A STOCHASTIC SMOOTHING ALGORITHM FOR SEMIDEFINITE PROGRAMMING.

ALEXANDRE D’ASPREMONT AND NOUREDDINE EL KAROUI

ABSTRACT. We use a rank one Gaussian perturbation to derive a smooth stochastic approximation of the
maximum eigenvalue function. We then combine this smoothing result with an optimal smooth stochastic
optimization algorithm to produce an efficient method for solving maximum eigenvalue minimization problems.
We show that the complexity of this new method is lower than that of deterministic smoothing algorithms in
certain precision/dimension regimes.

1. INTRODUCTION

We discuss applications of stochastic smoothing results to the design of efficient first-order methods for
solving semidefinite programs. We focus here on the problem of minimizing the maximum eigenvalue of a
matrix over a simple convex set () (the meaning of simple will be made precise later), i.e. solve

Inin Amax (X), (D

in the variable X € S,;. Note that all primal semidefinite programs with fixed trace have a dual which can
be written in this form. While moderately sized problem instances are solved very efficiently by interior
point methods [Ben-Tal and Nemirovski, 2001] with very high precision guarantees, these methods fail on
most large-scale problems because the cost of running even one iteration becomes too high. When coarser
precision targets are sufficient (e.g. spectral methods in statistical or geometric applications), much larger
problems can be solved using first-order algorithms, which tradeoff a lower cost per iteration in exchange
for a degraded dependence on the target precision.

So far, roughly two classes of first-order algorithms have been used to solve large-scale instances of the
semidefinite program in (1). The first uses subgradient descent or a variant of the mirror-prox algorithm of
[Nemirovskii and Yudin, 1979] that takes advantage of the geometry of @ to directly minimize Apax(X).
These methods do not exploit the particular structure of problem (1) and need O(Dg2 /€?) iterations to reach
a target precision €, where Dg is the diameter of the set ). Each iteration requires computing a leading
eigenvector of the matrix X at a cost of roughly O(n?logn) and projecting X on @ at a cost written PQ-
Spectral bundle methods [Helmberg and Rendl, 2000] use more information on the spectrum of X to speed
up convergence, but their complexity is not well understood. More recently, [Nesterov, 2007a] showed that
one could exploit the particular min-max structure of problem (1) by first regularizing the objective (using a
“soft-max” exponential smoothing), then using optimal first-order methods for smooth convex minimization.
These algorithms only require O(y/log n/€) iterations, but each iteration forms a matrix exponential at a cost
of O(n?). In other words, depending on problem size and precision targets, existing first-order algorithms
offer a choice between two complexity bounds

D}(n*logn + pq) ond O<DQ\/10gn(n3+pQ)>

2
= . (2)
Note that the constants in front of all these estimates can be quite large and actual numerical complexity
depends heavily on the particular path taken by the algorithm, especially for adaptive variants of the methods

Date: April 4, 2012.

2010 Mathematics Subject Classification. 90C22,90C15,47A75.

Key words and phrases. Semidefinite programming, Gaussian smoothing, eigenvalue problems.
1



detailed here (see [Nesterov, 2007b, §6] for an illustration on a simpler problem). In practice of course, these
asymptotic worst case bounds are useful for providing general guidance in algorithmic choices, but remain
relatively coarse predictors of performance for reasonable values of n and .

Many recent works have sought to move beyond these two basic complexity options. Overton and Wom-
ersley [1995] directly applied Newton’s method to the maximum eigenvalue function, given a priori infor-
mation on the multiplicity of this eigenvalue. Burer and Monteiro [2003] and Journée et al. [2008] focus on
instances where the solution is known to have low rank (e.g. matrix completion, combinatorial relaxations)
and solve the problem directly over the set of low rank matrices. These formulations are nonconvex and their
complexity cannot be explicitly bounded, but empirical performance is often very good. Lu et al. [2007] fo-
cus on the case where the matrix has a natural structure (close to block diagonal). Juditsky et al. [2008] use a
variational inequality formulation and randomized linear algebra to reduce the cost per iteration of first-order
algorithms. Subsampling techniques were also used in [d’ Aspremont, 2011] to reduce the cost per iteration
of stochastic averaging algorithms. Finally, in results that are similar, Baes et al. [2011] use stochastic ap-
proximations of the matrix exponential to reduce the cost per iteration of smooth first-order methods. The
complexity tradeoff and algorithms in this last result are different from ours (roughly speaking, a 1/e term
is substituted to the /n term in our bound), but both methods seek to reduce the cost of smooth first-order
algorithms for semidefinite programming using stochastic gradient oracles instead of deterministic ones.

In this paper, we use stochastic smoothing results, combined with an optimal accelerated algorithm for
stochastic optimization recently developed by Lan [2009], to derive a stochastic algorithm for solving (1)
which requires only O(y/n/¢) iterations, with each iteration computing a few sample leading eigenvectors
of (X + €221 /n) where z ~ N(0,1,,). While in most applications of stochastic optimization the noise
level is seen as exogenous, we use it in the algorithm detailed here to control the tradeoff between number
of iterations and cost per iteration. The algorithm requires fewer iterations than nonsmooth methods and has
lower cost per iteration than smoothing techniques. In some configurations of the parameters (n, €, pg, Dq),
its total worst-case floating-point complexity is lower than that of both smooth and nonsmooth methods.
Overall, the method has a cost per iteration comparable to that of nonsmooth methods while retaining some
of the benefits of accelerated methods for smooth optimization.

The paper is organized as follows. In the next section, be briefly outline our stochastic smoothing al-
gorithm for maximum eigenvalue minimization and compare its complexity with existing first-order algo-
rithms. Section 3 details our main smoothing results on random rank one perturbations of the maximum
eigenvalue function, highlighting in particular a phase transition in the spectral gap depending on the spec-
trum of the original matrix. Section 4 uses these smoothing results to produce a stochastic algorithm for
maximum eigenvalue minimization, and describes an extension of the optimal stochastic optimization al-
gorithm in [Lan, 2009] where the scale of the step size is allowed to vary adaptively (but monotonically).
Section 5 informally discusses extensions of our results to other smoothing techniques, together with their
impact on complexity. Section 6 presents some preliminary numerical experiments. An appendix contains
auxiliary material, including a detailed discussion of the cost of computing leading eigenpairs of a symmet-
ric matrix and a proof of the phase transition result for random rank-one perturbations.

Notation. Throughout the paper, we denote by \;(X) the eigenvalues of the matrix X € S,,, in decreasing

order. For clarity, we will also use Apax(X) for the leading eigenvalue of X. When z denotes a vector in

R™, its ¢-th coordinate is denoted by z;. We denote equality in law (for random variables) by £ and =
stands for convergence in law.

2. STOCHASTIC SMOOTHING ALGORITHM

We will solve a smooth approximation of problem (1), written

minimize f(X) = E [maXi:L...,k Amax (X + %ZZZZT)]

subjectto X € @, 3)
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in the variable X € S,,, where Q C R" is a compact convex set, z; are i.i.d. Gaussian vectors z; ~ N(0,1,,)
and k£ > 0 is a small constant (typically 3). We call f* the optimal value of this problem. The fact that
Amax () is 1-Lipschitz with respect to the spectral norm with Apax (227 ) = ||2:]|3, yields

E |:,H1134X Amax (X + €Zzzf):| < )\max(X) + cpe
1=1,..., n
where

max, s 1B/n) < B[S, [l /] =&

i=1,...

¢ =E [
depends only on k. Jensen’s inequality and E[ziziT | =1, also yield

)\max(X) + < <E |:4H1aX Amax (X + Ezizz‘T>:| .
n n

i=1,...,

This means that f(X) will be a cie-uniform approximation of Ay.x(X). We begin by briefly introducing
the smoothing results on (3) detailed in Section 3, then describe our main algorithm.

2.1. Smoothness of f(X). In Section 3, we will show that the function f has a Lipschitz continuous gra-
dient w.r.t. the Frobenius norm, i.e.

IVF(X) = VY < LIX =Y|r
with constant L satisfying
L<C2 4)
€

where Cj, > 0 depends only on k and is bounded whenever & > 3. We will see in Section 3 that this bound
is quite conservative and that much better regularity is achieved when the spectrum of X is well-behaved
(see Theorem 3.8).

2.2. Gradient variance. Section 3 also shows that the function f is differentiable. Let ¢ be a leading
eigenvector of the matrix X + ©z;, zzj; where

. €
10 = argmax Amax (X + —ziziT) .
i=1,... .k n

We will see that ¢ is unique with probability one. We have
2
VI(X)=E[66"] and E[||les" - VFOI}] <1 )

Therefore the variance of the stochastic gradient oracle ¢¢’ is bounded by one. Once again, we will see in
Section 3 that this bound is often quite conservative.

2.3. Stochastic algorithm. Given an unbiased estimator for V f with unit variance, the optimal algorithm
for stochastic optimization derived in [Lan, 2009] will produce a matrix X 5 such that

ALDP, N 4Dg
NZ  /Ng
after IV iterations [Lan, 2009, Corollary 1], where L < Cyn/e is the Lipschitz constant of V f discussed in
the previous section and ¢ is the number of sample matrices ¢’ averaged in approximating the gradient.
Once again, we write D the diameter of the set ) (see below for a precise definition) and pg, which
appears in Table 1, the cost of projecting a matrix X € S,, on the set Q).
Setting N = 2Dg+/n/e and ¢ = max{1, Dg/(ey/n)} will then ensure E[f(Xn) — f*] < be. We
compare in Table 1 the computational cost of the smooth stochastic algorithm in [Lan, 2009, Corollary 1]

in this setting with that of the smoothing technique in [Nesterov, 2007a] and the nonsmooth stochastic
3

E[f(Xn) - f7] <

(6)



Algorithmic complexity | Num. of Iterations Cost per Iteration

2
Nonsmooth 0] <D62Q> O(pg +n?logn)

Stochastic smoothing O (DQQ/H) 0] (pQ + max {1, EDT%} n?log n)

0 (L Viogn O(pq +n?)
TABLE 1. Worst-case computational cost of the smooth stochastic algorithm detailed here,

the smoothing technique in [Nesterov, 2007a] and the nonsmooth subgradient descent
method.

Deterministic Smoothing

averaging method. Recall that the cost of computing one leading eigenvector of X + vv” is of order
O(n?logn) while that of forming the matrix exponential exp(X) is O(n?) [Moler and Van Loan, 2003].
Table 1 shows a clear tradeoff in this group of algorithms between the number of iterations and the cost
of each iteration. In certain regimes for (n,¢€), the total worst-case complexity of the smooth stochastic
algorithm is lower than that of both smooth and nonsmooth methods. This is the case for instance when

DQ 2 5
1, —= 1 < < /2\/1
clmax{ ’eﬁ}n ogn < pg < can ogn

for some absolute constants c;,co > 0. In practice of course, the constants in front of all these estimates
can be quite large and the key contribution of the algorithm detailed here is to preserve some of the benefits
of smooth accelerated methods (e.g. fewer iterations), while requiring a much lower computational (and
memory) cost per iteration by exploiting the very specific structure of the Ay ax(X) function.

3. EFFICIENT STOCHASTIC SMOOTHING

In this section, we show how to regularize the function Ay ax(X) using stochastic smoothing arguments.
We begin by recalling a classical argument about Gaussian regularization; we then improve smoothing
performance by exploiting some explicit structural results on the spectrum of rank one updates of symmetric
matrices.

3.1. Gaussian smoothing. We first recall a standard result on Gaussian smoothing which does not exploit
any structural information on the function Ap,ax(X) except its Lipschitz continuity.

Lemma 3.1. Suppose f : R" — R is Lipschitz continuous with constant |, with respect to the Euclidean
norm. The function g such that

9(z) = E[f (z + €2)]
where z ~ N (0,1,,) and € > 0, has a Lipschitz continuous gradient with

Va(x) - Vgl < 2

Proof. See Nesterov [2011] for a short proof and applications in gradient-free optimization. m

[l = yll-

Let us consider the function
E[Amax(X + (e/vn)U)] ,
where U € S,, is a symmetric matrix with standard normal upper triangle coefficients. Using again Jensen’s
inequality, the fact that Apax (X)) is 1-Lipschitz with respect to the spectral norm and bounds on the largest
eigenvalue of U (which follow easily from either Trotter [1984] or Davidson and Szarek [2001]), we see

that this function is an e-approximation of Apax(X).
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The lemma above shows that it has a Lipschitz continuous gradient with constant bounded by O (n3/ 2/ E).
This approach was used e.g. in [d’ Aspremont, 2008] to reduce the cost per iteration of a smooth optimization
algorithm with approximate gradient, and by [Nesterov, 2011] to derive explicit complexity bounds on
gradient free optimization methods.

3.2. Gradient smoothness. We recall the following classical result (which can be derived from results
in [Kato, 1995] and is proved in the appendix for the sake of completeness) showing that the gradient of
Amax (X)) is smooth when the largest eigenvalue of X has multiplicity one, with (local) Lipschitz constant
controlled by the spectral gap.

Theorem 3.2. Suppose X € S,, and call {\;(X)}" , the decreasingly ordered eigenvalues of X. Suppose
Amax(X), the largest eigenvalue of X, has multiplicity one. Let Y be a symmetric matrix with ||Y||p = 1
and call
. 0P Amax(X 4+ 1Y)
9(X,Y) = lim otz
Then the local Lipschitz constant of the gradient is given by

1

1
)\max X == X’Y =5 ’
1V Amase (X)]|1 w9 ) = o S TN ()

YeSn,|Ylr=1

(N

This result shows that if we want to produce smooth approximations of the function Apax(X) using
random perturbations, we need these perturbations to increase the spectral gap by a sufficient margin. We
will see below that, up to a small trick, random rank one Gaussian perturbations of the matrix X will suffice
to achieve this goal.

3.3. Rank one updates. For X € S,,, we call A € R” the spectrum of the matrix X, in decreasing algebraic
order. Whenever v # 0 is not an eigenvector of X, the leading eigenvalue /; of the matrix X + (¢/n)vv?,
with € > 0, is always strictly larger than \; [see Golub and Van Loan, 1990, §8.5.3] and we write l; = Ay +t.

We assume without loss of generality that X is diagonal. If X were not diagonal, we could simply
rotate v. The variable ¢ is the unique positive solution of the secular equation

_ﬁ_iL_o 8)
t P (/\1—)\Z')+t_ ’

where v; are the coefficients of the vector v. We plot the function s for a sample matrix X in Figure 1.
Equation (8) implies that we have almost explicit expressions for the eigenvalue decomposition of the
matrix

s(t) =

a3

X + Eva
n

where v € R™ and € > 0. Having assumed that X is diagonal. Golub and Van Loan [1990, Th. 8.5.3] also
shows thatif v; # 0 fori = 1,...,n and € > 0, then ¢ > 0 and the eigenvalues of X and X + (¢/n)vv are
interlaced, i.e.

An(X) < An(X + %UUT) < S Ama(X) < Amax (X %’UUT).

By construction, the function

2
+pyalt Vi
t:———
() € t

is an upper bound on s(t) on the interval (0, 0o). This means that the positive root of s*(¢) is a lower bound
on the positive root t* of s(t) and we get
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FIGURE 1. Plot of s(t) versus A;(X) + ¢. The matrix has dimension four and its spectrum
is here {—2, —2,0, 1}. The three leading eigenvalues of X + evv” are the roots of s(t), the
fourth eigenvalue is at -2.

Using interlacing, we have
No(X 4+ SooT) < M (X) < M(X) + 1 = M (X + <o),
n n

This gives a lower bound on the spectral gap of the perturbed matrix
2
M <A (X + SooT) = (X + ST, )
n n n

which will allow us to control the smoothness of V f(X).

3.4. Low rank Gaussian smoothing. We now come back to the objective function of problem (3), written

FX) 2R [lnaxk Amax (X + ;zzT)}

i=1,...,

where z; are i.i.d N'(0,1,,) and k& > 0 is a small constant. We first show that we can differentiate under the
expectation in the definition of f(X).

Lemma 3.3. Let \; + T be the largest eigenvalue of the matrix X + (¢/n)zzT, where X is a given deter-
ministic matrix and z ~ N(0,1,,). Then the random variable T has a density.

Proof. As usual, we call {\;}"; the decreasingly ordered eigenvalues of X and assume here that
Amax (X) has multiplicity [ < n (if [ = n there is nothing to show). By rotational invariance of the standard
Gaussian distribution, we can and do assume that X is diagonal. As we have seen before, T' is therefore the
positive root of the equation



and note that s(t) is increasing in ¢. Hence,
P(T > 1) = P(s(T) > s(t)) = P(0 > 5(2))

- /loo pe(w)du 2 I(t) .

€

where p; is the density of the random variable

}/,5:1(22:1222—%2”: z; )
n t Par) ()\1 — )\z) +1
If the integral I(¢) can be differentiated under the integral sign, then we can differentiate P(T" > ¢) and we
will have established the existence of a density for 7" and hence for A; + 7. Now p;(z) is a very smooth
function of both ¢ and x. Indeed, it is a convolution of n — [ densities that are smooth in ¢ and x. Recall that
if X has density f and ¢ > 0, X/t has density ¢ f(¢-). Recall also that a random variable with 7 distribution
has density

9-1/2
So it is clear that for any k, any ¢ > 0, and any o > 0, (¢t + «) fi((t + @)z) is C*° in ¢. Applying this result
in connection to [Durrett, 2010, Th. A.5.1], we see that Y; has a density which is a smooth function of £ > 0.
Indeed, it is C'*° on (0, c0). Moreover, it is easy to see that the conditions of [Durrett, 2010, Th. A.5.1] are
satisfied for p;, which guarantees that we can differentiate under the integral sign. This shows that for any
t > 0, the function g such that g(¢) = P(T" > t) is differentiable in ¢. It is also clear that P(7" = 0) is 0, so
this distribution has no atoms at 0. We conclude that 7" has a density on (0, c0). m

2> exp(—x/2) .

We then directly obtain the following corollaries. The first shows that two perturbed eigenvalues obtained
from independent rank one perturbations are different with probability one.

Corollary 3.4. Suppose 111 = Amax(X + (e/n)zlle) and 1y 2 = Apax(X + (e/n)ZQzQT), where z1 and zy
are independent with distribution N'(0,1,). Then ly 1 # l1 2 with probability one.

Proof. Follows from Lemma 3.3 since /1 1 and /1 2 are two independent draws from a distribution with a
density on (0,00) and P(l;1 =0) = P(li2=0)=0.m

The second corollary shows that the maximum of (independent) perturbed eigenvalues is differentiable
with probability one.

Corollary 3.5. Suppose l1; = Amax(X + (¢/n)ziz1), where z; are i.i.d. with distribution N'(0,1,,) for
1t =1,...,k. Then the mapping X — max;—1 . l1; is differentiable with probability one.

Proof. This corollary follows from the previous one and the fact that if g and / are two differentiable
functions, then max(g, h) is differentiable at all points z such that g(z) # h(x). Indeed, in that case

max(g, h)]'(z) = ¢'(2)1g2)>h@) + P (2)1g2)<h(z)- MW

We now use these preliminary results to produce a bound on the Lipschitz constant of the gradient of
f(X) defined above.

Proposition 3.6. Let {z;}*_| bei.id N(0,1,). The function f(X) such that

F(X) =B | max (X + (¢/n)zi27)

i=1,...,
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is smooth and the Lipschitz constant of its gradient w.r.t. the Frobenius norm is bounded by
1k
V2k—2

L< Ckﬁ where C} =
€

when k > 3.

Proof. Writing z; the first coordinate of the vector z; and combining Theorem 3.2, Corollary 3.5 and the
spectral gap bound in (9) shows

n . 1 n
IV Amax(X) |l < E [26 P ZQ] =B [ 2]

where X% is x? distributed with k& d.f. The fact that

1 1 iy r-1
Xil  282T(k/2) Jo T (5)v2
whenever k£ > 3 yields the desired result, since I'(x + 1) = zI'(z). m

Note that the bound above is a bit coarse; numerical simulations show that for independent A/ (0, 1) random
variables {z;}3_;,

1
§E [1/max{z%,z%,z§}] =.75...

while C3 = 2.12..., for example. We could of course use the density of the minimum above to get a more
accurate bound but Cy would not have a simple closed form then.

3.5. Gradient variance. In this section, we will bound the variance of the stochastic gradient oracle ap-
proximating V f. Let us call

9(X, 2) = Amax (X + EZZT) .
n

Because of the rotational invariance of both Ap,ax () and of the Gaussian distribution, we can assume without
loss of generality that X is diagonal and that its largest eigenvalue has multiplicity [.

Lemma 3.7. Suppose w.l.o.g. that the matrix X € S,, is diagonal, and z; ~ N(0,1,,), the gradient of

FX) = B o s (X + e/ )]

is also diagonal. It is given by
Vf(X) - E[(Z)Zodil;]

where ¢;, is the leading eigenvector of the matrix X + +z;, 2T

i’ and

19 = argmax Amax (X + EziziT> .
i=1,...k n
We have
E [ll6i0@1, — Blowdilllp] =1 - Tr (VA(X)?) <1, (10)
where Tr (V f(X)) = 1 by construction.

Proof. As above, z ~ N (0,1,,) means that z is not an eigenvector of X with probability one. Call \;(X)
the eigenvalues of X in decreasing order. This means that g(X, z) has multiplicity one and we call ¢(X, z)
the corresponding eigenvector. We know that Vg (X, 2) = (X, 2)¢(X, )T with

Z;

“UX, ) =N
8



where ¢ > 0 is a normalizing factor. Recall that g( X, z) is the largest root of x(\) = 0, where

Call s a vector of +1 and z[s] = s 0 2, i.e z[s]; = s;z; fori = 1, ..., n. The secular equation above depends
only on zZ, hence I1 (X, 2) = g(X, ) also depends only on z7 and we have, for any z and s,

€ €
A(X + gzzT) =M (X + gz[s]z[s]T),
which means
9(X,2) = g(X,s02) = g(X, 2[s]).
Let us call
M(X,z) = ¢(X,2)p(X, 2) .

We use an invariance argument to show that the symmetric matrix V f (X) = E[M (X, z)] is in fact diagonal.
We write A = V f(X) in what follows to simplify notations. Take a vector z, change its i-th coordinate to
—z; and call s the corresponding s sign vector. The i*" coordinate of ¢ is changed to its opposite, but all
the other coordinates remain the same, while g(X, z) = g(X, 5 o z). This means that

M; (X, 2) = _Mi,j(X,ﬁ(i) oz), wheni # j.
The coordinatewise product of () and z has the same law as z, i.e. z £ 40, 2, S0
. L (i)
Ml’] (X’ Z) - MZ:J (X75 ° Z)a

and we conclude from the first equation that E[M; ;(X, z)] = — E[M; ;(X,s® o 2)] and from the second
equation that E[M; ;(X, 2)] = E[M; j(X,5% o 2)], hence

Ai,j = E[Mi,j(X, Z)] = —E[Mi’j(X, Z)] = 0 when ¢ 75 7,

and E[M] is diagonal, as announced. We now focus on the variance E[||¢¢” — E[¢¢T]||%]. We can rewrite
this expression as

loo” — Eloo" |7 = Tr (66" — Elod"])* .
Using the fact that o7 ¢ = 1, and E[p¢”] = A, we see that
E[Tr (p¢7 —E[ppT]) ] =TrA—TrA2=1-TrA2<1

Furthermore, recall that A diagonal means Tr A% = Yoy A?. and Yo A =1withA4;; >0.m

1,07

Simply using the fact that ¢;, is an eigenvector, we have of course
164001, — Elio ¢ II7 < 4 (11)

which means that the gradient will naturally satisfy the “light-tail” condition A2 in [Lan, 2009] for o = 4.
The bound in (10) together with the proof above show that when the spectral gaps A1 (X)) — \;(X) are large,
the diagonal of V f(X) is approximately sparse. In that scenario, Tr(V f(X)?) is close to Tr(V f(X)),
hence close to one, and the variance of the gradient oracle is small.

9



3.6. A phase transition. We are here investigating the properties of a random rank one perturbation of a
deterministic matrix X, specifically X (¢) = X + (¢/y/n)zzT, where z ~ N(0,1,). As we will see, the
bounds we obtained above are quite conservative and the Lipschitz constant of the gradient is in fact much
lower than n/e when the spectrum of X is well-behaved (in a sense that will be made clear later).

In particular, we will observe that there is a phase transition phenomenon in €. Let us call T' =
Amax (X (€)) — Amax(X). If the perturbation scale € is small, 7" is of order 1/n (the worst-case bound
we obtained above). If € is large, 7" is of order one. And if € has a critical value, then T" is Op(1//n).

The main idea behind the results we present below is the following. We are looking for the zeros of a
certain random function, which can be seen as a perturbation of a deterministic function. Hence, it is natural
to use ideas used in asymptotic root finding problems [see Miller, 2006, pp. 36-43], to expand the solution
in powers of the size of the perturbation. We note that a similar idea was used in [Nadler, 2008], which
focused on a different random matrix problem. We have the following theorem.

Theorem 3.8 (Phase transition for the largest eigenvalue: rank one perturbation). Let X be a symmetric
matrix with eigenvalues \1 > Ao > ... > \,. Suppose A1 has multiplicity | and the gap between A1 and
Ai+1, 7, Stays bounded away from 0. (Implicitly everything can change with n; 1 is held bounded.). Call
A — A\ =+ 9y, fori > l. Consider the matrix

X(e) =X+ T
n

where z is a vector with i.i.d N'(0, 1) entries. Call l1(¢) the largest eigenvalue of the perturbed matrix X (e).
We assume that € < 1. Define €q by

€ j=i+1
We note that € is actually a function of n, but we do not write it explicitly to simplify notations. We also
assume that there exists C' > 0, independent of n, such that

’y+5

1 1< 1
— > — —>C,
v? n%;@+®ﬁ

and that n is going to infinity. Call, for i.i.d N'(0, 1) random variables {z;}""

j=r
7 X g =onn,

+

22

a-Ly o = 0.

S (v o)

and 25:1 z? = Xl2 a Xl2 random variable with | degrees of freedom, independent of £, (note that the
estimates of the size of €1 and (1 are key in all the results that follow). We have the following three situations:

(1) If0 < € < €, i.e g — € stays bounded away from 0 when n grows,

wy W 1
l()_>\1_|_71+ 3/22 OP<n2>7

where
X7
1/e —1/e
W1 1

10

Wy = and Wy = W&y.

(2) If e = «o,



where

B &1+4/& + 4G

W= 2G1
(3) If € > €, i.e € — €y stays bounded away from 0 when n grows, call ty > 0, the solution of
11 1
P P
Note that to < (1 —I/n)e. Then

W 1
51(6):)\14-750-&-7%4-019 (n)

Here,

where

The proof of this theorem is in the Appendix. The phase transition can be further explored in the situation
where € — ¢ is infinitesimal in n but not exactly 0.
We are especially concerned in this paper with random variables of the type
max Amax (X 4 (€/n)zi2] ) — Amax(X)
1=1,...,
for i.i.d z;’s. The previous theorem gives us an idea of the scale of this difference, which clearly depends
on € and the whole spectrum of X. It is also clear that taking a max over finitely many £’s does not change
anything to the previous result as far as scale is concerned. The previous theorem shows that our uniform
bound on the inverse of the gap cannot be improved. However, in many situations, the gap is much greater
than 1/n and the worst case bound on the Lipschitz constant of f(X) is very conservative.

4. STOCHASTIC COMPOSITE OPTIMIZATION

In this section, we will develop a variant of the algorithm in [Lan, 2009] which allows for adaptive
(monotonic) scaling of the step size parameter. For the sake of completeness, we first recall the principal
definitions in [Lan, 2009], adopting the same notation, with only a few minor modifications to allow the full
problem to be stochastic. We focus on the following optimization problem

min ¥(z) := f(x) + h(x), (12)
TEQ
where Q C R" is a compact convex set. We let || - || be a norm and write || - ||, the dual norm. We assume

that the functions f(x) and h(x) are defined by
f(z) =E[f(z,§)] and h(z) = E[h(z,)],

for some random variable ¢ € R, we write U(z,€) := f(x, &) + h(z, £).
We also assume that W(-, £) is convex for any ¢ € RY, that ¥(z, &) — ¥(x) > 0 a.s., and that the function
f(z) is convex with a Lipschitz continuous gradient

V() = Vil < Lllz —yl, forallz,yeQ,
11



and that h(x) is a convex Lipschitz continuous function with
h(z) = h(y)| < Mljz —yl|, forallz,y € Q.
Furthermore, we assume that we observe a subgradient of ¥ through a stochastic oracle G(z, §), satisfying
E[G(z,8)] = g(z) € 0¥(x), (13)
E[|G(z,€) — g(x)|] < 0. (14)

We let w(x) be a distance generating function, i.e. a function such that

ueQ

is a convex set. We assume that w(x) is strongly convex on QQ° with modulus « with respect to the norm
|| - ||, which means

Q° = {x €Q: Iy cRP, z € argmin[y’u —i—w(u)]}

(y — )" (Vw(y) - Vw(z) > ally — =|?, =,y € Q.
We then define a prox-function V'(z, y) on Q° x @ as follows

V(z,y) = w(y) - [w(@) + Vo) (y - 2)], (15)
which is nonnegative and strongly convex with modulus o with respect to the norm || - ||. The prox-mapping
associated to V' is then defined as

P2%(y) = argmin{y” (z — 2) + V(z, 2)}. (16)
Z€EQ

This prox-mapping can be rewritten

PR(y) = argmin{z" (y — Vw()) + w(2)},
zZ€EQ
and the strong convexity of w(-) means that P2*(-) is Lipschitz continuous with respect to the norm || - |
with modulus 1/« (see Nemirovski [2004] or [Hiriart-Urruty and Lemaréchal, 1993, Vol.II, Th. 4.2.1]).
Finally, we define the w diameter of the set ) as

Dyg = — mi 1/2 17
v = (maxe(z) — minw(z) /2 (a7)
finally, we let
¥ = argmin w(x),
z€EQ

which satisfies

%Hx —2¥|? < V(2¥, z) < w(z) — z(z¥) < Dme7 forallz € Q.

4.1. Stochastic composite optimization for semidefinite optimization. We can use the results of Sec-
tion 3 to derive explicit performance bounds on the algorithm in [Lan, 2009, §3] for problem (3). If we
define the stochastic gradient oracle

18
G(X,2) == &id] (18)
193
where ¢ be a leading eigenvector of the matrix X + ©z;, zg; where
10 = argmax Amax (X + EzZzZT) ,
i=1,...k n

where z; are i.i.d. Gaussian vectors z; ~ N (0,1,,) and k£ > 0 is a small constant (typically 3). [Lan, 2009,
Corollary 1] implies the following result on the complexity of solving (3) using the AC-SA algorithm in
[Lan, 2009, §3].

12



Proposition 4.1. Let N > 0, and write f* the optimal value of problem (3). Suppose that the sequences
X, Xg”d, Xtag are computed as in [Lan, 2009, Corollary 1] using the stochastic gradient oracle in (18).
After N iterations of the AC-SA algorithm in [Lan, 2009, §3], we have

V20, D} o 4v2D, ¢
eN(N +2) vV Ngq
Proof. Using the bound on the variance of the stochastic oracle G(X, z), we know that G satisfies (13)

with 02 = 1/q. Section 3 also shows that the Lipschitz constant of the gradient is bounded by Cyn/e. If we
pick || - ||%/2 as the prox function, [Lan, 2009, Corollary 1] yields the desired result. m

E[f(Xy,) - ] < (19)

Setting N = 2Dg+/n/e and ¢ = max{1, Dg/(ey/n)} in the convergence bound above will then ensure
E[f(Xn) — f*] = O(e). In the section that follows, we detail a version of the AC-SA algorithm with
adaptive (but monotonically decreasing) step-size scaling parameter.

4.2. Stochastic composite optimization with line search. The algorithm in [Lan, 2009, §3] uses worst
case values of the Lipschitz constant L and of the gradient’s quadratic variation o to determine step sizes
at each iteration. In practice, this is a conservative strategy and slows down iterations in regions where
the function is smoother. In the deterministic case, adaptive versions of the optimal first-order algorithm
in [Nesterov, 1983] have been developed by Nesterov [2007b] among others. These algorithms run a few
line search steps at each iterations to determine the optimal step size while guaranteeing convergence. The
algorithm in [Lan, 2009] is a generalization of the first-order methods in [Nesterov, 1983, 2003] and, in
what follows, we adapt the line search steps in Nesterov [2007b] to the stochastic algorithm of [Lan, 2009,
§3]. Here, we will study the convergence properties of an adaptive variant of the algorithm for stochastic
composite optimization in [Lan, 2009, §3].

Algorithm 1 Adaptive algorithm for stochastic composite optimization.

Input: An initial point z% = z; = % € R", an iteration counter ¢ = 1, the number of iterations N, line

search parameters Y, 4™ 44~ > 0, with v¢ < 1.
1: Sety = ™M,
2: fort =1to N do
3:  Define 2" = let + ¢ t+1 o
4:  Call the stochastic gradient oracle to get G(x"%, &;).
5 repeat
6: Set v = (t+21)7‘
7 Compute the prox mapping ;1 = Py, (1:G(z4, &)).
8 Set ;| = t+1$t+1 + tﬁ y?
9: until U(z}?,, &) < U2, &) + (G2, &), x| — ) + 2 Iy th+1 — a4 2M ||z, —

x| or y < ,ymzn" If exit condition fails, set v = v~¢ and 2o back to step 3.
10:  Sety = max {’ymm, ’y}.
11: end for
. a
Output: A point 27/, ;.

In this section, we first modify the convergence lemma in [Lan, 2009, Lemma 5] to adapt it to the line
search strategy detailed in Algorithm 1. Note that a particularity of our method is that testing the line search
exit condition uses two oracle calls, the current one in & and the next one in & 1. This last oracle call is of

course recycled at the next iteration.
13



Lemma 4.2. Assume that V(- &) is convex for any given sample of the r.v. &. Let xy, x, xy9 be computed

as in Algorithm 1. Suppose also that v and these points satisfy the line search exit condition in line 9, i.e.

@(x?$17§t+1)§W(x;"d7gt) + (G (" 751:) xt-s—l x;nd>

gy = 2 1? + 2M |2 — 2]

«
4y By

then, for every x in the feasible set, we have

Byl ¥ (@i, §1) = B(@)] + Ve, 2) < (B = Dy ®(2?, &) — U(@)] + V(2 2) +
(¥ (2, &) — V()

Proof. As in [Lan, 2009, Lemma 5], we write d; = 441 — x; and use the parameter 8, = (¢t + 1)/2 for
step sizes so that xf_{l — " = d;/B;. If the current iterates satisfy the line search exit condition, the fact
that «||d¢||?/2 < V (x4, 24+1) by construction yields

a m m o
B ¥ (xfd,&1) < BrulP(, &) + (G, &), 2], — a]')] + ZHdtHQ + 2y M||de|
(0]
< B[P (&) + (G, &), 2ty — 2] + V(v mg) — ZHdtH2 + 27 M| dy |-

Using the convexity of (-, &) we then get

Bnl¥ (2", &) + (G}, &), 27, — =)
= (B — Dyl¥ (2, &) + (G, &), 20 — 2] + [P (2], &) + (G, &), 2o — 2]
< (B = Dy¥(a%, &) + w2, &) + (G, &), 21 — o >]

Combining these last two results and using the fact that bu — au?/2 < b?/(2a) whenever a > 0, we obtain

B (zd, &) < (B — D ¥ (2%, &) + w[¥ (2", &) + (G, &), w41 — 2]

AMPH7
«

A

+V (@, 2441) — fHdtH? + 27 M |dy |
< (B — D ¥ (2, &) + 0@, &) 4+ (G, &), 1 — 24
4 2/\/12
+V(zy, xe41) + %

For any z in the feasible set, we can then use the properties of the prox mapping detailed in [Lan, 2009,
Lemma 1], with p(-) = v(G (27", &), - — 27*9) together with the convexity of W(-, &) and the definition of
Z¢4+1 in Algorithm 1 to show that
W (@, &) + (G, &), wern — af* )] + V (we, wep1)

< W@ &) + (G &), o — ) > + V(xe, x) — V(241, 2)

< PVt\I/(-xa ‘St) + V(xta .%') - V($t+17 $),
and combining these last results shows that
g M?

B (i, Ev1) < (Br — Dy W (a9, &) + 7V (2, &) + V(wg, 2) — V(wpr, @) + 5

and subtracting 5;v; ¥ (z) from both sides yields the desired result. m

We are now ready to prove the main convergence result, adapted from [Lan, 2009, Corollary 1]. We
simply stitch together the convergence results we obtained in Lemma 4.2 for the line search phase of the
algorithm, with that of [Lan, 2009, Lemma 5] for the second phase where v = 7", Note that the step size
is still increasing in the second phase of the algorithm because y; = y™"(t + 1) /2.

14



Proposition 4.3. Let N > 0, and write W(x*) the optimal value of problem (12). Suppose that the sequences
xy, 2, xyY are computed as in Algorithm 1, with line search parameter - initially set to v = ™ with

mar - v 6aDW,Q
— (N—|—2)3/2(4M2 + g2

e and ~™" = min { 5T ’ym“} (20)

with v? < 1. After N iterations of Algorithm 1, we have

8L D2 4 4/\/12 + o2
(%9 U*) < ©,Q , E 21
E[ (ajN—H) ] = aN2 + N(N+ Q)me E — ( )

and a simpler, but coarser bound is given by

8LD? N 4D, oVAM? + o2 <7mw

where p(Ty, N) = (T, +2)3/(N + 2)3.
Proof. Lemma 4.2 applied at * shows

AM3A2

Bive[W (1, &ev1) — ()] + Vw1, 2") < (B — D)W (27, &) — W(a™)] + V(2 27) + 5

+ (P (2", &) — (7))

hence, having assumed ¥(z,&;) — ¥(z) > 0 as.,

(Bevr = Dye[W(2pdy, Ge1) = U(a)] < B[Py, &) — ("))

(B = Dyel[ (2, §41) — W(™)] +
(U (2", &) — V(™)) + V(g ) — V(@i 7)

AMP

IA

whenever the line search successfully terminates, with the last term satisfying

5 E[V(z*, &) — U(z")] =0

E[n(¥(z", &) — ¥(z"))] <

using again W (x*, &) — W(z*) > 0 a.s.. When the line search fails vy, = v (¢ + 1) /2 is deterministic and
[Lan, 2009, Lem. 5 & Th. 2] show that

(Bt — Dl¥(2,) — U(a)] < (B — Dy () — U(a)] + V(ae,a®) = Viwer,a®) + Aa)

where

2(4M° + [[6]12)77

(o4

A(x™) < 3 (0, " — ) +
15




with & = G (27, &) — g(@4) and 7 (6¢, % — 24) < Ye|6¢]|«]|2* — ¢]|. We call t = T, the iteration where
the line search first fails. Combining these last results, using 51 = 1, we obtain
AMPH} }

(67

Ty

(By+1— D)W EN () — V()] < Dig+) E [
t=1

+(Br, — )yr, B[¥ (27)) — W(a7, &)]

N
2(4M?2 + [|6,]12)~2
+ZE [%<5t,x*—xt>+ ( + t”*)’)’t]
T.

«
L [AM22 2(4M2 + ||6t|r );
< Q+ZE[ }-FZE{ }
4M2
< Dly+E +7%) Z

because E[¥ (z ﬁ}g) (xT ,&1)] = 0. Using the fact that "N | (¢ +1)7 < (N 4 ¢)9+1 /(g +1) forg = 1,2
then yields the coarser bound. [ |

We observe that, as in [Nesterov, 2007b], allowing a line search slightly increases the complexity bound,
by a factor

,.yma/.'lf
(WP(TwN) +1- P(T%N)> ;

where p(T,, N) = (T + 2)3/(N + 2)3. We will see however that overall numerical performance can
significantly improve because the algorithm takes longer steps.

5. EXTENSIONS

In this section, we discuss possible extensions of the stochastic regularization techniques, their efficiency
and regularity.

5.1. GUE smoothing. We have chosen to analyze the rank one perturbation because of its numerical effi-
ciency and mathematical simplicity. However, many other random smoothing algorithms are possible and
modern random matrix theory offers tools to understand their properties. We expect that some of them will
lead to better worst case bounds than the rank one perturbation methods we have considered here.

A case in point is the following. Consider a matrix U from the Gaussian Unitary Ensemble (GUE).
Matrices from GU E are Hermitian random matrices with complex Gaussian entries, i.i.d N¢ (0, 1) above
the diagonal and i.i.d A/ (0, 1) on the diagonal. Recall that if zc is N¢ (0,1), zc = (z1 + iz2)/V/2, where z;
and z, are independent with distribution A/ (0, 1).

In what follows, X is a deterministic matrix and U is a random GUE matrix. We assume, without loss of
generality, that the largest eigenvalue of X is bounded (if not, we can always shift X by a multiple of I,,,
which takes care of the problem).

A natural smoothing of Apax(X) is faue(X) = E[Amax(X + (¢/4/n)U)], where U is a GUE matrix.
This type of matrices belong to the so-called “deformed GUE”. Johansson [2007] is an important paper in
this area and contains a result, Theorem 1.12, that is not exactly suited to our problem but quite close, perhaps
despite the appearances. Before we proceed, we note that showing that fgyg(X) is an e-approximation of
Amax (X)) is immediate from standard results on GU E matrices (see Trotter [1984], Davidson and Szarek
[2001]).

In a nutshell, random matrix theory indicates that A\pax (X + (€/4/n)U) undergoes a phase transition as
€ changes when X is not a multiple of I,,. If € is sufficiently large (more details follow), the behavior of
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Amax (X + (¢/4/n)U) is driven by the GUE component and the spacing between the two largest eigenvalues
is of order n~2/3. On the other hand, if € is not large enough, we remain essentially in a perturbative regime
and the spacing between the two largest eigenvalues is larger than n=2/3. A very detailed study of the phase
transition should be possible, too. However, all these results are asymptotic. Non-asymptotic results could
be obtained (the machinery to obtain results such as Johansson’s is non-asymptotic) but would be hard to
interpret and exploit. We therefore keep this discussion at an informal level.

Smoothing by a GUE matrix should therefore give a worst case bound on ||V |, of order n?/3, which is
better than the worst case bound of n we have when we smooth with rank one matrices (but requires gener-
ating O(n?) random numbers instead of O(n)). GUE smoothing might therefore improve the performance
of the algorithm since the cost of generating these random variables is typically dominated by the cost of
computing a leading eigenvector of the perturbed matrix.

Let us give a bit more quantitative details. Based on Johansson’s work and the solution to a similar
problem in a different context (El Karoui [2007]), it is clear that the condition for the spacings to be of order
n~2/3 is the following (this result might be available in the literature but we have not found a reference).
Call F,, the spectral distribution of X, i.e the probability distribution that puts mass 1/n at each of the n
eigenvalues of X. Call w, the solution in (Apax(X), 00) of

dF,(t) 1
/(wc — )2 e

liminf [we — Amax(X)] > 0.

n—oo

Call G the class of matrices for which

Then, looking carefully at Johansson’s work, it should be possible to show that: if the sequence of
matrices X is in G, then, if X (¢) = X + ¢/y/nU,

n2/3 )‘maX(XB(Z)) — Op

1/3
oy = wc+e2/iFn_(tZ and B, = € (/ m>

and TWj is the Tracy-Widom distribution appearing in the study of GUE [see Tracy and Widom, 1994].
The same is true for the joint distribution of the k largest eigenvalues, where k is a fixed integer, and TW
is replaced by the corresponding limiting joint distribution for the k largest eigenvalues of a GUE matrix.

When the matrix X is not in G, then the top two eigenvalues should have spacing greater than n~2/3. We
expect that if X has some sufficiently separated eigenvalues with multiplicity higher than one, the spacings
there are at least n= /2, by analogy with Capitaine et al. [2009] and Baik et al. [2005]. To quantify what
“sufficiently separated” means, we could suppose that X is a completion of a (n — ko) x (n — ko) matrix
X which is in G, to which we add ko eigenvalues Apax(X), all equal and greater than Apax(Xo), with
Amax (X') greater than and bounded away from w.(Xy). Call F},_, o the spectral distribution of X. Then,
we should have

— TWy ,

where

Amax (X (€)) — ay,
/2 ( S ) = Amax (GUEg,xko) »

A
~ /2
where &, = Ao (X) ¢ [ St and B = e (1 [ (i)

>\max

The same is true for the ko largest eigenvalues of X (¢) and /\max(GUEkako) is replaced by the corre-
sponding joint distribution for the kg x kg GUE.
In light of the integrability problems we had in the rank one perturbation case for the inverse spectral gap
1/(li(X (e)) — 12(X (€))), it is natural to ask whether such problems would arise with a GUE smoothing.
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For this informal discussion, we limit ourselves to answering this question for the GUE. We recall that the
joint density of the eigenvalues {l; g}/, of an x n GUE matrix is

Cexp(— Z Foup/?) H
=1

1<i<j<n

L — L |2
i, GUE — l,GUE|" ,

where C' is a normalizing constant. So we see immediately that 1/(l1 cur — l2,qguE) is integrable in the
GUE setting. (The formula above is often stated for the unordered eigenvalues of a GUE matrix. The
functional form of the density is unchanged by ordering, because of the symmetry. The domain of definition
and the constant change when considering ordered eigenvalues, but this has no bearing on the question of
integrability.)

The smoothing could also be done by a matrix from the Gaussian Orthogonal Ensemble (GOE), where
the entries above the diagonal are i.i.d AV (0, 1) and the entries on the diagonal are i.i.d NV (0, 2) - the different
normalization on and off the diagonal yields rotational invariance. We do not know of a result corresponding
to Johansson’s in that case, though we would expect that the behavior of the top eigenvalues is the same as
described above, with TWj, replace by TW 1, the Tracy-Widom distribution appearing in the study of GOE.
From an algorithmic point of view, the two methods should therefore be equivalent.

6. NUMERICAL EXPERIMENTS

We test the algorithm detailed above on a maximum eigenvalue minimization problem over a hypercube,
a problem used in approximating sparse eigenvectors [d’ Aspremont et al., 2007]. We seek to solve

minimize Apax(A + X)

subjectto —p < X;; <p, fori,j=1,...,n (23)

which is a semidefinite program in the matrix X € S,,. Since randomly generated matrices A have highly
structured spectrum, we use a covariance matrix from the gene expression data set in [Alon et al., 1999] to
generate the matrix A € S,,, varying the number of genes to vary the problem dimension n (we select the n
genes with the highest variance). We set p = max{diag(A)}/2 in (23).

We first compare the performance of Algorithm 1 with that of the corresponding deterministic algo-
rithm detailed in [Nesterov, 2007a,b], using the accelerated first-order method in [Nesterov, 2007b, §4] after
smoothing problem (23) as in [Nesterov, 2007a; d’ Aspremont et al., 2007]. We set a fixed number of outer
iterations for Algorithm 1 and record the number of iterations (and eigenvector evaluations, these numbers
differ because of line search steps) required by the algorithm in [Nesterov, 2007b, §4] to reach the best ob-
jective value attained by the stochastic method. We set ¢ = 5, kK = 3 and the maximum number of iterations
to 204/n in the stochastic algorithm. To provide a complexity benchmark that is both hardware and imple-
mentation independent, we record the total number of eigenvectors used by each algorithm to reach a given
objective value (the matrix exponential thus counts as n eigenvectors). We report these results in Table 2.

n ‘ # Iters. (Stoch.) ‘ # Eigvs. (Stoch.) ‘ # Iters. (Det.) ‘ # Eigvs. (Det.)

100 200 6120 100 40400
200 283 8565 100 81200
500 447 13470 100 203000

TABLE 2. Number of iterations and total number of eigenvectors computed by Algorithm 1
(Stoch.) and the algorithm in [Nesterov, 2007b, §4] (Det.) to reach identical objective
values.

In both algorithms, the cost of each iteration is dominated by that of computing gradients. The cost of
each gradient computation in Algorithm 1 is dominated by the cost of computing the leading eigenvector of ¢
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perturbed matrices. The cost of each gradient computation in [Nesterov, 2007b, §4] is dominated by the cost
of computing a matrix exponential. This means that the ratio between these costs grows as O(n/(qlogn)).

In Figure 2 we plot the sequence of line search parameters v for the stochastic algorithm together with the
values of the Lipschitz constant L used in the deterministic smoothing algorithm, when solving problem (23)
with n = 500. We observe that both algorithms initially make longer steps, then slow down as they get closer
to the optimum (where the leading eigenvalues are clustered).
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FIGURE 2. Line search parameters «y for the stochastic algorithm (left) together with the
values of the inverse of the Lipschitz constant L used in the deterministic smoothing algo-
rithm (right).

7. APPENDIX

In this appendix, we recall several useful results related to the algorithm presented here. The first sum-
marizes the complexity of computing one leading eigenvector of a symmetric matrix (versus computing the
entire spectrum). We then prove Theorem 3.2 linking the local Lipschitz constant of the gradient and the
spectral gap. Finally, we detail the proof of the phase transition result in Theorem 3.8 and show how the
secular equation can be generalized to perturbations of higher rank.

7.1. Computing one leading eigenvector of a symmetric matrix. The complexity results detailed above
heavily rely on the fact that extracting one leading eigenvector of a symmetric matrix X € S,, can be done
by computing a few matrix vector products. This simple fact is easy to prove using the power method when
the eigenvalues of X are well separated, and Krylov subspace methods making full use of the matrix vector
products converge even faster. However, the problem becomes more delicate when the spectrum of X is
clustered. The section that follows briefly summarizes how modern numerical methods produce eigenvalue
decompositions in practice.

We start by recalling how packages such as LAPACK Anderson et al. [1999] form a full eigenvalue
(or Schur) decomposition of a symmetric matrix X € S,,. The algorithm is strikingly stable and, despite
its O(n?) complexity, often competitive with more advanced techniques when the matrix X is small. We
then discuss the problem of approximating one leading eigenpair of X using Krylov subspace methods
with complexity growing as O(n?logn) with the dimension (or less when the matrix is structured). In
practice, we will see that the constants in these bounds differ significantly, with the cost of a full eigenvalue
decompositions (and matrix exponentials) growing as 4n3/3 while computing one leading eigenpair has
cost cn?, with ¢ in the hundreds.
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7.1.1. Full eigenvalue decomposition. Full eigenvalue decompositions are computed by first reducing the
matrix X to symmetric tridiagonal form using Householder transformations, then diagonalizing the tridi-
agonal factor using iterative techniques such as the QR or divide and conquer methods for example (see
[Stewart, 2001, Chap. 3] for an overview). The classical QR algorithm (see [Golub and Van Loan, 1990,
§8.3]) implicitly relied on power iterations to compute the eigenvalues and eigenvectors of a symmetric
tridiagonal matrix with complexity O(n?), however more recent methods such as the MRRR algorithm by
Dhillon and Parlett [2003] solve this problem with complexity O(n?). Starting with the third version of
LAPACK, the MRRR method is part of the default routine for diagonalizing a symmetric matrix and is
implemented in the STEGR driver (see Dhillon et al. [2006]).

Overall, the complexity of forming a full Schur decomposition of a symmetric matrix X € S,, is then
4n3 /3 flops for the Householder tridiagonalization, followed by O(n?) flops for the Schur decomposition
of the tridiagonal matrix using the MRRR algorithm.

7.1.2. Computing one leading eigenpair. We now give a brief overview of the complexity of computing
leading eigenpairs using Krylov subspace methods and we refer the reader to [Stewart, 2001, §4.3], [Golub
and Van Loan, 1990, §8.3, §9.1.1] or Saad [1992] for a more complete discussion. Successful termination
of a deterministic power or Krylov method can never be guaranteed since in the extreme case where the
starting vector is orthogonal to the leading eigenspace, the Krylov subspace contains no information about
leading eigenpairs, so the results that follow are stochastic. [Kuczynski and Wozniakowski, 1992, Th.4.2]
show that, for any matrix X € S,, (including matrices with clustered spectrum), starting the algorithm at
a random wu; picked uniformly over the sphere means the Lanczos decomposition will produce a leading
eigenpair with relative precision € in

2
kLan < log(n/5 )
44/
iterations, with probability at least 1 — 9. This is of course a highly conservative bound and in particular, the
worst case matrices used to prove it vary with k120,
This means that computing one leading eigenpair of the matrix X requires computing at most matrix

vector products (we can always restart the code in case of failure) plus 4nk™*" flops. When the matrix is
dense, each matrix vector product costs n? flops, hence the total cost of computing one leading eigenpair

of X is
0 n?log(n/6?%)
()
flops. When the matrix is sparse, the cost of each matrix vector product is O(s) instead of O(n?), where
s is the number of nonzero coefficients in X. Idem when the matrix X has rank » < n and an explicit
factorization is known, in which case each matrix vector product costs O(nr) which is the cost of two n x r
matrix vector products, and the complexity of the Lanczos procedure decreases accordingly.

The numerical package ARPACK by Lehoucq et al. [1998] implements the Lanczos procedure with a
reverse communication interface allowing the user to efficiently compute the matrix vector product Xu;.
However, it uses the implicitly shifted QR method instead of the more efficient MRRR algorithm to compute
the Ritz pairs of the matrix T} € Sj.

kLan

7.2. Controlling the Hessian of A\, (X). Consider the map fj : S;, — R such that fo(X) = Apax(X).
We want to show that its gradient is Lipschitz continuous, when the largest eigenvalue of X has multiplicity
one and control its constant. To do so, we compute 92 fo(X + tY)/0t%, where |Y]|r = 1, and Y is
symmetric. Let us call A\; > Ao > A3 > )\, the ordered eigenvalues of X. Very importantly we assume
that A\; has multiplicity one. If not, it is easy to see that the map we are looking at is continuous but not
Lipschitz. We refer the reader to [Kato, 1995; Overton and Womersley, 1995; Lewis and Sendov, 2002] for
a more complete discussion. We have the following theorem.
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Theorem 7.1. Suppose X is an n x n symmetric matrix with decreasingly ordered eigenvalues {\;}_;.
Call fo(X) = Amax(X) and suppose that Ayax(X) has multiplicity one. Let Y be a symmetric matrix with
|Y|lF = 1. Let us call

82f0(X +1tY)

Then we have 1 1
IVH(X)le= " sw  gX,¥)=7 . (24)
YeS, |Y|r=1 2 A1 (X) — A2(X)

Proof. The strategy is to first exhibit a matrix Y, in S, that will give us the right-hand side of Equation (24)
as a lower bound. And then we will show that indeed this bound is the best one can do. We will rely heavily
on the following classical result from the analytic perturbation theory of matrices. We can use [Kato, 1995,
p.81] to get

) 82f0X+tY -
i R =3

t—0

%) (61 Y 5)* (25)
where ¢ is an eigenvector corresponding to the elgenvalue A1 and qu is an eigenvector corresponding to the
eigenvalue \;. Here we have crucially used the fact that A\; (X') has multiplicity one.

Finding a lower bound for ||V fo(X)|| L. Let O be an orthonormal matrix that transforms the canonical basis
(e1,...,e,) into the orthonormal basis (¢1, .. ., ¢y). In other words, Oe; = ¢; and hence O ¢; = ¢;. Let
us call Py the matrix that exchanges e; and e and send the other e;’s to 0. In other words, the 2 x 2 upper

left block of Fy is the matrix <O 1) and Fy is zero everywhere else. Now call

1 0
v, = LopoT
c — \/§ 0 .
Note that Y. € S,,. Since O ¢; = e;, we see that Y.y = ¢2/V/2, Yoo = ¢1/+/2, and Yep; = 0if j > 2.
Further, ||Y.[|2 = TrY Y, = Tr Y2 = TrOP}0T /2 = | Po||%/2 = 1. Now, ¢7 Ye¢; = 624|112 /V/2-
Hence,
1 1
X,Y,)=—
IXYe) = o X = (X

and therefore,
1 1

X > = .
IV fo(X)l = MK — e (X)
Finding an upper bound for ||V fo(X)|| . On the other hand, we clearly have, for j > 2,0 < 1/(\(X) —
Ai(X)) <1/(M(X) - /\Q(X)). Therefore,

n

1
Z N Y9’ < T Y )’

=2

Since {¢; };‘:1 form an orthonormal basis, and Y is symmetric,
n
> (1Y )" = IV nll3 -
j=1

As a matter of fact ¢{Y¢j is just the coefficient of the vector Y7 ¢p; = Y ¢; in its representation in the basis
of the ¢;’s. We therefore have

Z )\1(X) 1 )\](X) (¢{Y¢J)2 S )\I(X) _ )\Q(X) (”Y¢1”g - (¢{Y¢1)2) .




Now let us call §; j the (7, j)-th entry of the matrix that represents Y in the basis of the ¢;’s. Since ||V ||% = 1,
Z Yij =

Using the symmetry of Y, we therefore see that

n
2Y i+ <1
j=2

Now, [[Y'éu[|3 = 327, 91 ; and (61 Y ¢1)* = §f ;. Hence,

N |

= . 1—g%,
(IYoul3 — (1Y 01)%) = > o, < ——— <

Jj=2

We conclude that

VY €S, |YlFr=1, g(X,Y) <

and therefore

V(X)) = sup g(X,Y)<
YeS,.,|Y|r=1

Since we have matching upper and lower bounds for ||V fo(X)||z, we have established the theorem. m

1
20(X) = Xa(X)

7.3. Phase transition. We prove Theorem 3.8 in this section.

7.3.1. Preliminaries. Let us call

Jj=l+1
1< z;
Mt)= o D s
nj:H_lt-i-’y—l-(S]
l l
(t) = Limz1 1 zn: L _ gt (t)
g n t nj_l+1t—|-’y+5j n ¢ I

l 2
g _1Z5 1
h(t) = 73; Lo ().

Recall that [y = A\; + T is the root of the equation

! 2
1 Z 1 1 Z
-=n((T —# = —_— 26
€ (T) n T zlle—i-’y—i-é (26)
It is clear that 7" > (¢/n) ZJ 1 ] Also, h/(t) < 0 on (0, 00), so h is invertible. We note that
1 = 7—1 11 ¢ 2 11 1
var *Zt] s | —n 72 n 5:)2 S2:O<>'
nEE g n nj:l-l—l( ++95) nwy n

So the error made when replacing h; by g; when seeking the root of Equation (26) is Op(1/y/n).
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Our strategy is to expand T in powers (possibly non-integer) of 1/n. We call ¢(m) an approximation of
T to order m. If we can find an approximate solution ¢(m), such that

|h(t(m)) — %\ = Op(n=") , for some § ,

we claim that

[t(m) —T| = Op(n~?) .

l 22
This is because A is, at z; fixed, a Lipschitz function on (Eﬂ# 00), and its Lipschitz constant is bounded

below with high-probability on any compact interval of this interval. Hence, we have
_ _ _ 1 _
[t(m) =T = [n~" (A(t(m))) = B~ (D)) < [h7H[LIA(H(m)) = —| = Op(n™") .

Note that if we can show that |h/(y)| > Cn® in a neighborhood of #(m), then we get by the same token

|h(t(m)) — *\ = Op(n?) = [t(m) — T| = Op(n~ B+ .
We finally recall that
1 1 <& 1
—=g(0) = — Z
o naE Yt

7.3.2. Case € < €p. Recall that the equation defining T is

l 2 l 72
1 >i-125 1 z; > -7 1
€ (T) n T nzl;rlT—i-’y—i—é n T+l()
In this case,
1 1
0)=—< -
9:(0) i

l 2
so it is clear that the term # needs to enter into play to “saturate” the equality. In particular, 7" is going
to be of order 1/n. But we can expand it further.
Let us now expand the last term above, i.e h;(t), in powers of ¢’s. Because h; is uniformly bounded in
probability for ¢ in a neighborhood of 0, we have
2

1 1 Z;
h(t)== > +2= Y 4+ 0p(t?) .
]l+1’7+5 nj:lH( v+ 0;)3
Z 2
So calling (1 = E] I +5 sz and G2 = ZJ 41 (%5 G55,)7 the equation defining 7" becomes
L_xi1 1 zj — 3
- — or
€ nT + Z v+ 6 G+ O0(T7).

We see that by taking

J

with

we have



Now, we note that in a neighborhood of 1/n, the derivative of & is bounded below in absolute value and in
probability by Op(n). Our argument in the previous subsection therefore allows us to conclude that

T —4(2) = Op (;) .

7.3.3. Case € = ¢5. We can use the same expansion in t as above, but Equation (26) defining T becomes

1 Xz 2
- - o(r
—l+1
where, as above,
1 & z;
= Z vk
n (v +65)

2
Because & = f D i1 7+5 = Op(1), we see that now, T is of order 1/y/n. Using the ansatz t(1) =
a/+/n, we see that « should equal (recall that o > 0),

£14+ /& +4x7C

2¢;

he() - =0r (1)

€

o =

Now

and in a neighborhood of «/+/n, h is Lipschitz with Lipschitz constant bounded away from 0. Hence, as
argued in 7.3.1

T_\j%-i-Op(;).

7.3.4. Case € > €. Recall that the equation defining 71" is
1 1 1 ¢ 22 -1 1 1
€ XIT 7ZT+] +5-+7ZT+ +4;
€ S LT O ST
When € > ¢, we can find g bounded away from O such that

n 7l+1t0+7+6

to is furthermore bounded. So T' is going to converge to ¢ and the question is to understand how far away
itis. By writing T' = ¢ + 7, after expanding the equation characterizing 7" around ¢, we see that we have

2
X (1 - ") + \}ﬁf(to) —1¢(to) = O(n%)

nto t()

where

1 & 22 -1

o)== 3 ——— = 0p(1),

noo to+ 7 +9;

and
1 — 1
to) = —
Sto) =3 (to+ 7+ 6;)2



We conclude that, informally, n = O p(%). Now let us verify it properly. Let us call

1 &(to)

M=ttt

The expansion above shows that

L (1)) = op(1/n) .

€

Because h is Lipschitz with Lipschitz constant bounded below in a neighborhood of ¢(, we conclude as in
7.3.1 that

_ o4 L Elo) 1
T=ty+ Jn C(to) +Op(n) .

7.4. On the secular equation and higher-order perturbations. We give an elementary proof of the va-
lidity of the secular equation, which avoids matrix representations. Though simple and likely well-known,
the advantage of our derivation is that it extends easily to higher rank perturbation. More precisely, let us
consider the matrix

My=M+U, Q7

where U is a symmetric matrix. We assume without loss of generality that M is diagonal. We write
U= Z;?:l vj v]T. We do not require the v; to be orthogonal and they could also be complex valued in what
follows.

Letuscall Ay > Ao > ... > )\, the eigenvalues of M and compute the characteristic polynomial of M;
and relate it to that of M. We call

P, (A) = det(M; — ML) |
Py(\) = det(M — \I,,)
My =M — ),

Assuming for a moment that X is not an eigenvalue of M, we clearly have My — AL, = M) (L, + M, u ).
We call G(A) the k x k matrix with (7, j) entry vaM/\_lvi.
We have

Pr,(N) = det(M)) det(I, + M, 'U) = Py (N) det(Ix + G(N)) ,

since det(I,, + AB) = det(I; + BA) for rectangular matrices A and B whenever AB is n x n and BA is
k x k. The previous formula can be used to study the eigenvalues of finite rank perturbations of M, since
they are the zeros of the characteristic polynomial Py, .
Let us focus on the rank one case. Since we assume wlog that M is diagonal, we have, when & = 1,
n V2
det(Iy + G(N) = det(1 +v" My o) =1 i

We therefore get , when ) is not an eigenvalue of M,

n

Py (A) = [H(Ai -

i=1

n V-2
1+ y - (28)
=1

from which the secular equation follows. From Equation (28), it is also clear that if ); is an eigenvalue of
M with multiplicity k, A; is also an eigenvalue of M7 with multiplicity k — 1.
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