1

We conclude, using Equation (D-26), that
o~ 1 ~
18 = bll = O, | —polyLog(n)|b, — Bo(p)| sup |dip|[[[Z[ll2) ,
T 1<i<n
provided the terms appearing inside the Oz, have enough moments to enable us to use Holder’s inequality.
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Recall that Lemma G.4 gives \||§||\2 = Op, (polyLog(n)) under our assumptions O1-O7. At a high
level, we expect sup;<;<, [di | and [b, — Bo(p)] to be small, which “should give us” that

1B = bl = O, (polyLog(n) sup |diyllb, — Ao(p)])

In fact, we will show in Proposition D.2 that b, — Bo(p) = Oy, (polyLog(n)[n~'/2 v n~¢]) and in
Proposition D.9 that sup;<;<,, |[di,| = Or, (polyLog(n) [n®=1/2 v ne—e)),

These are the key bounds we will need in showing that || B— b| is small.

We now turn our attention to showing these two results.

D-2.1 On b, — Sy(p)

We recall the notations
p_fZ@Z}z [p] \FZAH/% [p] ( )
= Z Ui (rs ) X7 () — 1y (Sp + 71d) gy
i=1

Under our assumptions, we have E (X;) = 0 and cov (X;) = Id, and hence E (X?(p)) = 1. Recall that
since we assume that X'(p) is independent of {V;,¢;}7,, X'(p) is mdependent of {7 p iz

Proposition D.2. We have
1
oy~ Bo(p)| < —— Nyl + 0(r)]

Furthermore, under assumptions O1-O7 and P1, N, = Oy, (polyLog(n)) and therefore, when T is held
fized,
(6, = Bo(p)| = O, (polyLog(n)n™""* +|Bolloc)

Proof. From the definition of by, we see that, when &, # 0
1 Np 7_/80 (p)
\/’ﬁ T+ &n T+én '

We will see later, in Subsubsection D-2.2, that &, > 0 (there is no circular arguments, it is simply more
convenient to postpone the investigation of the properties of &,). It immediately then follows that

— Bo(p) =

[by| < [Npl + 1Bo(p)] -

b
N
Using independence of X (p) and {Vj,€;}7;, we have for instance
Z E (X2(p)) E (Al (rip)
whether the right-hand side is finite or not. Using our bounds on max A? and sup; [|¢; ||, we therefore have
1 n
N7) < =) B (X)) [4ilZE () = 0(1) = O(polyLog(n)) -
i=1

Simple computations also show that N, has as many moments as we need and that for any finite &,
under our assumptions,
Np = Or, (polyLog(n)) -
We therefore have

1
b, — Bo(p)| < —==Or, (polyLog(n)) + sup [Bo(k)] .
nt 1<k<p
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D-2.2 On &,

Let us write &, using matrix notations. Let DQM(T» 1) be the n x n diagonal matrix such that

Dyyr iy (21) = (i) -

We also denote by X (p) is the last column of the design matrix X. Then we have

_ 1 1 ~1/2 1/2 .
& = nX(p) Dwg(T',[p])MD W [p])X( D), (D-29)
where 1/2 1/2
D v -1V'D
B Pir. p) 1 ¢1(7"<,[p])

This simply comes from elementary linear algebra and representing u, and &, in matrix form. For example,

nu;) = X(p)’D%(T”[p])V.

We are now ready to investigate in more detail the properties of &,.

Lemma D.3. We have
§n>0.

Furthermore, under Assumptions O1-O7 and P1, if Dy, is the diagonal matriz with i-th entry \;,

1<i<n

1
&n — —tmce (D)\ Dl/?r [p])MD}/?T o )D)\i)‘ Op,( sup Ai(r; )/ (V/ncg)) (D-31)
Proof. Let us first focus on

+71d) VD)7

— Id 1 1/2 V(V,D¢§(T-,[p])v
n Yi(r )

w("’ [p)

The first part of the proof is very similar to the corresponding arguments in El Karoui (2013). When
7 > 0, it is clear that all the eigenvalues of M are strictly positive, i.e M is positive definite. Indeed, if the

singular values of n~/ 2pl/ ?r [ ])V are denoted by o, the eigenvalues of M are 7/(02 + 7).
7, 5P

Therefore, since &, = 1o/ Mv with v = DY? X(p), & > 0.
n wi(r-,[p])

Since M is symmetric and has eigenvalues between 0 and 1, we also have, using e.g Lemma V.1.5 in
Bhatia (1997),

1/2 1/2
0'<D Wi, [)MD (r[p])*Dd’( )

The matrix M is independent of X'(p) under Assumption P1. Dy (r. o)
Of course, we have X (p) = Dy, X (p), where D), is the diagonal matrix with i-th entry ;.
Since X}, satisfy the necessary concentration assumptions under Assumption P1, we can now appeal to

Lemma G.3 to obtain

is also independent of X'(p).

X (py DY

1 1/2 1/2 1
- Wi ) (r [p])X( ) —trace (D)\ Dw () )MD%,_(T'V[F])D)\Z.)‘ = OLk(i sup )\ ¢ (7“ [p])) .

V1NCp 1<i<n
L]

We now take a slight detour from the aim of showing that we have a very good approximation of B
through b by working on finer properties of &, and b,. These properties will be essential in establishing
the validity of the system (4).

To get a finer understanding of &,, we now focus on the properties of

1
—trace (D,\Z.Dl/2

1/2
n o MDY D)

LACNM

The previous lemma shows clearly why this is natural.
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1/2 1/2
About trace (D,\D W p])Msz;(r,’[p])DAi)

Lemma D.4. Let us call &, = 577 4l(r; 1,))ViV/ and &,(i) = &, — 24l (r; ,))ViV;. Let us also call

1
Crp = ﬁtmce (&p + TId)_l) ,

1
Q:EW®NHWMW%—ﬁ%W

)

Then we have under Assumptions O1-0O7 and P1, if M is the matriz defined in Equation (D-30),

1 1 1/2 1/2
Etmce (Id,, — M) — <ntmce (DN‘Dwg(r.,[p])Mszg(r.,[p])DAi)> Crp

1 n
< [swnlal] 3wt - (032
¢ i=1

We also have

1 -1
—trace(Id,, — M) = b
n n

- 7'C7—7p .

Proof. We call d;; = 9j(r;,)/n. Of course, by using the Sherman-Morrison-Woodbury formula (see e.g
Horn and Johnson (1990), p.19),

Mm‘ =1- di,ﬁ/’i’(V/Dwg(T' [p])V/n + TId)il‘/; ,
V! (S,(i) + 71d) "'V,
(

;
=1-d;
i)+ 7ld)-1y;

M1+ di V(S
B 1
C 1+di V(Sp(i) + 71d) 7V

. . 1 2 1 1/2 1/2
Recall that we are interested in . >, Af4i(r; ) Mi; = trace (DAZ.D%(” )MDw g )D)\i>. Note that,
since trace (AB) = trace (BA),

trace (Id,, — M) = trace (&, + TId)_IGP) =p—1— rtrace ((&, + TId)_l) =p—1—nrcyy.

This shows the second result of the lemma.
On the other hand,

2 T Ly,
tmwﬁmf<M):§:ﬂ—Aﬁﬁ:E:&1L+%;%g:bilmylw. (D-33)

7

With our definitions, we have, since AZc,p, + G = 2V/(&,(i) + 71d) "1V,

1 Gi
y trace (Idn — M —< Z“Wm w)‘:wﬁ Z‘” 1+d”v'<6p(z'>+ﬂd)—1w

It immediately follows that

1 1 1
Etrace (Id,, — M) — (n Z )\??l);(m,[p])Mi,J Crp| < [sgp |CZ|] . ng(r

as announced. ]

The previous result will be especially useful as an approximation result if we can show that (;’s are
small, since assumption P2 - which we will use later - implies that > | [|/||o cannot be too large. This
is what we do in the next few pages.
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Controlling ¢;

The main problem that arises when trying to control ¢; is the fact that r; [, appearing in Sp (i) depend
on V;. This prevents us from using concentration of quadratic forms results such as those shown in Lemma
G.3. So further approximations arguments are needed. Of course, the idea of using a leave-two-out residuals
to approximate {r; |, };%; immediately comes to mind. Hence our work in Section C will later play a key
role in showing that (;’s are small.

Lemma D.5. Suppose we can find {rﬁi[)p] }j#i independent of (Ai, Vi) and K, such that
supsup [0 ) = )] < Ko

Then

1 N polyLog(n 1
su 161 = O, (| g RallEll + 222 o potytog(o)) (-5

provided K, has 3k uniformly bounded moments.

Proof. We call
1 (@)
AM;p = D USViVy
J#
Then, using for instance the first resolvent identity, i.e A~! — B~! = A=Y(B — A)B~!, we see that

: _ _ 1 o
11(&p(i) + 71d) ™" = (AM;p + 71d) |2 < 5 Ka[[[Z]]2,

since ||| 32, ViV/||l2 < [||Z]]|2. In particular,

IVil? 1
2

Knll[%]l2 -
n T

<

1 1
‘nVi’(Gp(i) + 71d) "V, — EVi,(AMi,p + 71d)~'V;

However, since AM; ), is independent of (\;, V;), we can use Lemma G.3 and see that, since V; = \;V;,

2

1 A
ﬁVz‘,(AMi,p +71d) 1V, — ﬁtraee ((AM;, + 71d) ™)

sup =0g

1<i<n

polyLog(n
(7( ) sup A7),
TA/NCpn  1<i<n

k

by using the fact that Apax((AM;, + 71d)71) < %
Using the operator norm bound we gave above, we also have

1 -1 1 . -1 1 S P
‘ntrace (AM;p +71d)71) — Etrace ((&,(i) + 7Id) 1) | < ﬁKn’HEH’QH .

We conclude that

1 2
sup |=V/(6,(i) + 71d)'V; — “Ltrace ((&,(i) + 71d) )| = (D-35)
1<i<n | n
1 - Vi||? lyL
O, ([ SEallSI sup |2 4 IAIE]  polybostn) |y g, vy ) (D-36)
T 1<i<n [T n T+/MCn 1<i<n

Now, it is clear that under O1 and O4, sup;<;<,[|Vi[|?/n = O, (1) and finally

1 S polyLog(n) 2
~0 K|S A2vi)) .

n 1<i<n

2

1 A2
Evi’(g,,(i) + 71d) "V — ~~trace ((&p(i) + r1d) 1)

sup
1<i<n

Control of Ltrace ((&,(i) + 71d)~') — Ltrace ((&, + 71d)~')
Using the Sherman-Woodbury-Morrison formula, we have
L U0sg) (S50 + 7)Y (8, () + 71d) !
no oy Sy () 4 710) 1

n

(6,(i) + 71d) - (&, + 71d)
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After taking traces, we see that

1
0 < trace ((&,(i) + 71d) ") — trace (&, + 71d) ') < —,
-
since V/ (&, (i) + 71d)72V; < LV/(6,(i) + 71d) V.
Therefore,
1 1 1
0< —t S,(i) + 71d) ") — =t S, +7ld)7) < —.
<. race ((Sp(i) + 71d)™") - race (6, + 71d)™") < -

We conclude that
1 N polyLog(n) 1 } 9 )
su | =0 —Kp|||Z]llle + ———=—==+ —| [ sup A\j V1]],
s 1G] = O, (|5 KallEll + P2 1 sup 32 1)

provided we can use Holder’s inequality. In effect, this requires K, to have 3k moments. O

D-2.3 Control of K,

A natural choice for rgi[)p] defined in Lemma D.5 is to use a leave one out estimator of 74, where the i-th

observation (and hence Vl) is ommitted. Hence, all the work done in Theorem C.6 becomes immediately
relevant.

Lemma D.6. Suppose we use for {r;i[)p] }jzi the residuals we would get by using a leave-one-out estimator
of 7, i.e excluding (V;, €;) from problem (D-21).
With the notations of Lemma D.5, we have under assumptions O1-0O7 and P1
K, =0p, (nm*l/zpolyLog(n)) .

In particular, for any fixed T,
sup |¢;| = Oy, (nza*” 2polyL09(n))

Proof. Let us call 6,(i) random variables such that

sup \r(.l)} —7jp| < 0n(i) .

ki Jlp
Applying Theorem C.6 with R; = r;, and 7 ;) = rj(.i[)p], we get
, polyLog(n)
sup(dn(i)) = Or, <nl/20 :

The control of K, follows immediately by using our assumptions on 1)}, specifically the fact that it is
Cn®-Lipschitz. O

Important remark: the previous remark has important consequences for ¢; defined in Equation
(C-14). Indeed, we have the following corollary.

Corollary D.7. Let ¢; be defined as in Equation (C-14) and c; be defined as in Equation (A-T). Then,
under assumptions O1-07 and P1, we have

sup [e; — Afer| = O, (n** /2 polyLog(n)) . (D-37)

The corollary follows from drawing analogy between these quantities and the situation investigated in
Lemmas D.4, D.5, and D.6; we now give a detailed proof.
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Proof. We have now established that

polyLog(n) )

1 , -
sup ‘ﬁ%,(gp(l) +71d) 1V - )‘?CﬂP’ = Or,( nl/2—2a

Recalling the notation

-1
Cr = —trace Z Vi(R) X X, + 71d, ,

we see that this quantity is the analog of c,;, when we use all the predictors and not only (p — 1) of them.
Indeed, ¢; in Equation (C-14) is defined, in the notation of the proof of Lemma D.5 as an analog of

%Vi’ (AM; ,, + 71d)~1V;, with the role of {ry[)p ] }#i being played by the residuals obtained from the leave-

one-out estimate of B, excluding (X;,¢;) from the problem. Lemma D.5 in connection with Theorem
D.10 shows that sup; |1 V/(AM; , +71d)7'V; — Mc.p| = Oy, (polyLog(n)/n'/?~2%) under our assumptions.
Passing from the p — 1 dimensional version of this result, i.e Lemma D.5, to the p-dimensional version gives
the approximation stated in the corollary.

We therefore see that

sup |e; — e, | = Op, (n?*~Y2polyLog(n)) .

O
D-2.4 Further results on ¢, and b,
We can combine all the results we have obtained so far in the following proposition.
Proposition D.8. We have, under Assumptions O1-0O7 and P1,
-1 polyLog(n)
C’rp(gn + T) — 7”{1 OLk <n1/2_204 . (D-38)
Furthermore, under Assumptions O1-O7 and P1-P3, since ||fo|lcc = O(n7°),
p
(Z)" B (16, — o) ZE CrpAiti(rig))?) + T2 B3 (0)E (2,) +o(1) (D-39)

Both equations in this proposition are very important for this paper. The first one gives us a very
precise idea of the behavior of &, in terms of c;,, which we will see in Section E is relatively easy to
understand. This first equation is also a stepping stone towards the first equation of the System (4).

The second equation, on the other hand, is a stepping stone towards the second equation of System (4)
in our main theorem, Theorem 2.1.

Proof. e First equation
The proof of Equation (D-38) consists just in aggregating all the previous results and noticing that c,j, <
(p —1)/(n7) and therefore remains bounded. Indeed, we have

p—1
n

1
—TCrp = Etrace (Id—M)>0.

This latter quantity was approximated in Lemma D.4 by

1 1/2 1/2
(ntrace (D%(”-,[p])MDwé(r-,[pJ)>) T -

And in Lemma D.3, we approximated &, by (%trace (D}/?T [])M D}/?T [])>). This gives the result of
AV i\ P

Equation (D-38), by simply keeping track of the approximation errors we make at each step.
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e Second equation
Recall that by definition (see Equations (D-24) and (D-23)),

¢mv+mm—%mm=Nfi%2)wmmwmm.
=1

Therefore,
CT:P\/E [(T + En)[bp - ﬁﬁ(p)] + 7_60 Z Crp 11/}1 T [p] ( )

or

CT7p\f(T + &) [bp Z Crphithi(r; [p Xi(p) — Cﬂp\/ﬁT/BO(p) .

We note that c;,Aithi(r; p)), which depends only on {\;, Vi, €;};L 1, is independent of {X;(p)};-;. (If needed,
see the definition of ¢, ;, in Lemma D.4.)
Since X;(p)’s are independent with mean 0 and variance 1, we conclude that

E (czypn(T +&,)2 [0, — Bo(p)] ) ZE ([erpAithi(ri )] %) + n7?B3(p)E (cip) .

Given the result in Equation (D-38) and our bound on /n[b, — So(p)] in Proposition D.2, this means
that

(%) E ([bp — fo(p)] ZE [erphithi(rig)?) + B3 (P)E (2,) +o(1) .

In this last equation, we make use of Proposition D.2 and Assumption P3 since under this assumption
n||Bo |2, polyLog(n)n?*~1/2 — 0. This is what allows us to replace ¢, ,(7 + &,) by p/n without loss of
accuracy in going from the second-to-last to the last equation. O

We now need to control d;;, to show that our approximation of B by b in Proposition D.1 will yield
sufficiently good results that they can be used to prove Theorem 2.1.

D-2.5 On d@p

Recall the definition
dip = [Vi(vip) — Yilrip)]
where /'), € (74 ], 7,y + Vi), With

S, +7Id)"lu
v = 1oy - ool T o, — o
e fact that v € (7, 1,1, T5.1p) + Vi) Iollows from writing the definition of Y; — b.
The f h :p J[0]> T, [p] foll f iti he definiti fY; — X/b
We have the following result.

Proposition D.9. We have, under Assumptions O1-07 and P1-P3, at fized T,

polyLog(n)n® >

sup|d;,| = O
ip’ Z,p‘ Lk( n1/2/\ne

Proof. Recall the definition
dip = [Vi(vip) — Yilrip)]

where v/, € (7 ], 74 [p] + Vi), with v; defined above. Therefore,

™= Vi’(Gp + TId)_lup - Xi(p) -
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Recall that u, = 2V’ Dytr o)X (p). We can also rewrite it as

1
Up = EV/DA?Q/)Q(T'JP])X(I)) .

Using independence of X'(p) with {(V;, €;)}!;, and our concentration assumptions on X (p) formulated
in P1, we see that according to Lemma G.2, we have

polyLog(n)

sup V! (&, + 71d) " tuy,| = Op, < 7
i Cn

1 _
SnggD)\?dxg(rw[p])V(Gp +71d) 1ViH> ,

where we look at V/(&, + 71d)!u, as a linear form in X'(p). Note that we have absorbed the sup; |A;| in
the polyLog(n) term.
Now,

V' D? 1%
1 1y, 2 Lyy _1 A )
1= Dxzys ., V(Sp + TIA) " Vil|" = —Vi(6p + 71d) -

(6, + 71d)~ Y, .

/ /
v D’\%wg(rwhﬂ])v

D2
A%wg(’"-,[p
n n

Notice that &, = . Hence, L < D2y . [p])||\26p and we conclude that

V'D?, , V 112
AT 1) ((‘5p+TId)_1VZ‘ < HVZH

nr I1P5zys(r. 112 = T

1

We also note that sup; | X;(p)| = Or, (polyLog(n)/,/c,) under O4, O6 and P1, using the results of Sub-

section G. So we conclude that
Vil[?
+ \/ Sup ROAGEN) sup = :

olyLog(n
sup ] = O, (pyg()
1+ SupA?¢£(ri,ml>]>v

1/2
Cn/

(polyLog(n)

= Op, (polyLog(n)) .
Recalling that |b, — Bo(p)| = Or, (n~'/?polyLog(n) + ||fo|lo), we finally see that

()

Under our assumption that )] is Cn®-Lipschitz, we see that

polyLog(n)no‘>

sup [vi| = Op,
K3

sup|d;,| = O
ip’ Z:P‘ Ly ( n1/2/\ne

D-3 Final conclusions

We can now gather together our approximation results in the following Theorem.

Theorem D.10. Under Assumptions O1-07 and P1-P3, we have, for any fired 7 > 0,

polyLog(n)n® )
[n1/2 A ne]?

15 -3 <O0u, (
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In particular,

~ polyLog(n)n®+1/?
V(B —bp) = O, ( [n1/2 A ne)? )

~ o~ olyLog(n)n®+1/2
sup | X1(3 — B)| = O, (p yLog(n) ) ,

[n1/2 A ne]2
polyLog(n) polyLog(n)n®+1/2
Sgp [Ri = 7ip)| = Ou, <[ Vv Ane v [n1/2 A ne)? '

We note that the index p in the previous theorem plays no particular role and similar results holds
when p is replaced by 1 < k < p.

Proof. The Theorem is just the aggregation of all of our results, using the key bound on HB\ - BH in
Proposition D.1.
The last statement is the only one that might need an explanation. With the notations of the proof of

~ P

Proposition D.9, we have R; — r; ,; = X/(b — ) — v;. The results on sup, |v;| in the proof of Proposition
7‘7[p] 3 (2

D.9 as well as the bound on sup; | X/ (b— B)| give us the announced result. O

Combining the results of Equation (D-39) and the previous theorem, we see that under Assumptions
01-07 and P1-P4,

(%>2HE <(Bp B /Bo(p))2> - %ZE (lerpAitbi(rip)]?) + n72B3(D)E (2,) +o(1) .
i=1

Since p did not play any particular role as compared to any other index in our analysis, the same result
holds when p is replaced by k, 1 < k < p.

Dividing the previous expression by n on both sides and summing over all the indices 1 < k < p, we
finally get

p

(%)QE (15— olis) = > [:L D E (lerphithitrip)P) | +72 3 BB (7,) +0(1) . (D-40)
i=1

n
k=1 k=1

Our aim now is to further simplify the above expression to get the second equation of our system.

D-3.1 On ¢, and ¢,

We now show that c; s are all close to the same quantity, which turns out to be c..

Proposition D.11. We have, under Assumptions O1-O7 and P1-P3,

polyLog(n)n®
=0 v
S ler = el = Or, ( { Vi Ane

polyLog(n)n2e+1/2 y polyLog(n)
[n/2 A ne]? n :

Of course, we also have 0 < c; < p/(nt) and 0 < ¢, < p/(nT).

Proof. Let us recall the notation

1 . / /
== W(R)X:X].
S n — wz(RZ) 1<%

Ifwecall ' =137 @l(R)V;V/ and a = 2 3" | ¢}(R;)X?(p), we see that
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According to Lemma H.2, we see that, since ¢, = %trace ((S + TIdp)_l),

1l+4a/T
n T '

1
ler — Etrace (T + 7Idp—1)~ ) | <

It is clear that under our assumptions, a = O, (polyLog(n)), since
Z N A2 (p)Yl(R;) < polyLog(n Z M X2 (p) = Or, (polyLog(n)) ,

(using e.g our work in Section G). Since v} is Cn®-Lipschitz and

polyLog(n) polyLog(n)n®+1/?
sup [Ri = 7ifp)| = O, <[ vaans || i e ’

/ / pOlyLog(n)nO‘ polyLog(n)n2a+1/2
Sgplwi(Ri)_wi(ri,[p})‘ =0y, <{ Jn A ne } vV [ [n1/2/\ne]2 .

Hence, using arguments similar to the ones we have used in the proof of Lemma D.5 (i.e first resolvent

identity, etc...), we see that
_ o, [[polyLog(n)n] | polyLog(n)n?*+!/2
= Lk \/ﬁ /\ ne [n1/2 /\ ’I’Le]Q .

Since ¢y = %trace ((619 + TId)*l), the result we announced follows immediately.
We note that p did not play a particular role here and hence taking the sup over those indices only adds
a polyLog(n) term to the approximation. Hence our approximation is valid also for sup; <<, [¢; —cr x| O

we have

%trace (T + TId)_l) - %trace ((Sp + TId)_l)

We are now ready to prove the last proposition of this section, which will help us get the second equation
of our System (4).

Proposition D.12. Under Assumptions O1-07 and P1-P4,
P\21 (13 Pl ~
() E (18— 0l13) = £~ ST (leohti(proa(ec N pi) (i o))12) + 72180l %E (¢2) +0(1) . (D-41)
=1

Furthermore, when all \;’s are non-zero,

N — 2 0N\(7. . )\]2
LS B (e At proste X200, ZE<7‘ (0 P?“C’x(;&m)(n,<z>>1>

=1

Proof. In light of the result in Proposition D.11 and Assumption P3 which guarantees that ||Sy||3 is
uniformly bounded in p and n, we see that

D BIR)E (c24) =D BI(R)E (c2) +o(1) = [|B[5E () + o(1) -

k=1 k=1

Using Theorems C.6 and D.10, Equation (D-40) implies that

(2) B (13 - ml3) = pZ[ ZE [erwditi(rs)?) | + 72 10lE () +o(1) -

Using Theorem D.10 and our bound on [[¢)}||s from Assumption O3, we see that

p P

LSTE (et ()] Z lcrashiti(R)PZ) +o(1) .

p k=1 =1
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Thanks to Proposition D.11 we also have

p

U B (e (ROP) = 5 3B (feohi (R + of1)
k=1

k:
In light of Equation (C-20) and Assumption O3, we have
1 n
n Z ([CT ii(R ) ZE cr i (prox(cip; ) (7; ()))]2) +o(1)
i=1 i=1

Using Lemma F.2 and specifically the computation of the derivative of prox(cp)(z) with respect to c,
we see that, by using Corollary D.7, we can re-express the previous equation as

*ZE crii( l) ZE Cr z@bz(prOX(CT)‘ pi) (7 ()))]2)“‘0(1)7
=1

since Equation (D-37) in Corollary D.7, gives sup; |c; — A2¢,| = Oy, (n?*~'/?polyLog(n)).
When \;’s are all different from 0, we can rewrite this equation as

- Cr i (ProX(Cr i )\Ti, 3 2
—ZE e Ai(Ry) Z ( AVl (A;p)( ) >—|—0(1)

Finally, since almost by definition,

Vo € R,z = prox(cp)(z) + cip(prox(cp)(z)) ,

we have

1 iE ([CTA?W(PTOX(CTA?M)(fi,(i)))]2> _ 1 iE ([f@,(i) - prox(cf)\?pi)(fi,(i))P) ‘

2 2
n = A A

E Last steps of the proof

We now reach the last steps of the proof and two imporant tasks remain. The first one is understanding
the limiting behavior of 7; ;) and showing that it behaves like €;-+ A7, (k) Z; in the limit, where Z; ~ N(0, 1).
With a little bit of further work, the corresponding results will give us in connection with Proposition D.12
the second equation of our main system (4).

The second main task is then to show that c; is asymptotically deterministic, i.e it converges towards
a non-random number.

E-1 On the asymptotic distribution of 7; ;

We have the following lemma.
Lemma E.1. Under Assumptions O1-O7 and P1-P4, as n and p tend to infinity, 7; ;) = Y; — X’ﬁZ (i)

behaves like €¢; + \jy | E <HB — ,6’0H2>ZZ-, where Z; ~ N(0,1) is independent of €; and \;, in the sense of

weak convergence.
Furthermore, if i # j, 75 ;) and 7; ;) are asymptotically (pairwise) independent. The same is true for

the pairs (7; iy, \i) and (T} jy, Aj)
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Proof. We recall that X; = \;X; and hence fi,(i) =Y, — XZ,B(Z) =€ — /\zXZI(B\(z) — ,80)

e First part The only problem is of course showing that (8(;—80)’&; is approximately NV (0, E (HB — 5o H2> ).
Recall that B(i) is independent of &; and that X; has mean 0, cov (;) = Id, and that, for any finite k, the
first k£ absolute moments of its entries are assumed to be bounded uniformly in n.

Recall that we showed in Proposition C.7 that var <||,§— 50”2) — 0. Thanks to Lemma B.3, we also

know that E <|| B — ﬁo|]2> is uniformly bounded. Furthermore, in the proof of Proposition C.7, we showed
that B (|32 = [1Bp)?) — 0 and that E (1|3 ~ |12 ~ 13) — Boll?) = 0.

~

Let us now show that (5(;) — 80)'&; behaves like N'(0, E (HB@) - ﬁo||2>). We employ a similar strategy
as was done in El Karoui (2013) but give the argument in details since it requires some new work.

We need a simple generalization of the standard Lindeberg-Feller theorem (see e.g Stroock (1993)).
Indeed, if anp(k) are random variables with /> ¥_ anp(k)? = A,, E (A2) remains bounded in n, and

an,p(k)'s are independent of X;, we see that: a) if Z ~ N'(0,1d,), independent of a, ,(k), then a, ,Z ~ A,N
where N ~ N(0,1) and independent of A,, (conditionally and unconditionally on ay;); b) Theorem 2.1.5
and its proof in Stroock (1993) hold provided "7 | E (|anp(k)?) = o(1). The proof simply needs to be
started conditionally on a,, ,, and the final moment bounds are then taken unconditionally. This very mild
generalization gives, if ¢ is a C3 function, with bounded 2nd and third derivatives,

p

p
W>0JE@m@&»—Eww%mﬂSK<¢¢W@E(§)mAmﬂ+W¢?M§2EWMAMM>,
k=1

k=1

where K is a constant that depends on the second and third absolute moments of the entries of X;. It is
therefore independent of n and p under our assumptions on X;.

To make matters clearer, we allow ourselves to use the notation vy or v(k) to refer to the k-th coordinate
of the vector v.

In our setting, a, p(k) = B(i)(k) — Bo(k). Recall that we have shown that

B — o) = O, (Z2NTEEY

The same arguments we used apply also to B(i) (p), the p-th coordinate of the leave-one-out estimate E(Z-).

So it is clear that
polyLog(n)n3®
[n1/2 A ne]6

B (1o (o) - sa0)*) =0 (

We conclude that

E(ZN%%%ﬂm%ﬁ=OC”ﬂ%Wﬁwqun.

] [n1/2 A nel6

~

This, in connection with Corollary 2.1.9 in Stroock (1993), shows that (5(;) —8o)’' i behaves asymptotically

like ||§(Z-) — Bo|IN in the sense of weak convergence.
Since HB@) —bBol| —E (HB\(Z) - 50”) — 0 in probability and E <||B(z) - 60||> remains bounded under our

assumptions, Slutsky’s lemma guarantees that
(Bioy — Bo)'X; behaves like E (|| — foll) N
asymptotically, in the sense of weak convergence - by which we mean that the difference of their charac-

teristic functions goes to 0. Using the fact, which can be shown using results in the proof of Proposition
C.7, that E (HB@) — 50“) —-E <||B— ,6’0H> — 0 and Slutsky’s lemma, we see that

(,/3\(2) - B())/XZ’ behaves like E <”B\— BQH) N s

41



in the sense of weak convergence. R
We note that the same reasoning applies when replacing an (k) = B;)(k) — Bo(k) by Gnp(k) =
Ai [B(l)(k) — Bo(k)], provided A; has 3 moments. This shows that

Mi(Biiy — Bo)' X = By — o)’ X; behaves like B (”B — BoH) AN

This shows the first part of the lemma.
e Second part For the second part, we use a leave-two-out approach, namely we use the approximation
75 = €+ X Bo— B(l =e+X]Bo— ﬁ X +or, (1) and similarly for 7; (;) (this is clear from Theorem 2.2;

ﬁ(w) is computed by solving Problem (3 ) without (X, €;) and (Xj,€;)). It is clear that 7; ;y and 7 ;) are
asymptotically independent conditional on X(;;), i.e all the predictors except X; and X;. But because their
dependence on X;;) is only through ||B(Z-j) —Bol|, which is asymptotically deterministic by arguments similar
to those used in the proof of Proposition C.7, we see that 7; (;y and 7; ;) are asymptotically independent.

After this high-level explanation, let us now give a detailed proof. The arguments we gave above apply

5(13) as they did to ﬂ( )- In particular, since

(Z@U)( ) — ﬁo(k)|3> _ O(pOIYLog(n)n
k=1

[n1/2 A ne]6

Ja+1

=o(1),

we also have

P

Z sz k)|3:OP(1)'

k=1
Of course, E(ij) depends only on {X(;;y, €(;;) }. We call P;j) the joint probability measure P(;;) = Hk#i,j) Px, e
i.e probability computed with respect to all our random variables except (X, ¢;) and (X, €;) (we slightly
abuse notation and do not index this probability measure by n for the sake of clarity). R

So we have found Ef};, depending only on (X(ij)> €(5))> such that P (Egj)) — Land Y37, |Buj) (k) —

Bo(k)[> = o(1) when (X(;5), {ex trr(ij) € Ef ;- The arguments we gave above (treating ay, p’s as determin-
istic quantities) then imply that, when (X(;;), € ;) € Ef)

(B\(U) — BO)/Xi’(X(ij); €(ij)) behaves like HB\(”) — ﬁoHN .

Let us now use characteristic function arguments. Let a; = (E(Z-j) — Bo)'X; and o = (B(ij) — Bo)' X
Let (w;,w;) € R? be fixed and

xlwi,wj) = B (o)) = B (o) g 41 )

Since P([E(TZJ)]C) = P(ij)([E(ng)]C) — 0, we can just focus on E (ez(wl"‘ier?aj)lEZj)), since the modulus of
the functions we are integrating is bounded by 1.

Now

E (el(wlai+w2aj)1E&j>> = E <1E<"]>E ( Z(wlai+w2aj)|X(ij)76(@']’))) ,

since 1 B is a deterministic function of (X(;j), €(;;)). Independence of X; and X; implies that

E (el(wlai+w2aj)|X(ij)7 6(ij)> —E ( Zwlaz‘X (i) €( )) E ( w20 ‘X (i) €( )) .

Also, our conditional asymptotic normality arguments above imply that
Ly [E( | X e) _e—w%muﬁ(ij)—ﬂou?] 50
in P(;;)-probability. We therefore have

Lep [E (ez<w1ai+wzaj>, X(ij)ve(ij)) _ e—(w%/2+w§/2>||B(,~j)—ﬁo||2} 50
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in P(;j)-probability.
So we conclude that

E <1En el(wlaz‘+wzag‘)> _E (1En e—(w%/2+w§/2)||fs‘<ij>—50\\2) 0.
(i5) (i5)
Since P(E?Z.j)) — 1 and || B(Z-j) — Bo||? is asymptotically deterministic by arguments similar to those used
in the proof of Proposition C.7, we see that

E <1E<ﬂv)ef(w%mw%/mna@j)—ﬁow) _ o[ /24 w3 /2B (1B —6ol?)] _ ¢
ij

Therefore,
E (el(wlai+w20‘j)) — E (1) E (e™2%) — 0 .

This proves that a; and «; are asymptotically independent. It easily follows that the same is true for 7; (;

and 7 (.
7,(7)

The same leave-two-out approach also shows asymptotic pairwise independence of the pairs (\;, 7 ;))
and (Aj, 7 ()
of the \;’s.

The lemma is shown. O

, since B\ .+ is independent of A; and \; under Assumption O6, which guarantees independence
(i5) J

E-2 On the asymptotic behavior of c;,

We are now in position to show that ¢, = %trace ((S + TIdp)_l) is asymptotically deterministic. This
result will require several steps.

Lemma E.2. We work under Assumptions O1-0O7, P1-PJj and F2-F/.
Consider the random function

n

1 1
n = s d d > 0.
gn(2) n ; 1+ a2 (prox(a X2 p;) (T ())) efined for x

Let B >0 be in Ry. We have, for any (z,y) €R%, and 2 < B, y < B

n

1
sup 19n(2)) = gn )] < 1= (Mlltillee + BLi(n)A [ilc) -
(z,y):lz—y|<n,x<B,y<B N

In particular, under P2 and F3-F4 we have, for C a constant independent of n and p,

P < sup lgn(z) — gn(y)| > 5) < gC : (E-42)
(z,y):|lz—y|<n,z<B,y<B

Hence, gy, is stochastically equicontinuous on [0, B] for any B > 0 given.

We used the notation P* above to denote outer probability and avoid a discussion of potential measure
theoretic issues associated with taking a supremum over a non-countable collection of random variables
(see e.g van der Vaart (1998), Section 18.2). We refer the reader to e.g Pollard (1984) for more details
on stochastic equicontinuity. (While we could probably avoid appealing to abstract concepts like outer
measures here, we use this approach because it is a standard tool in empirical process theory and helps us
avoid side measurability discussions that would distract us from the main focus of our proof.)

Proof. Let us consider the function, defined for z > 0,

: 1 0
R (2) = - = 2 .
v (@) 1+ 22! (prox(zA?p;)(u))  Ou prox(zA7p)(v)

The last equality comes from Lemma F.3.
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We have, since v} is non-negative because p; is convex,

h (@) — h ()| < X2 (prox(eX2) (w)) — YA (prox(uX2ps) (W) AT

Therefore, since x,y > 0,

h{ () — ) (y)( < Xz — yli(prox(zA? pi) (u)) + Afy|vi (prox(zA? pi) (u)) — ¥ (prox(yA7p:) ()] -

In particular, if |z —y| <n,and x Vy < B

swp [ (@) = nD ()| < Al (orox(zAZpi) (w))
yilo—y|<mzVy<B

+ BX sup |} (prox(zA?p;) (1)) — i(prox(yA?p:)(uw))] .
y:lz—y|<n,zVy<B

Under assumption O3, v} is L;(n)-Lipschitz, with L;(n) < Cn®. Therefore, for x;,y; > 0,
[ (prox(zip;) (w)) — ¥i(prox(yip:) (u))| < Li(n)[prox(zip;)(u) — prox(yip:)(u)| -
We recall that, according to Lemma F.2,

 ilprox(zp)(w)
1 + ol (prox(zp;)(u)) -

Soprox(epi) (1) =
Hence,
sup | prox(pi) (u)| < ¥4l -
We finally conclude that
[ (prox(eip) (w)) — vlprox(yin) ()] < Ll llookes — yil] A 2o -

We therefore have, when x Vy < B

sup
yilz—yl<n

A () = b (9) | < N (prox(@XPps) () + BAILi(n) 45| oen

Therefore,

sup
(z,y):lz—y|<n,aVy<B

PO (@) = D ()| < Xenlllloo + nBLMAIY 1 -

This analysis shows that for = given, if |z —y| < n and z Vy < B, we have

1 n
sup 19n(2)) = gn (W < 1= (A 1Yo + BLi()A [¥iloo) -

Under assumptions P2 and F3-F4, we can now take expectations and get the result in L;, since all the
terms on the right hand side are bounded in L; under those assumptions.
We have established stochastic equicontinuity of g, (z) on [0, B]. O

Lemma E.3. Let us call G,(z) = E (gn(z)). Let B > 0 be given. For any given xo < B,

gn(@0) = Gn(20) = 01,(1) -

Under Assumptions O1-07, P1-P4 and F1-F5, we also have

E* ( sup |gn(x) — Gn(ac)|> —0.
0<z<B
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Proof. Under assumptions F1 and F5, we can divide the index set {1,...,n} into K subsets Ay,..., Ag,
where K is finite (with n), in which (X, €;)ic4, play a symmetric role. Hence, var (g, (z0)) can be expressed
as a sum of variances and covariances of finitely many functions of finitely many random variables (A;, 7 (5)):
for those random variables, we just need to pick a representative in each subset {A; }f: 1-

We note that since ¢} is Lipschitz and hence continuous, g, is an average of bounded continuous
functions of the random variables of interest to us.

Asymptotic pairwise independence of (), 7; (;))’s, and the fact that 1} can only be one of finitely many
functions imply that

var (gn(zo)) = 0

and therefore gives the first result.

Let us now pick € > 0. By the stochastic equicontinuity of g, and our bound in Equation (E-42), we
can find z1,...,z, independent of n, such that for all = € [0, B], there exists [ such that, when n is large
enough,

E (|gn(z) — gn())]) < €.
Note that
gn(2) — Gu(@)| < |gn(2) — gn(@)| + |gn (1) — Gn(i)| + |G (@) — Gn(2)] -

We immediately get

E” ( sup ’gn<x) - Gn(‘r)|> <2+E < sup |gn('fcl) - Gn(xl)o :

0<z<B 1<I<K
Because K is finite, the fact that for all I, |g,(21) — Gn(z)| — 0 in Lo implies that sup; <<y |[gn(z) —

Gr(z;)| = 0 in Lg. In particular, if n is sufficiently large,

E ( sup |gn(x;) — Gn(a:l)|> <e.

1<I<K
The lemma is shown. O

Lemma E.4. Assume 01-07, P1-P4 and F1-F5. Call c. = X trace ((S+ 71d,) ™). Call as before

1 1
gnlx) =2 z; 1+ X3 (proa(Af pi) (7 )

Then c; is a near solution of
p

*—TZL’—l—an(x):O,

n

i.e 2 —71cr — 14 gn(cr) = or, (1), when 3a —1/2 <0.
Asymptotically, near solutions of

a D

(5n(x)zﬁ—mc—1+gn(x):0,

are close to solutions of
An(z) = % — 72— 1+E (ga(2)) = 0.

More precisely, call T,, = {z : |A,(z)| < €}. Note that T, C (0,p/(nT) + €/7). For any given €, as
n — 0o, near solutions of 6,(xy) = 0 belong to T, . with high-probability.

Our assumptions concerning the possible distributions of €;s, specifically F1, guarantee that as n — oo,
there is a unique solution to Ay (z) = 0.

Hence ¢ s asymptotically deterministic.
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Proof. Note that g,(z) < 1.
Let 6,, be the function

on(z) = % —1x— 14 gn(z),

and Ay (z) = E (6,(x)). Call z,, asolution d,(x,) = 0 and z,, g a solution of A, (z,0) = 0. Since 0 < g, <1,
we see that x, < p/(nt), for otherwise, d,(z) < 0. The same argument shows that if z > (p/n + €)/7,
Ay(xz) < —e and x ¢ T), . Similarly, near solutions of 6, (z) = 0 must be less or equal to (p/n + ¢€)/7.
e Proof of the fact that ¢, is such that §,(c;) = o(1)
An important remark is that ¢, is a near solution of 6, (x) = 0. This follows most clearly for arguments we
have developed for c;;, so we start by giving details through arguments for this random variable. Recall
that in the notation of Lemma D.4, we had
p—1

1
- 7¢rp = —trace (Id, — M).
- TCrp nrace( n )

Now, according to Equation (D-33),

1 = 1
“trace (Id, — M) =1— - .
" race( ) n Z 1+ W(Ti,[p})%vil(gp(i) 4 TId)_l‘/;

i=1 i

According to Lemmas D.4, D.5 and D.6, we have

o, <polyLog(n)> |

p nl/2—2a

1
sup | LV(©,(0) + 1) 1V; - e,

Of course, when x > 0 and y > 0, [1/(1+2) —1/(1 +y)| < |r — y| A 1. Hence, we see that

1y ! 1y~ ! -

M 1 () 2V (S, (6) + 7Id) 1V, n S L () AfCrp |
1 1 <

sup |=V/(&,(i) + 7Id) " V; — Nc, | — Moo -

Sup |V (S,(0) + 71d) » n;w loe

We conclude that

1

-0 —1/242« vl )
T N pflrygy) o0 polvesn)

1 n
p/n—TcW—l%—nz;
1=

Exactly the same computations can be made with ¢, so we have established that

1< 1 1/2490
p/n—Ter =1+~ > T e Oy, (n~ /22 polyLog(n)) . (E-43)
i=1 T AT

Now we have seen in Theorem 2.2 that

—1/24«

sup |R; — prox(c;pi)(Ts,5))| = Or, (n polyLog(n)) .

Through our assumptions on ¢, this of course implies that

sup ¢} (R;) — i [prox(cips) (i (3))]| = Or, (n~/****polyLog(n))

We have furthermore noted that sup; |c; — A?c.| = Og, (n~Y/2*2¢polyLog(n)) in Corollary D.7. Using
Lemma F.2, this implies that

!pfOX(CiPi)(fi,(i)) - prOX(/\z?CT)(Fi,(i))‘ < [[Yilloolei — )‘ZZCT’
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and hence
|i[prox(eipi) (7 i))] — bilprox(Af e, pi) (i i))l| = Or, (Hi/h'||oon71/2+3ap01yL0g(n)) :
Gathering everything together, we get
[05(Rq) = wi(prox(Nferpi) (7o) = O, ([[¥illoo + 1n ™23 polyLog(n))

So we have established that 6, (c;) = Or, (n~"/?T3polyLog(n)).

e Final details
Note that for any given z, d,(x) — A, (z) = op(1) by using Lemma E.3. In our case, with the notation of
this lemma, B = p/(nt) +n/7, for n > 0 given.

This implies that, for any given € > 0

sup  |du(r) — Au(a)] <e,
z€(0,p/(n7)+n/7]

with high-probability when n is large. Therefore, for any € > 0, if x,, is a solution of §,(z,) = 0,
|Ap(x)] < € with high-probability.

This exactly means that z, € T}, . with high-probability. The same argument applies for near solutions of
dn(x) = 0, which, for any € > 0 must belong to T}, . as n — oo with high-probability. Of course, there is
nothing random about 7}, . which is a deterministic set. Note that T}, . is compact because it is bounded
and closed, using the fact that G,, = E (g,,) is continuous.

If T, 0 were reduced to a single point, we would have established the asymptotically deterministic
character of c;.

Given our work concerning the limiting behavior of 7; ;) and our assumptions about €;’s, we see that
Lemma H.1 applies to lim, - Ap(z) under assumption F1. Therefore, as n — oo, T}, ¢ is reduced to a
point and ¢; is asymptotically non-random. (Note that assumption F1 is stated in terms of the properties
of densities of random variables of the form €;+rZ; where Z; is N'(0, 1), independent of ¢; and r is arbitrary;
Assumption F1 also gives us guarantees for ¢; +r\; Z; at \; given by a simple change of variable. The W;’s
appearing in Lemma H.1 are of the form ¢; + |\;|rZ;, so assumption F1 is all we need for Lemma H.1 to

apply. ) O

E-3 Proof of Theorem 2.1

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1

As we had noted in El Karoui et al. (2011),

1

~ 1+ (prox(ep)(t))

2 prox(ep)(t) = prox(ep) (1

So A,, can be interpreted as

n
p 1 8
Ay(z) = L, T 1+ - ZE (prox(:c)\?pi)'(ri’(i))) .
i=1
The fact that ¢, is asymptotically arbitrarily close to the root of A, (x) = 0 gives us the first equation in
the system appearing in Theorem 2.1. The second equation of the system comes from Equation (D-41).
Theorem 2.1 is shown, with c,(x) being the limit of ¢;.

E-4 About ¢’s, &,, N,, and the limiting distribution of B\(p)

Theorem 2.1 as well as many of our intermediate results have interesting consequences for various
quantities we encountered. Let us now state them.

When we use the expression “under our assumptions”, we mean assumptions O1-O7, P1-P4 and
F1-F5.
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E-4.1 On ¢’s
Recall that in Corollary D.7 we had shown that under our assumptions O1-O7 and P1-P4

sup[¢; — Me | =0y, (polyLog(n)n?*~1/2) |

Since we have now shown that ¢, has a deterministic limit ¢,(x), we have the following lemma.

Lemma E.5. We have under our assumptions O1-O7 and P1-P}

I (n2a—1/2

sup |R; — prox(Aferpi) (i )| = O polyLog(n)) .

Hence, under (all of ) our assumptions we have asymptotically, for any given i

|R; — pmx()‘zch( )Pz)( )‘ =or, (1) .

If we furthermore assume that \;’s are uniformly bounded, we have

sup |R; — prow(Xicy(r)pi) (Fi@)| = oL, (1)
1<i<n

Proof. Recall Lemma F.2 implies that

sup [prox(c1p)[z] — prox(czp)[z]] < [[¢lloclcr — c2f -
e

Therefore, Corollary D.7 implies that

Sup Iprox(A e, pi) (Fi (i) — Prox(cips) (7 (i) < supl[thilloo sup |e; — Ae-| = O, (polyLog(n)n®*~1/%) .

So in light of Theorem C.6 we conclude that

20—1/2

sup |R; — prox()\?chi)(Fiy(i)ﬂ =0, (n polyLog(n))

Since ¢, is bounded by p/(n7) and therefore so is c,(k), we see that converge in probability of ¢, to
¢,(k) implies convergence in Ly, for any k. Using Holder’s inequality, we therefore see that

B (sup Irox(¥erp) ] prox(e, () lal ) < /B (er — ey B (V)

This gives us the second result of the lemma.
The last result is shown by simply remarking that

sup sup [prox(A2e, pi)[a] — prox(A2e, (x)p)[a]] < (sup A2)ler — c,(x)]
i xz€R i

E-4.2 On ¢,

We have the following lemma.

Lemma E.6. Under our assumptions, &, — £ in probability, where & is deterministic.
Furthermore, &, is bounded in L1 and hence in probability.

We also have ) )
P top()=2L
ncrp ne,

§n = —74o0p(1),

and ¢, as well as c; are bounded away from 0 in probability.
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We note that using the last result and arguments in the proof below, we see that, with the notations

of Theorem 2.1
p—1
§= —-T.

ncy(k)

Proof. The proof follows easily from the result of Proposition D.8 which gives us that
1 B
Crp(n+7) = T = Op, (/> polyLog(n)) = op(1) .

Since we have shown that c,, convergences to a deterministic constant (recall that ¢, —c;), — 0), we see
that it is also the case for &,. Note also that &, < 23" | X2(p)|¢}[|s, so E (&) remains bounded under
our assumptions.

To get the last result of the lemma, we just need to show that we can divide in the above display by
crp and still have something that converges to 0. We now show that c;, is bounded below. Note that

p—1

Crp— m =op(1).

Since &, is bounded in probability, we see that (5 + ) is bounded away from 0 in probability, which
guarantees that c;, is bounded away from 0 in probability.

The results involving ¢, immediately follow by appealing to Proposition D.11.
O

E-4.3 On N,
Recall that by definition, we had

3\

Z P)¢i(rip) -

We have the following result.
Lemma E.7. Under our assumptions, Ny, is asymptotically N'(0,v2), with
1 n
= ZE (A707 (proa(e-A7 pi) (Fi 1)) -
i=1
Furthermore, there exists v such that v: — v%, so that
N, = N(0,v?) .

As the proof makes clear, we can replace in the asymptotic statements above v2 by

2:/\2 (prox(c, A2 p;) (7 @) -

Proof. Note that we can write
Np = \fZX Aiti(ri ) -

Under our assumptions Xj(p)’s are independent and independent of {\;j9);(r; ) }i=;- The mild generaliza-
tion of the Lindeberg-Feller argument given in the proof of Lemma E.1 now apphes, using in the notation
of that lemma ay, p(k) = n_l/z)\iwi(ri7[p}) and recalling that [ (r; )| < [|[¥illeo- Since A;’s have 4 uniformly
bounded moments under our assumptions, the fact that

N, behaves like A, N'(0,1)
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follows immediately, where A2 =377 a2 (k) = £ 321" A2¢2(r; 1) Wenote that E (A2) < 2577 [l |2

O(1) under our assumptions.
Work similar to the one done in the proof of Proposition D.12 shows that under our assumptions

1 — 3
AZ — - Z APW7 [prox (e A7 p) (7 (1y)] = oL, (1) -
i1

Asymptotic pairwise independence of (A\;,7; ;)) and (A;, 7} ;)) - see Lemma E.1 - in connection with As-
sumption F5 guarantees that

< Z)\Q [prox(c. A2 p;) (7; ())]> —0.

We conclude that A2 is asymptotically deterministic and so is A,. By Slutsky’s lemma we have

N, behaves like (0, v2)
where .

1 -
= ZE (AZ07 [prox (e A7 i) (7 (i)])

i=1

since E (A%) —v2 — 0.
We note that under our assumptions ¢, has limit cp(,%) and 1; is a bounded continuous function (one

of only finitely many possible functions). Also, A;’s have 4 moments. Therefore, since 7; ;) behaves

asymptotically like Gz + \irp(k) Z;, where Z; ~ N(0,1) independent of ¢; and r,(x) is deterministic, we see
that v2 has a limit v2. Of course,

1 n
— nh_)rgo ﬁ Z E ()\?1#22 [pI'OX(Cp(K:))\?,Oi)(f@(ﬂ)]) .
=1

In the notation of Theorem 2.1, we can rewrite v? as

n

v° = lim lZE ()‘2@0 [prox(c,(k ))‘zgpl)(Wl)])

e Minor technical point: it is true that A?¢?[prox(c,(k)AZp:)(7; (5)]) is not a bounded continuous
function of (A;, 7; (). However, [A? A M]ep? [prox(c, (k) A pi) (75 (5))]) is, for any M. Since A; has 4 moments,
it is easy to see that

~ ~ E (A
E (|[Xf A M]w [prox(cn(r) A7 pi) (i i) )]) — A [prox (e (k)X pi) (7 ))])|) < L Ve ) Iill% -
This standard approximation/uniform integrability argument shows that
E (A9 [prox(c, (k)X p1) (7, i) )]) — E (Af97 [prox(e, (k)X pi) (W3)]) — 0,
since M can be chosen arbitrarily large. O
E-4.4 Asymptotic normality of Ep

One of the aims of the previous results was to lead to a fluctuation result for Ep.

Proposition E.8. We have, with the notation of the previous lemmas,

V(7 + &) By — Bo(p)én] = N (0,0%) .
Furthermore, provided Bo(p) = O(n~'/?), we also have

Val(r + €)Bp — Bo(p)€] = N(0,0°) .
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The proof of the proposition we give below shows that £ in the previous display can be replaced by
any quantity w, such that &, — w, = op(1). This in particular the case if we choose w, = p/(nc;) — 7,
according to Lemma E.6.

The main advantage of this w, is that it is computable from the data. And we can therefore test the
null hypothesis that 8y(p) = 0, since we can approximate v? by + 31" | A2¢2[prox(c;A?p;)(7; (;))] according
to the proof of Lemma E.7.

Proof. Recall that we have shown in Theorem D.10 that
V(B — by) = op(1) .

Recall that we showed that &, = Oy, (1) under our assumptions. It is easy to verify that the same is true
for &, its limit. We also see that

~

V(7 +&)(Bp — bp) = op(1) .
Recall that by definition,
V(7 + &n)bp — &nBo(p)] = N -

So we conclude, using Slutsky’s lemma that
Val(r +€0)Bp = €afo(p)] = N(0,%) .
When Go(p) = O(n~1/2), we see that

V(€ — &) (Bo(p)) = op(1) .

Furthermore, in this setting \/nb, = Op(1) and hence \/ﬁBp = Op(1). We conclude that then

\/ﬁgp(fn - 5) = OP(l) .

Therefore,

V(T 4 €2)Bp — EaBo(p)] = V(T + €)Bp — €50(p)] + 0p(1)

and we get the second result of the proposition through Slutsky’s lemma. O

F Notes on the proximal mapping

In this section of the Appendix we remind the reader of elementary properties of the proximal mapping.
The proofs, when needed, can be found in e.g El Karoui (2013).

Lemma F.1. Almost by definition, we have
pros(cp)(z) + cp(prox(cp) (&) = =
Let p be differentiable and such that ¢ changes sign at 0, i.e sign(yp(z)) = sign(x) for x # 0. Then,
prox(cp)(0) = 0.

Furthermore,

[ (proa(cp)(x))] < [P(z)] -

Also,
Y (proa(cp)(x))] < |z|/c.

We will also need the following simple result.
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Lemma F.2. Suppose x is a real and p is twice differentiable and convex. Then, for ¢ > 0, we have

9 dlprosen)(@)
9ePToUP) @) = S roa(ep) @)
and
9 A presen)(@)
g P @) = = roa(ep) (@)

In particular, at x given ¢ — p(proxz(cp)(x)) is decreasing in c.

We also make the following observation, which is useful to obtain a compact representation for the
system of equations (4).
Lemma F.3. We have
O pros(cp)(z) :
—prox(cp)(x) = .
ozt P 1+ ey’ (prox(cp)(zx))

1
T e (proa(cp) (@)

Moreover, at ¢ fixed, when 1) is continuous, x — 1s a bounded, continuous function of x.

A proof of the first fact follows immediately from the well-known representation (see Moreau (1965))

prox(cp)(z) = (Id + ey) " () .

The second result is also immediate, since ¢’ > 0.
We finally make notice of the following simple fact.

Lemma F.4. The function c — [cib(proz(cp)(x))]? (defined on R, ) is increasing, for any x.
Examples : for the sake of concreteness, we now give a couple examples of proximal mappings.
1. if p(z) = 22/2, prox(cp)[z] = Tre:

2. if p(z) = |z|, prox(cp)[z] = sgn(z)(|z| — ¢)4+, i.e the “soft-thresholding” function.

G On convex Lipschitz functions of random variables

In this section, we provide a brief reminder concerning convex Lipschitz functions of random variables.
The proofs can be found in El Karoui (2013)

Lemma G.1. Suppose that {X;}"_, € RP satisfy the following concentration property: 3Cy, cy, such that
for any G;, a convex, 1-Lipschitz (with respect to Euclidean norm) function of X;,

P(|Gi(X;) — m;| > t) < Cpexp(—cut?)

where m; 1s deterministic.
Let us now fix {F;}!'_,, n functions which are convex and 1-Lipschitz in X;. Then if F,, = sup; | F;(X;)—
m;|, we have, even when the X;’s are dependent:

1. if up = \/log(n)/cn, E (Fn) < up + Cn/(2y/civ/logn) = L)Vg (14 C,/(2logn)). Similar bounds
hold in Ly for any finite given k.

2. when C, < C, where C is independent of n, there exists K, independent of n such that Fp/u, < K
with overwhelming probability, i.e probability asymptotically smaller than any power of 1/n.

3. m; can be chosen to be the mean or the median of F;(X;).

In particular,
Fn = O(polyLog(n)/+/cn)
in probability and any Ly, k fired and given.
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We note that similar techniques can be used to extend the result to situations where we have P(|G;(X;)—
mg| > t) < Cy exp(—cpt?), with 8 # 2. Of course, the order of magnitudes of the bounds then change: in
particular, wherever ,/c,, appears, it would have to be replaced by c}/ P But since under our assumptions
1/c is at most polyLog(n), this would effectively have no impact on our results.

We now turn our attention to a slightly more complicated setting.

We recall that we denote by X ;) = {X1,...,Xi—1, Xiy1,...,Xp}. If I is a subset of {1,...,n} of size
n — 1, we call X7 the collection of the corresponding X; random variables. We call Xjc the remaining
random variable.

Lemma G.2. Suppose X;’s are independent and satisfy the concentration inequalities as above. Con-
sider the situation where Fr, (-) is a convex Lipschitz function of 1 variable; Fy, (§) depends on X through
X1, only and we call Ly, the Lipschitz constant of Fy (-) (at Xp, given). Ly, is assumed to be ran-
dom, since Xy, is. Call mpy, = mFi(Xflg)’ka’ m being the mean or the median. As before, call F,, =

supj—1 o |1, (X1e) — mFIj\ Then F, = O(y/logn/cysup <<, L1;) in probability and in \/Lay, i.e there
exists K > 0, independent of n, such that

E (]-"nk> < K(\/logn/cn)k E ( sup £§k> .

1<j<n

Hence, F, is pol;yLog(n)/C»}/2 SUP1 <<y £1; in /Lo
We repeatedly use the following lemma in the proof.

Lemma G.3. Suppose the assumptions of the previous Lemma are satisfied. Consider Qp, = %X}QMIJ. ijc,
J

where My, is a random positive-semidefinite matriz depending only on Xi, whose largest eigenvalue is
Amaz,1;- Assume that E (X;) = 0, cov (X;) = Id, and nc,, — oo. Then, we have in Ly,

olyLog(n
(PolyLogtn) Amact,)

1
sup ij - ﬁtmce (Mlj) =0y, - S
n SIsn

1<j<n

The same bound holds when considering a single Qr; without the polyLog(n) term.

On the spectral norm of covariance matrices

Lemma G.4. Suppose X;’s are independent random vectors in R?, satisfying O4, and having mean 0 and
covariance Idy,. Suppose that \;’s satisfy O6. Let ¥ = 13" | X;X!. Then,

115112 = Op(polyLog(n)c, ) -
The results hold also in Ly,.

Proof. The proof is exactly similar to that given in El Karoui (2013), which gives, following a simple
adaption of the well-known e-net argument explained e.g in Talagrand (2003), Appendix A.4 that

1< _
\H;Z%XHHZ = Or,(c, ") -
=1

It is clear that "
~ 1
Yllla < (sup A=) X2,
1] (1%” Z)”’n;l Al

and the result follows immediately. O
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H Miscellaneous results

H-1 An analytic result
We now study the roots of F'(z) = 0, where

Fa) =L — 7o 14 - S B ((prox(zXp) (W)
=1

where W;’s are random variables and (prox(zp))’(t) = %prox(mp)(t} = 1+$¢,(prax($p)(t)).

We now show that under mild conditions on W;’s this equation has a unique solution. We allow W; to
depend on the random variables \;’s.

Lemma H.1. Suppose that W;’s have smooth densities f;(t, \;) with sign(f!(z,\;)) = —sign(x). Suppose
further that limy o [t|fi(t, i) = 0 and that sign(yi(x)) = sign(x). Then, if

Fi(z) = % —Tz—14+E ((pm:l;(x)\?p))/(Wi)) ,

the function F; is decreasing, with F](z) < —7. Hence, the same applies to F.
In particular, the equation F(x) =0 has a unique solution.

Proof. We call
Gi(w) 2 E ((prox(aX2p,))/ (i) .
and
Gi(z,\) = E ((prox(a;)\?pi))'(Wi)\)\i)
Of course,

E ((prox(zA?p)) (Wi)|\i) = /(prOX(fM?p))’(t)fi(t,Ai)dt-

Using contractivity of the proximal mapping (see Moreau (1965)) we see that limy_, o, prox(zA?p;)(t) fi(t, Ai) =
0 under our assumptions.
Integrating the previous equation by parts, we see that

G, \) = / (prox(zA2p0) (t) f1(t, As)d

To compute Gj(z, \;), we differentiate under the integral sign (under our assumptions the conditions of
Theorem 9.1 in Durrett (1996) are satisfied) to get

_ [ Galprox(@AZp) (1) it N)
T+ 2\ (prox(zA2p) (1)
Under our assumptions, sign(v;(prox(zA2p;)(t))) = sign(t) and sign(f{(t, \;)) = —sign(t), so that
Wt # 0, sign(vi(prox(zA? pi) (1)) fi(t, X)) = —1.

Since the denominator of the function we integrate is positive, we conclude that
Gi(z, ) <0 and G(z) <0.
Since F}(x) = —7 + G(z), we see that F(z) < —7 < 0. Therefore F; is a decreasing function on R;. Of
course, prox(0p)(t) = t, so that F;(0) = p/n and lim,_, F;(z) = —o0, since, for instance,
1
= <1
T o prox(@n) ()]
So we conclude that the equation F;(x) = 0 has a unique root. (Since F; is differentiable, F; is of course

continuous.)
We note that

G;(ZE,)\l) t.

0 < prox(zp)'(t)

1 n
F(z) =~ Zl Fy(x) .
1=
Therefore, F'(0) = p/n and F'(x) < —7. So F is decreasing, differentiable and hence has a unique root. [J
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Remark: the conditions on the density of W are satisfied in many situations. For instance if W; =
€ + 1\ Z, where € is symmetric about 0 and log-concave, Z is N/(0, 1), independent of \; and ¢, and r > 0,
it is clear that the density of W satisfies the conditions of our lemma. Similar results hold under weaker
assumptions on € of course. For more details, we refer the reader to e.g Karlin (1968), Prékopa (1973),
Ibragimov (1956), and Dharmadhikari and Joag-Dev (1988).

In particular, we recall Theorem 1.6 in Dharmadhikari and Joag-Dev (1988) which says that the con-
volution of two symmetric unimodal distributions on R is unimodal. Hence, when € has a symmetric and
unimodal distribution, so does W; = e+ A\;rZ, for any r. This is for instance the case when € has a Cauchy
distribution.

H-2 A linear algebraic remark

We need the following lemma at some point in the proof.

Lemma H.2. Suppose the p X p matriz A is positive semi-definite and

A= <F, ”) .
v oa
Here a € R. Let 7 be a strictly positive real. Call 'y = I' + 71d,—1. Then we have

1+0T 2

trace (A + 71d,) 1) = trace (T ') + P

T

In particular,
1+a/T

}tmce ((A+T)_1) — trace (F;l)’ < -

The proof is simple and we refer the reader to El Karoui (2013) for details if needed.
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