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Abstract

Sampling from Gibbs distributions
by

Eric Joseph Vigoda
Doctor of Philosophy in Computer Science

University of California at Berkeley

Professor Alistair Sinclair, Chair

This thesis considers computational questions concerning statistical mechanical models of
idealized physical systems. The equilibrium state of the physical system is described by
a probability distribution over the allowed configurations, known as a Gibbs distribution.
By sampling at random from the Gibbs distribution one can study essentially all the
thermodynamic properties of the system.

The standard approach to sampling from the Gibbs distribution is the “Markov
Chain Monte Carlo” method. At the heart of this method is a Markov chain whose sta-
tionary distribution is the Gibbs distribution and which quickly converges to stationarity.
For a wide class of physical systems, there is a class of very simple Markov chains known
as the “Glauber dynamics,” whose moves correspond to local perturbations of the current
configuration. These chains are of interest because they are simple, natural and widely
used in practice.

We study the properties of the Glauber dynamics in two models of particular
combinatorial interest: the Potts model, whose configurations are the set of proper color-
ings of a graph; and the hard core model, whose configurations are the set of independent
sets of a graph. For a range of parameter values we prove that the Glauber dynamics in
these models quickly converges to the Gibbs distribution, while in another range of val-
ues the time to reach the stationary distribution grows exponentially with the volume of
the system. Our results also address the conjectured connection between the convergence
rate of the Glauber dynamics and phase transitions in the macroscopic properties of the

system.
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Chapter 1
Synopsis

1.1 Introduction

This thesis considers models from statistical mechanics used to study the macro-
scopic behavior of idealized physical systems in equilibrium. Typically such models are
defined on the d-dimensional integer lattice Z¢ where random variables are associated
with lattice points and interact based on their proximity in the lattice. Once the forces
governing the microscopic interactions are defined, it is possible in principle to study
the thermodynamic properties of the system, though the necessary computations are far
from trivial. This thesis is concerned with the complexity of these computations, and its
relationship to the thermodynamic properties of the system.

A key property of (and justification for) these idealized models is that they exhibit
phase transitions, similar to those that occur in nature when a small change in some
parameter controlling the microscopic interactions of the system, such as temperature or
pressure, causes a drastic change (in fact a discontinuity) in the macroscopic properties of
the system. As an example, consider the effect on the density of increasing the temperature
in a sample of water. The boiling point is a critical temperature at which the density
suddenly decreases in a dramatic fashion; this is called a phase transition.

The laws of thermodynamics stipulate that a physical system in equilibrium is
described by the Gibbs distribution, a probability distribution over possible configurations
of the system. This thesis studies the problem of sampling at random from Gibbs dis-
tributions, a problem to which almost all thermodynamic computations can be reduced.

For a discussion on the justification of the Gibbs distribution see Israel [Isr79] and for a



historical perspective see Grandy [Gra&7].

We shall focus on a class of models known as spin systems, which capture many
of the most important examples in statistical mechanics. For a graph G = (V, F), the
space of configurations is Q = SV, where each vertex i € V has an associated spin o;
chosen from the discrete spin space S. Each configuration o € €2 has an energy defined by
the Hamiltonian H (o). For a system in equilibrium at temperature 7', the probability of

being in configuration ¢ is proportional to

w(o) = exp(<FH (7)),

where 8 = 77 and k is the Boltzmann constant. The Gibbs distribution (sometimes

referred to as the Boltzmann distribution) is then

plo) = w(a)/Z,

where the normalizing factor, traditionally referred to as the partition function, is the

quantity

Z = Zw(a).

c€eN

If we could compute the partition function, we could isolate phase transitions
by looking for discontinuities in its (first or higher order) derivatives with respect to
different parameters of the system, and also calculate thermodynamic parameters of the
macroscopic system such as free energy, entropy, and heat capacity (see, e.g., [Wal89, p.
55]). Unfortunately, the partition function is a sum over |S|* configurations, a number
which grows exponentially with n = |V|, the volume of the system. Thus, even for a
system of moderate size, computing Z by enumerating all configurations is computationally
infeasible. However, it is usually possible to estimate Z within arbitrary precision by
generating a sufficient number of samples from the Gibbs distribution. This is an instance
of a general reduction from enumeration problems to random sampling, first formalized
by Jerrum, Valiant, and Vazirani [JVV86]. Thus, by devising an efficient scheme for
sampling from the Gibbs distribution, we can compute the partition function and other
thermodynamic quantities of interest, and hence isolate phase transitions.

The most widely studied and perhaps simplest statistical mechanical model is

the Ising model of a ferromagnetic solid. Each vertex has either an “up” or “down” spin,



i.e., S = {£1}, corresponding to the magnetic moment of an atom situated at the vertex.

The Hamiltonian of a configuration o = {o (%) }iev is

H(o)=< Y _ a(i)a(j). (1.1)
{i,7}eFE
Thus H assigns lower energy to configurations in which many neighboring spins are aligned.

While the definition of the Ising model holds for arbitrary graphs, most work in
the statistical physics community focuses on the lattice Z?. For the purpose of introducing
the notion of phase transitions we specialize to the lattice Z? and its associated finite graph
Qr. Let Qr = (V, F) denote the graph corresponding to a finite d-dimensional cube with
side length 2L + 1 in Z%, ie., V = {&L,...,0,...,L}? and the set of edges £ connects
vertices that differ by 1 in exactly one coordinate. The Ising model on @, has two states
with all spins aligned, and these have minimum energy. As a consequence, when [ is
very large (i.e., at very high temperatures), the Gibbs distribution is concentrated almost
entirely on configurations in which most of the spins are aligned. Conversely, for small 3
(i.e., low temperatures), the spins are nearly independent and a typical configuration has
roughly half the spins in each direction; this set of configurations has maximum entropy.
In particular, let N (o) = |32,y 0(i)|/|V] where |V| = (2L 4 1) is the volume of Qr.. For
the Ising model, it turns out that there exists a critical point 8. such that, when 3 < 3.,
E[N(o)] = 0 as |V| — oo, while when § > 3., F[N(0)] > € as |V| — oo where € is a
positive constant independent of |V|. We now give a rigorous definition of the critical
point 3. and the two regimes 3 > (. and 3 < (. which are referred to as ordered and
disordered phases.

Let the boundary 0@ of the cube ()1 denote those vertices with at least one
component equal to £L. Fix the spin of every vertex on the boundary to a common
value k € {£1}. Define the distribution py to be the Gibbs distribution conditional on
0Q1, having spin k. We are interested in whether the marginal distribution of the spin
o(0) at the origin O is independent of the boundary configuration in the limit L — oo.

Specifically, we say the model is in the ordered phase if
ps1(0(0) =+1) # p—1(c(0) = +1) as L — oo;

otherwise, the model is said to be in the disordered phase. It turns out that the Ising model

is monotone in G which implies that there exists a critical point 3. such that for g < 3.



the system is in the disordered phase, while for § > f. it is in the ordered phase. Note
that, a priori, there may not exist a unique critical point for the transition between the
ordered and disordered phases; in fact, there may not even exist one such critical point.
We now describe, for a general graph G = (V, F), the two models which this thesis
focuses on. The ¢-state Potts model [Pot52, Wel93, Wu82] is a natural generalization of
the Ising model discussed above. The spin space, which we think of as a set of colors, is

S ={1,...,q}. For a configuration o, the Hamiltonian for the ferromagnetic case is

Ho)= Y (166,

{i,7}eFE
where ¢ is the Kronecker delta function which takes value 1 when the specified condition
is satisfied and 0 otherwise. Note that when ¢ = 2 this Hamiltonian is equal to (1.1) up
to a multiplicative factor and an additive constant. For the anti-ferromagnetic case, the

Hamiltonian is

H(o)= ) 6b5=0,-

{i,j}er
In contrast to the ferromagnetic case, the tendency here is for adjacent spins to be different

(but no distinction is made between different pairs of values).

The Gibbs distributions for the Potts model is

Hpotts(0) = w(a)/Z (1.2)

where w(o) = exp(«fH(o)). In the infinite-temperature limit (5 | 0) the Gibbs dis-
tribution for the Potts model (in both the ferromagnetic and anti-ferromagnetic cases)
corresponds to picking a random color (spin) independently for each vertex. On the other
hand, in the zero-temperature limit (3 1 oo), the ferromagnetic Potts model has only ¢
different colorings with positive weight — namely, those that assign the same color to every
vertex — while the anti-ferromagnetic model is uniformly distributed over proper colorings
(those in which all pairs of neighboring vertices have different colors). Much of this thesis
focuses on this case of proper colorings since it is perhaps the richest combinatorially.
The hard core (lattice gas) model is a simple spatial representation of a gas as
a graph G = (V, F) [Dob74]. The vertices are the possible sites for particles, which are
assumed to have non-negligible size. To prevent particles from overlapping, adjacent sites

cannot simultaneously be occupied. Thus, valid configurations o are independent sets



in G, i.e., ¢ C V such that no two vertices in ¢ are connected by an edge of F. The
Hamiltonian is derived from suitable limits of the Ising model (see Dobrushin, Kolafa and

Shlosman [DKS85]), leading to the following simple form for the Gibbs distribution:
prs(o) = Al Zps. (1.3)

The parameter X is known as the fugacity of the system. The ordered/disordered phases
of the Potts and hard core models on Z¢ are precisely defined in Chapter 2.

1.2 Markov chain Monte Carlo

The Markov Chain Monte Carlo (MCMC) method is a simple and frequently used
approach for sampling from the Gibbs distribution of a statistical mechanical system. The
idea is as follows. We design a Markov chain whose state space is 2 and whose stationary
distribution is the desired Gibbs distribution. Starting at an arbitrary state, we simulate
the Markov chain on € until it is sufficiently close to its stationary distribution. We then
output the final state which is a sample from (close to) the desired distribution. The
required length of the simulation, in order to get close to the stationary distribution, is
traditionally referred to as the mizing time 7; it is formally defined in chapter 2. In
general, the mixing time may be as large as (or even larger than) the number of states of
the chain, which as we have observed is exponentially large in the volume n. We consider
the MCMC approach efficient if the mixing time is bounded by a fixed polynomial in n,
and call such a Markov chain rapidly mizing. On the negative side, when proving that
a certain Markov chain is not efficient, we typically show the mixing time is exponential
in n° (for some fixed ¢ > 0), and refer to this as torpidly mizing. Note that the mixing
properties depend crucially on the structure of the Markov chain, not just on the model
itself.

The simplest class of Markov chains for sampling from the Gibbs distribution of
a spin system are usually referred to as Glauber dynamics [Gla63, Mar97]. This is the class
of single spin-flip dynamics whose transitions consist of choosing a vertex ¢ € V uniformly
at random and changing the configuration only at ¢. Throughout the thesis, we will use
the term “Glauber dynamics” to refer to the following specific heat-bath dynamics, but
techniques for bounding the mixing time of this dynamics typically apply to other popular
chains in the class of Glauber dynamics, such as the Metropolis algorithm [MRR*53].



From a configuration o, the transitions o + o’ of the (heat-bath) Glauber dynamics are

as follows:
G1 Choose a vertex ¢ uniformly at random.
G2 Let o/(j) = o(j) for all 5 # 4.

G3 Choose o'(7) from the Gibbs distribution conditional on the fixed assignment for all
vertices other than j, i.e., from u(-|o’(y) for all j # ¢).

As an example of Glauber dynamics, consider the zero-temperature limit of the
anti-ferromagnetic Potts model, whose configurations are proper colorings. The final step
[G3] corresponds to choosing a color uniformly from the set of colors which do not appear
in the neighborhood of i. Meanwhile, for the hard core model the final step [G3] is the
following. If no neighbors of i are in the set o/, then the vertex ¢ is included in ¢’ with

probability H-LM otherwise 7 remains out of o’.

1.3 Results

A major motivation for the work in this thesis is a “folklore” belief that there is
an intimate connection between the Glauber dynamics being rapidly/torpidly mixing and
the model lying in the disordered/ordered phase. To understand the intuition for such
a connection, consider the ferromagnetic Ising model. Recall that in the ordered phase
we expect a typical sample from the Gibbs distribution to have most of the spins aligned.
Furthermore, in this phase it is very unlikely that a configuration will have about half of the
spins pointing in each direction; but the likelihood of such configurations directly affects
the mixing time of the Glauber dynamics. To see this, suppose we start the dynamics
in the configuration with all spins pointing up and then simulate the Markov chain. In
order to get close to the stationary distribution, the chain must have a reasonable chance of
reaching the set of configurations with most spins pointing down, which also has significant
weight in the Gibbs distribution. En route it must pass through some configuration with
exactly half the spins pointing up, since only one spin is being changed at each step. The
probability of reaching a configuration with exactly half the spins pointing up is intimately
related to the probability of the set of such configurations in the Gibbs distribution. We

formalize this intuition for the ferromagnetic Potts model in chapter 5.1.



To be more precise, we conjecture that being in the disordered /ordered phase for
the Potts model on Z? is equivalent to rapid/torpid mixing of the Glauber dynamics on
the torus 7T, 4 — this is the d-dimensional cube with vertex set {0,...,L <1} and edges
connecting vertices that differ by 1 modulo L in exactly one coordinate. Though this
conjecture is far from resolved, we are able to prove torpid mixing in the entire ordered
phase for sufficiently large ¢q. For general spin systems, there are some known connections
between certain properties that are stronger than rapid mixing on the one hand and than
being in the disordered phase on the other. In particular, an O(nlogn) mixing time of the
Glauber dynamics is closely related to a stronger condition than being in the disordered
phase; informally, this condition states that not only does the influence of the boundary
on the origin die out in the limit L. — oo, but it decays exponentially fast. This connection
is detailed in chapter 2, after introducing the necessary definitions.

In addition to addressing the above conjecture, we also prove rapid mixing (over
a significantly wider range of parameter values than previously known) of the Glauber
dynamics for both the Potts and hard core models. As a corollary, we obtain improved
bounds on the critical points of both models.

The first set of results addresses the zero-temperature anti-ferromagnetic g-state
Potts model (proper g-colorings). Roman Kotecky (cited in [Geo88, pages 148-149,457])
showed that on Z% the system is in the disordered phase when ¢ > 4d. His result also
applies to other lattices when the number of colors is greater than twice the degree of the
lattice (note that Z? has degree 2d). For the Glauber dynamics, on the other hand, Mark
Jerrum [Jer95] proved rapid mixing when ¢ > 2A, where A is the maximum degree of the
graph. In both settings, this 2A barrier was broken only in specific instances by computer
assisted proofs which analyzed a huge number of cases. These works are discussed in more
detail in chapter 3.

In this thesis, we give a simple direct proof that breaks the 2A barrier for arbi-
trary graphs. We consider a Markov chain which we call the “flip dynamics” (which is not
in fact strictly a Glauber dynamics) and is formally defined in chapter 3. The transitions
of our chain consist of ‘flipping’ two-colored clusters. In particular, from a coloring o,
choose a vertex v and color ¢ uniformly at random. Then consider the maximal cluster of
vertices which contain v and are colored with ¢ or o(v). With an appropriate probabil-
ity, ‘flip” this cluster by interchanging colors ¢ and o(v) on it. Our main results are the

following.



Theorem 1 When ¢ > %A, where A is the mazimum degree of the graph,
(a) the flip dynamics is rapidly mizing with mizing time O(nqlogn); and
(b) the Glauber dynamics is rapidly miving with mizing time O(nqlog nlog q).

This is the first proof to break the 2A barrier that is not computer assisted, and also the
first for arbitrary graphs.

Corollary 2 The zero-temperature anti-ferromagnetic q-state Potts model on Z% is in the

: 11
disordered phase when ¢ > S-d.

The corollary follows easily from the rapid mixing result by the general connection
between an O(nlogn) mixing time and exponentially fast decay of the influence of the
boundary mentioned above. An analogous result also applies to other lattices of interest,
such as the hexagonal and triangular lattices.

Our second set of rapid mixing results concerns the hard core model. We can

prove the following optimal bounds on the mixing time of the Glauber dynamics.

Theorem 3 The Glauber dynamics on the hard core model is rapidly mizing with mizing
time O(nlognA) when A < ﬁ, where A is the maximum degree of the graph. For

A = x%5 the mizing time is O(n>A?).

Corollary 4 The hard core model on Z% is in the disordered phase when \ < ﬁ.

The proofs of Theorems 1 and 3 rely on coupling arguments, which are based
on the simultaneous evolution of two copies of the Markov chain. A coupling is a joint
distribution on the transitions of the copies with the added condition that if they reach
the same state then they follow the same transitions. The goal is to minimize the coupling
time, which is the expected time till they reach the same state (maximized over all pairs
of initial states). The coupling time implies a bound on the (variation) distance between
their respective distributions and consequently, a bound on the mixing time. Typically,
we measure the progress of our coupling with respect to a simple metric on the product
state space. The proof of Theorem 3 is novel in that it relies on a non-standard metric
which enables us to directly analyze the Glauber dynamics and get optimal bounds on its

mixing time.



The results of Theorem 3 for the hard core model are close to optimal since Dyer,
Frieze, and Jerrum [DFJ99] have recently proved that the Glauber dynamics is torpidly

mixing on a random bipartite graph with maximum degree A when A = 1, A > 6, and in

(A-—1)~71 e
(A—2)a ~ A-2

general for A >

The final set of results relate directly to our conjecture about the connection
between torpid mixing of the Glauber dynamics on the torus 77, 4 and being in the ordered
phase for Z%. In particular, we prove for the ferromagnetic Potts model with sufficiently
large ¢ that throughout the ordered phase the Glauber dynamics is torpidly mixing on 17, 4.
We also give a related and perhaps surprising result about the widely-used Swendsen-Wang
algorithm [SWS8T].

In addition to the conjectured torpid mixing in the ordered phase, the Glauber
dynamics is also believed to exhibit a “critical slowing down”. In particular, in the dis-
ordered phase it is expected that the mixing time increases dramatically (though still
only polynomially) as [ approaches the critical point. The Swendsen Wang algorithm is
specifically designed to overcome this slowing down, and in fact is believed to have small
mixing time in the entire disordered and ordered phases, by recoloring many two-colored
clusters in a single transition. The basis of the algorithm is an equivalent representation
of the Potts model in the Fortuin-Kasteleyn random cluster model [FK72]. We describe
the Swendsen-Wang algorithm in detail in chapter 5.1, and prove that it is in fact torpidly

mixing at the critical point 3. for sufficiently large g¢.

Theorem 5 For the ferromagnetic Potts model on Ty, 4 with d > 2, and sufficiently large
q, there exist positive constants ky, ky (which depend on d) such that for the critical point

ﬁc = ﬁc(% d)
(a) The mizing time 7gp of the Glauber dynamics for § > 3. satisfies

TGD Z ekl L/(logL)2 X

(b) The mizing time Tsw of the Swendsen-Wang algorithm at § = 3. satisfies

Tow > ekgL/(logL)2 )

Using analogous techniques, we also prove that for the hard core model, the

Glauber dynamics is torpidly mixing for large enough values of A.
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Theorem 6 For the hard core model on 11, 4 with d > 2, and X sufficiently large, there
exists a positive constant ks (which depends on d) such that the mizing time Tqp of the

Glauber dynamics satisfies

rap > ekng_l/(logL)2‘

In addition to the results described above, we believe that the techniques utilized
in this thesis may be useful for obtaining rigorous bounds on the mixing time of other
MCMC sampling schemes, isolating phase transitions in other models, and ultimately
resolving the conjectured connection between the mixing time of the Glauber dynamics
and phase transitions.

The remainder of the thesis is organized as follows. The next chapter provides a
more comprehensive treatment of the background material sketched above. In chapter 3,
we present our rapid mixing results on the zero-temperature limit of the anti-ferromagnetic
Potts model (proper colorings). The rapid mixing results for the hard core model are
proved in chapter 4. Finally, in chapter 5.1, we prove the torpid mixing results for the

Glauber dynamics and Swendsen Wang algorithm.
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Chapter 2

Background

2.1 Markov chains

Consider a stochastic process (04)52, on a finite state space Q. Let P denote a

non-negative matrix of size || x |Q| which satisfies the constraint

Y Pj=1forallicq.
jeQ
The process is called a Markov chain if for all times ¢ and ¢, 7 € Q

Prlovy1 = jloy =i, 0021, ... ,00] = Prloy = jlop = 1] = P;.

As a consequence of the time-independence of P, the s-step transition matriz is P?, i.e.,
Pf = Prloyys = jloy = t]. A distribution 7 is called a stationary distribution if it satisfies
7P = w. A necessary and sufficient condition for a chain to have a unique stationary

distribution is that the chain is
1. dirreducible: for all 4, j € € there exists a time ¢ such that Pf] > 0; and
2. aperiodic: for all 7 € Q, ged{t: P}, > 0} = 1.

We call a Markov chain having both of these properties ‘ergodic’.

Theorem 7 (see, e.g., [Fel68]) An ergodic Markov chain with transition probability ma-

triz P on a finite state space Q2 has a unique limiting stationary distribution w, i.e.,

lim P! =n; foralli,j € Q.

tooo W
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While the theorem guarantees the existence of the stationary distribution 7, we
will need to actually determine #. The chains used in MCMC simulations generally have
a special property that makes this easy. Specifically, for an ergodic Markov chain, if a

distribution 7 satisfies the detailed balance equations
;P = m; Py for all 4, 7 € Q,

then 7 is the (unique) stationary distribution. Such a chain is called (time-)reversible.
Notice in particular that if P is symmetric (F;; = P;; for all 4, j) then it is reversible with

stationary distribution uniform over €2.

2.2 Mixing time

Our goal is to bound the time until a Markov chain is sufficiently close to its
stationary distribution. As a measure of the distance between two distributions p, v defined

on a finite set Q, we will use the (total) variation distance,
drv(p,v Z 1(G) &v(5)] = max|u(A) ev(A)].
]EQ
In our setting, the variation distance after ¢ steps for a chain starting from state
v s
di(t) = drv (P, Z| j el
]EQ

We are interested in bounding the distance regardless of the starting state, so we define

d(t) = r?e%sz i(1),

and
7(€) = min{t : d(t) < €}.

It is in fact sufficient to consider the following simpler quantity, which we define as the

mizing time:

T =1(1/2€).
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The reason is that a bound on 7 implies the following bound on 7(¢) for all ¢ [Ald83]:
7(€) < (1 =loge)T.

Thus we are justified in thinking of 7 as the time to required to get “close to” «.

The Markov chains we consider are defined on a set €2 of combinatorial structures
over some graph GG = (V, F/), such as the set of independent sets or proper colorings of G.
While the size of Q is typically exponential in the number of vertices, n = |V, in order to
obtain efficient sampling algorithms we want to design Markov chains with a mixing time
that is significantly smaller than |Q|. Therefore, we call a Markov chain rapidly mizing if
7 is bounded by a polynomial in n; conversely, a torpidly mizing chain has mixing time at
least exp(cn®) for constants ¢, ¢ > 0. Note that the definition of the mixing time 7 is the
maximum over all initial states. Thus it is conceivable that a Markov chain can be torpidly
mixing (according to our definition), but there exists a particular initial state from which
the time to get close to the stationary distribution is still rapid, i.e., polynomial.

We will use two techniques for analyzing the mixing time of a Markov chain:
1. coupling to show rapid mixing; and
2. conductance to show torpid mixing.

The next two sections give an overview of these techniques.

2.3 Coupling

A coupling of a Markov chain on state space 2 is a stochastic process (o, 1) on

Q x Q such that:
1. separately, o; and n; are copies of the original Markov chain; and
2. 1f O = T, then Ot4+1 = Tlt41-

A trivial example of a coupling is if the copies are independent. In general, o; and n; need
not be independent.
In order to bound the mixing time, we will try to define a coupling so as to

minimize the time until both copies of the Markov chain reach the same state,

T;; = min{t : o4 = nelog =1,m0 = j}.
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For simplicity, we will instead bound the (expected) coupling time, defined as follows:
T = max F|T;;].
ijEQ 1]

The coupling time implies a bound on the mixing time:

Theorem 8 ([Ald83]) For an ergodic Markov chain,
T < 2T

The proof is straightforward and relies on the following easily proven fact which
is known as the coupling lemma. For oo = ¢,79 = j, a coupling (oy,17;) can be used to

bound the variation distance,

dry(o¢,m) < Prloy # ] = Pr[T;; > t].

To prove the theorem, it is then sufficient to show that Pr[T}; > ¢] < T'/t, which follows
easily from Markov’s inequality.

We are now left with the different (though perhaps equally difficult) problem
of bounding the coupling time T. In order to measure the distance between the two
copies of the chain, we introduce a metric ® on the product state space €2 x £ so that
¢ =0y, ) =0 <= oy = n. Thus, the expected time until & = 0 is equivalent to the
coupling time. As a concrete example, for spin systems a natural metric is the Hamming
distance, i.e., ®(o,n) = [{v|o(v) # n(v)}|. The idea is to define a coupling that makes ¢
decrease (in expectation) after every transition. The following toy example illustrates the
approach.

Consider the infinite-temperature ferromagnetic g-state Potts model on an arbi-
trary graph G = (V, ). Thus the model has state space Q = {1,...,¢}" and the Gibbs
measure is uniformly distributed over €. For this example, a transition of the Glauber
dynamics consists of choosing a color ¢ and vertex v uniformly at random and recoloring
v to color c.

We define a natural coupling (o, 7;): at each step, both chains choose the same
color ¢ and vertex v and move accordingly. It is easy to verify that in fact this is a valid
coupling. Notice that after a transition (at time ¢) that changes vertex v to color ¢ we

certainly have o441 (v) = mi41(v) = ¢ and in fact, oy (v) = ne(v) for all times ¢’ > ¢. Thus,
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if ®(oy,m:) = d, then

d<1 with probability d/n;

P(o 1 Th41) =
Tt =0 i probability 1d/n

Since the expected number of steps before ® decreases is n/d, we have that E[T;;] <
> o<icn M/ (n i) ~nlnn as n — oo. This implies that the mixing time is O(nInn).

) An important tool for helping to design couplings in complex examples is Bubley
and Dyer’s path coupling [BD97]. Using path coupling, it is sufficient to define and analyze
a coupling for a suitable subset of €2 x Q. Both the design and analysis of the coupling
automatically extend to the whole of €2 x €.

We present the theorem and the necessary definitions for the specific case of spin
systems, i.e., Q C {1,...,k}V. We consider a pair of states o, € Q neighbors if they
differ only at a single vertex. This is denoted by o ~ 1. We call £ = (£°,... ,fk) a simple
path if all & are distinct and §o ~ & ~ - - - ~ &. Define p(o,n) as the set of simple paths

between ¢ and 7.

Theorem 9 (Bubley and Dyer [BD97]) Let ® be an integer-valued metric defined on
Q x Q which takes values in {0,..., D} such that, for all o,n € Q, there exists a path

€ € plo,n) with
(o) =) _ ().

Suppose there exists a constant 3 < 1 and a coupling (o, m;) of the Markov chain such
that, for all oy ~ ny,

E[® (0111, 7141)] < BP0, ). (2.1)

Then the mizing time is bounded by
< log(QeD)‘
1<p
Moreover, if (2.1) holds with § = 1 and in addition there exists an o > 0 such that, for
all t and arbitrary o, n; € €2,

Pr[® (041, mi41) # (o0, mi)] > «,

~o(2)

then the mizing time is bounded by
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To see the usefulness of this theorem, reconsider the earlier example of the infinite
temperature ferromagnetic g-state Potts model in the setting of the path coupling theorem.
Since @ is defined as the Hamming distance, it is easy to verify that the conditions of the
theorem are satisfied and it is sufficient to consider a pair of states o; ~ 7y that differ at
just one vertex (and thus ®(oy, ;) = 1). We use the same coupling (oy, 1¢) as before, where
each chain chooses the same vertex v and color ¢ for every transition. After one transition
it is clear that ® decreases by 1 with probability 1/n, and otherwise remains unchanged.
This implies that condition (2.1) holds with = 1<1/n. Since in this example D = n,
we conclude that 7 < nlog(2en).

For completeness, and since it is a relatively recent development, we give a proof

of the path coupling theorem in the case when 3 < 1.

Proof of Theorem 9: We claim that it is sufficient to exhibit a coupling such that for all
o, € Q (not necessarily neighbors), E[® (041, 7i41)] < BP(04, 1) For suppose we have
such a coupling and consider two arbitrary initial states og, 9. By successively applying
the coupling, the expected distance after ¢ steps is E[® (o, m:)] < ®(00, 1m0) 8" < D!, Since

® is non-negative and integer-valued,

Prlo; # 0] = Pr[® (o4, n) > 1] < E[®(oy, )] < D'

This probability is at most 21_5 after t = igig?g; < logl(E;D) steps.

In order to construct a coupling satisfying the above condition, consider the path

& = (€,&, ..., &F) between oy and 5, such that ®(oy, ) = >, ®(&L, z‘H). Using this
path and the coupling between neighbors (&}, i"’l), we can define a coupling between oy
and 7, as follows. Given any transition for o, = &2, the coupling between neighbors (£, &})
defines a move for £!. The move for &} along with the coupling (&}, &2) defines a move for
&% and hence a coupling (€2, £2). We continue along the path in this manner until we have
the move for & = n;. This defines a coupling for (¢, 7;) and in fact for all the states on
the path &;. After the coupled move, we have a new path &1 between the states ;11 and
Mi+1. Furthermore, we know that E[(I>(€§+1,€Zﬂ)] < BO(EL, ,f""l) for each 7. By linearity

of expectation we have the following:
E[@(0s1, )] < EDY @& G301 = ) EIO(E L0 &11)]

< ﬁzq’(& it = B®(or, ).
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This completes the proof for the case when G < 1. n

2.4 Conductance

The notion of conductance was introduced by Jerrum and Sinclair [JS89] to the
study of the mixing time of reversible Markov chains (see Sinclair [Sin93] for a more
complete introduction). Conductance characterizes the mixing time, and thus can be used
to obtain both lower and upper bounds. This thesis uses conductance solely to bound
the mixing time below in order to show that particular chains are torpidly mixing. For
examples that use conductance to prove rapid mixing see, e.g., [JS89, DFK91].

For a proper subset S C Q, let S = Q\ S. We denote the flow out of S by

Q8,8)= >, =Py
1ES,JES

The conductance ®g of a subset S is the quantity

Q(5,5)

T x(S)r()

This quantity is a symmetrized version of the quantity Q;fg)g), which can be viewed as the

conditional probability that the Markov chain in the stationary distribution leaves the set
S in one step given that it currently resides in S. The conductance of the Markov chain is
® = min dg.
S#£0,0
We use the following well-known theorem [AMS85, Sin93, AF].

Theorem 10

&

2.5 Phase transitions

For the remainder of the chapter we specialize to the graph Z? and its subgraph
Qr = (V, F), which is a d-dimensional cube with side length 2L + 1. Recall that the
boundary 0@, consists of those vertices in (J;, with at least one component equal to +1.

For a Hamiltonian H, recall that the weight of a configuration o is

w(0) = exp(<HH ().
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Also, the Gibbs distribution (at inverse temperature /) is

w(o) = w(o)/Z.

Let © denote the set of configurations on Z? with positive weight. In particular,
for the Potts model, @ = {0 € {1,... 7q}Zd :w(o) > 0}; for the hard core model, the set
Q denotes the set of independent sets of Z%. We let . = p” denote the Gibbs distribution
conditional on the fixed configuration 7 on the boundary 0Qr, and let u,(o(O)) denote
the corresponding marginal distribution on the spin at the origin O. We say the system
is in the disordered phase, if for all 7,7 € Q,

Jim 1,(9(0)) = Jim_jizi(a(0)).

Otherwise, we say the system is in the ordered phase.

It is interesting to note that while the ferromagnetic Potts model, like the Ising
model, is monotone in 3, neither the anti-ferromagnetic Potts model or the hard core model
are known to be monotone. In particular, these models may exhibit multiple critical values
for the transition between the disordered and ordered phases.

To illustrate the phenomenon of a phase transition, recall from the Synopsis the
definition of the ferromagnetic g-state Potts model. For very small 3, the spins of the
vertices are nearly independent. In fact, the influence of the boundary quickly dies out
and we expect that the system is in the disordered phase for sufficiently small 5. While for
very large [, few configurations have non-negligible weight; those with almost all vertices
having the same color. Thus, forcing all vertices on the boundary to have a particular
color will tend to force the origin to have the same color, and we expect that the system
is in the ordered phase.

In this thesis, we will work with the above definition of phase transition for
spin systems. For completeness, we should briefly mention some other notions of phase
transitions that are in wide use. In the following, we refer to the Gibbs distribution on a

finite graph as the finite-volume Gibbs measure to differentiate it from an infinite-volume

Gibbs measure defined on Q = SZ°,

(1) Infinite-volume Gibbs measures: Informally, this is the set of measures p on Q whose
conditional distribution on all finite volumes A C Z% with all boundary configurations

is the finite-volume Gibbs measure. The development of such measures began with
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the work of Dobrushin [Dob68] and Lanford and Ruelle [LR67], and they are often
called DLR-states. In this setting, the disordered phase refers to the region with a
unique infinite-volume Gibbs measure. See Georgii [Geo88] for a more comprehensive

development.

(ii) Limiting Gibbs measures: This is a constructive way of defining measures on §.
Roughly speaking, we fix a 7 € © and consider the finite-volume Gibbs measure on
), with boundary configurations defined by 7. By taking the limit as . — oo we get
a measure on ). The existence of a unique, as opposed to multiple, limiting Gibbs
measure corresponds to the system lying in the disordered phase. This approach
is intimately related to infinite-volume Gibbs measures (DLR states); see Georgii,

Haggstrom, and Maes [GHM99] and Liggett [Lig85, Chapter 4, section 1] for details.

(iii) Infinite-volume Glauber dynamics: We can define a continuous time analog of the
Glauber dynamics on the infinite-volume system. The notion of the system lying in
the disordered phase refers to ergodicity of the infinite-volume Glauber dynamics,
which corresponds to the existence of a unique limiting invariant distribution. For

details on this approach, see Liggett [Lig85].

All of the above notions (and the notion we use) are equivalent for attractive
systems, such as the hard core model on bipartite graphs and the Ising model. Roughly
speaking, a model is called ‘attractive’ if there exists a partial order of its state space €2 and
a coupling of the Glauber dynamics that preserves the ordering. For a rigorous definition,
see Liggett [Lig85, Theorem 2.4, Chapter 2]. For some equivalences and implications
between the different notions, see Liggett [Lig85, Cor. 2.8 (Chpt. 2), Cor. 2.3 (Chpt. 3),
Thm. 2.16 (Chpt. 4)].

2.6 Phase transitions and rapid mixing

A stronger property than being in the disordered phase is that of strong spatial
mizing. This is a key idea in establishing a connection with rapid mixing of the Glauber
dynamics. We need several preliminary definitions before formally defining the property.

We define the distance between a pair of points z,y € Z? as

ooyl = max |e; o

% yerns
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Similarly, the distance between A C Z% and y € 2% is
d(A,y) = min |z <yl.
(A, y) = min [z Sy|

For a connected subset A C Z¢ (not-necessarily a box @), the boundary JA is
defined analogously as OA = {v € A : w & A, (v,w) € F(29}, where E(Z%) denotes the
set of edges of the lattice Z?. Let 7 and 7(%) denote a pair of boundary configurations that
differ only at y € 9A. We are interested in how this change at y affects the distribution of
spins on a connected set A C A as a function of the distance from A to A. Let p-(0(A))
denote the marginal distribution of p, on the set A. We say that the system has the
strong spatial mizing property if there exist constants ¢, m such that, for all A C Z¢, the
following condition holds, for all A C A and y € JA,

max dry (u7 (0(A)), 17" (0(A))) < ce™m A,

7'77'(3/) -

Frigessi, Martinelli, and Stander [FMS97] prove that the strong spatial mixing
property implies that the Glauber dynamics has mixing time O(nlogn) for any connected
subset A C Z% Their result builds upon work of Stroock and Zegarlinski [SZ92] and holds
for all of the models we have introduced. In [SZ92] there are related conditions for the
reverse implication, but these involve a different measure of distance from stationarity.

For completeness, we include the following proof, based on ideas in the work of
Martinelli and Olivieri [MO94], that a O(nlogn) mixing time of the Glauber dynamics
implies that the system is in the disordered phase. A sketch of the argument was explained
to the author by J. van den Berg. For simplicity, we specialize to the case of the zero
temperature anti-ferromagnetic Potts model whose configurations correspond to proper
colorings. It will be clear that the proof extends to other models of interest, such as the
hard core, Ising, and Potts models, and also generalizes to other lattices of interest, such

as the hexagonal and triangular lattices.

Lemma 11 For the zero-temperature anti-ferromagnetic Potts model on Z% with ¢ > 2d+
1, an O(nlogn) mizing time of the Glauber dynamics, for all Qr,, implies that the system

is in the disordered phase.

Proof: For Qp, = (V, F), fix a pair of colorings 7,7’ of the boundary d@Qr. The idea is
to compare p, and g by considering a pair of Markov chains (o), (1¢) with the Glauber
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dynamics having the respective fixed boundary colorings 7, 7/ and thus stationary distribu-
tions g and prr. We run these chains until they are close to their stationary distributions;
meanwhile, the chains are coupled to maintain (if possible) the same color at the origin.
Observe that under the stated condition ¢ > 2d + 1 there exists a pair of colorings og, 70,
with respective boundary colorings 7,7’ such that og(2) = no(x) for all @ ¢ 9Qr; these
are the initial states of the chains.

Let p;(O), pr(O) denote the marginal distributions of the spin at the origin O

in stationarity, and let
pi = Pr[o+(0) = 1:(O)].

We run the chains for T steps, a time sufficient for both to get within variation distance

1/L of the stationary distribution. We can then bound the variation distance between

pr(O) and p,(O) as follows:

dry{p-(0), u(0)}
< drvips (0),ar(0)} 4 pr + drv {nr(0), 112(0)}
< 1/ L+4pr+1/L,

where the second line follows from the triangle inequality. Therefore, in order to show
that the system is in the disordered phase, it is sufficient to show that ppr | 0 as L — oo.
Before defining the coupling that we use, recall the definition of the Glauber

dynamics for proper colorings. From a coloring o, the transitions o — ¢’ are the following:

[G1] Choose a vertex v uniformly at random.
[G2] Let o'(w) = o(w) for all w # v.

[G3] Let S, denote the set of colors that appear in the neighborhood of v. Choose ¢'(v)

uniformly at random from the set C'\ S,.

The coupling (o4, 7;) is the following: in step [G1] both chains choose the same
vertex v; while in step [G3], if S,, = 9, then both chains choose the same color for v,
otherwise they choose colors independently.

Let v ~ w denote a pair of adjacent vertices in (J7,. At time ¢, consider the vertex

v chosen in step [(G1] and suppose that oy_;(v) = n:_1(v) but o¢(v) # n(v). In order for
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this to occur, there must exist a vertex w ~ v such that o1 (w) # n4_1(w). Since initially
the only vertices that differ are on the boundary, there must exist a “path of disagreement”
from the boundary to v. More formally, let P denote a path (wg ~ wy ~ -+~ w; = 0)
such that wg € Q1 and similarly, let A denote a set of times (t; < --- < t;). We say the
event £(P, A) occurs if for all 0 < j <4,

or,—1(wj) = ne;—1(wy) and oy, (w;) # me, (wy).
Notice that

pt < Pr[E(P, A) occurs for some P, A] < ZPI’[E(P, A) occurs .
PA

In order for a specific event (P, A) to occur, at each time ¢; vertex w; must
be chosen by the Glauber dynamics in step [G1]. The probability of this occurring is at
most (1/2L)¢, and thus Pr[&(P, A)] < (1/2L)". Let £(P) denote the event that £(P, A)

occurs for some set of times A. Since the number of such sets A is at most (f), we get

< () ()" (k)

Finally, let £ denote the event that £(P) occurs for some path P. The number

the following bound:

of such paths of length 7 is bounded by the number of walks (with neighbors defined by
~) of length i that start at the origin, which is exactly (2d <>1)’. The minimum length of
a path from the origin to the boundary is L, and thus

Te(2d =1)\!
<3 (San)

From our assumption about the mixing time of the Glauber dynamics we have

T = O((2L)%log L log L) which implies the following bound:

Pr(e) <3 (ed(2d @.1) log? L)

; 1
1>L

Since this sum tends to 0 as L — oo, the proof is complete. n
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Chapter 3
Sampling Colorings

3.1 Introduction

Recall that a proper g-coloring of a graph G = (V, F) is a labeling o of the
vertices with colors from the set C'={1,..., ¢} where neighboring vertices have different
colors. Mark Jerrum [Jer95] proved that the Glauber dynamics, defined in the Synopsis,
is rapidly mixing when the number of colors is at least twice the maximum degree A of
the input graph.

This 2A barrier also arose in related work in the statistical physics community
showing that the zero-temperature anti-ferromagnetic g-state Potts model is in the disor-
dered phase. In particular, Roman Kotecky (cited in [Geo88, pages 148-149,457]) showed
that the system is in the disordered phase when the number of colors is greater than twice
the degree of the lattice (i.e., k > 2A = 4d for Z9).

In both settings, this 2A barrier was broken in specific instances by computer-
assisted proofs which analyzed a huge number of cases. Jesus Salas and Alan Sokal broke
the barrier for several two-dimensional lattices [SS97]. They proved that the system is
in the disordered phase for seven-colorings of the square lattice, four-colorings of the
hexagonal lattice, and six-colorings of the Kagome lattice. Their proof for the square
lattice, for instance, requires the computer analysis of 7% cases.

Bubley, Dyer, and Greenhill [BDG98] proved rapid mixing of the Glauber dynam-
ics with five colors when A is at most three and seven colors on triangle-free four-regular
graphs. Their proof relies on the computer solution of several hundred linear programs

for the A < 3 case, and over 40,000 programs for triangle-free 4-regular graphs.
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In this chapter, we prove theorem 1 which breaks the 2A barrier for arbitrary

graphs. This result appeared in [Vig99b].

Theorem 1 When g > %A, where A is the mazimum degree of the graph,
(a) the flip dynamics is rapidly mizing with mizing time O(nqlogn); and

(b) the Glauber dynamics is rapidly mizing with mizing time O(n?qlognlogq).

The fact that the zero-temperature anti-ferromagnetic Potts model is in the dis-
ordered phase follows directly from the theorem since lemma 11 easily extends to the flip

dynamics.

Corollary 2 The zero-temperature anti-ferromagnetic g-state Potts model on Z¢ is in the

disordered phase when q > 13—1d.

This beats the previously known bound of k > 4d for general d. Moreover, the
result can easily be extended to other lattices that are commonly of interest, such as the

hexagonal and Kagome lattice (see [SS97] for illustrations of these lattices).

3.2 Markov Chain

The state space € of the Markov chain for the flip dynamics is the set of all
proper k-colorings. We need some notation before specifying the transitions of the chain.
For a coloring o, we will refer to a path v = x9,21,...,2; = w as an alternating
path between vertices v and w using colors ¢ and o(v) if, for all 4, (2;,2;41) € F and
o(z;) €{c,o(v)},0(x;) # o(xi41). Welet S, (v, ¢) denote the following cluster of vertices.

there exists an alternating path between
Se(v,¢) = < w| ‘
v and w using colors ¢ and o(v)
Also, let S, (v,0(v)) = (. For every vertex z in the cluster S, (v, ¢), notice that S, (z,¢) =
Se(v,¢)if o(2) = o(v) and otherwise S, (z,0(v)) = S, (v, ¢).

For a coloring o € €, the transitions ¢ — ¢’ are defined as:

e Choose a vertex v and color ¢ uniformly at random from the sets V', C respectively.
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o Let a=|S,(v,c)l.
With probability 22, “flip’ cluster S, (v, ¢) by interchanging colors ¢ and ¢ (v) on the
cluster.

The reason for dividing the flip probability by « is that, as observed above, there
are exactly a ways to pick the cluster (one for each of its elements). Thus, a cluster is
actually flipped with weight p,. The parameters p, will be defined later.

Observe that for every vertex v, the flip of cluster S,(v,o(v)) does not change
0. Thus, the Markov chain is clearly aperiodic since P(o,0) > 0 for all o € Q.

As for irreducibility, it is sufficient to assume flips of clusters of size one have
positive weight, i.e., p; > 0 and £ > A + 2. To go between an arbitrary pair of colorings
simply consider an ordering of the vertices and attempt to recolor the vertices in that order.
When recoloring a vertex, if some neighbors have the desired color then first recolor those
neighbors to an arbitrary color which does not appear in its neighborhood (this requires
that £ > A 4 2). We are guaranteed that after we give a vertex its desired color, it will
not interfere with the recoloring of later vertices in the ordering.

To see that the chain is symmetric and thus the stationary distribution 7 is
uniform, let ¢’ denote the coloring after a flip of cluster S, (v, ¢). Then it should be clear
that a flip of cluster S,/ (v, o(v)) recovers o.

To complete the description of the chain, we specify the parameters p,. They

afep1:17p225 and for o > 2,

= max(0, B elpy Ly ]
Poe=Max{B, n =710 T 5 o2

)

Specifically, ps = %,p4 = %,m = %71)6 = 81—4,and Po = 0 for o> T7.
The key properties (which will emerge in the analysis) that determined the set-

tings for these parameters are
o 2(i 1)p; + paiy1 < 2, and

o (jol)(pjepjt1)+i(piepitr) < %. This is true because (j<1)(p;<pi+1) < %,i(pi<:>
pit1) < p1epr =5,

Other useful properties of these parameters that we utilize are that ip; < p;y =1, (i<1)p; <
2ps = £, (iec)pi < % for ¢ > 2.
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3.3 Analysis

Recall the setting of the path coupling theorem. To use the theorem we need
to define a metric ® on £ x Q such that there exists a path between an arbitrary pair
of states o, 7 where the length of the path is exactly ®(o, 7). We let ® be the Hamming
distance which is the number of vertices that are colored differently in the two states. For
neighboring states o, 7, observe that ®(o,7) = 1. Consider a coloring ¢ where o(v) =
1,0(w) = 2 for adjacent vertices v and w. Let i denote the coloring which is identical to
o except n(v) = 2, n(w) = 1. Thus, (o, 7) = 2 but the shortest path in © between these
states is of length three.

In order to apply the path coupling theorem, we redefine the state space of the
Markov chain. Let the set Q@ = C'V, i.e., the set of all (not necessarily proper) k-colorings.
Now there exists a path of length ®(o,7) between an arbitrary pair of states o and 7.
The definition of the clusters S, (v, ¢) and the transitions of the chain are identical for this
enlarged state space.

Observe that if we start the chain at a proper coloring, we only visit proper
colorings. Also, if we start at an improper coloring we eventually reach a proper coloring.
(To see this simply reconsider the earlier argument for irreducibility.) Therefore, the only
states with positive weight in the stationary distribution are proper colorings and the chain
is still uniform over these states. Also, a bound on the mixing time of the chain on this
enlarged state space will give the same bound on the mixing time of the chain restricted
to just proper colorings.

To now use the path coupling theorem to get a bound on the mixing time we
must first define a coupling for neighboring states o,7. Then we need to show that the
expected change in ® = ®(o,7) under this coupling is negative. For the remainder of the
analysis let & and 7 denote a pair of neighboring states such that they only differ at vertex
v.

Recall that for every cluster S, (z,c) there is exactly one equivalent cluster in-
dexed by each vertex y € S, (v, c). Also, this cluster is flipped with total weight p, where
a = |9, (z,c)]. Thus, when analyzing E[A®] we just have to consider this cluster being
flipped with weight p, as opposed to considering the cluster being flipped with weight
Po/a for each vertex y in the cluster.

Notice that in order for a cluster S(z,¢) to be different in the two colorings
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o,7 it must involve v, either v € S,(z,¢) and/or v € S;(z,c). Recall that if v €
So(x,c) then there is an equivalent way to index the cluster with vertex v. Suppose
v & Sy(x,¢),v € S-(x,¢). We then know that the cluster S(z,c¢) is composed by col-
ors 7(v) and ¢’. Furthermore, there exists a neighbor w of v such that: w has color ¢,
Sr(w, T(v)) = S-(z,¢) = 5-(v,), and S, (w,7(v)) = S, (z,c). We can conclude that the

set D of clusters that might be different in the two chains are
o Sy(w,7(v)),S;(w,o(v)) for any neighbor w of v,
o Sy(v,¢),S;(v,c) for any color c.

The moves that attempt to flip a cluster in D turn out to be the only moves that
the analysis needs to consider. In particular, suppose the coupling between moves in o
and 7 is simply the identity, i.e., each chain attempts the same move. The flip of a cluster
S ¢ D does not change ® since S is the same in both chains before and after the move.
Our coupling is in fact the identity for moves that flip clusters not in D. Before stating
the coupling for all moves, we partition the set D as follows. Notice that the clusters in
D are composed of colors o(v) or 7(v) and at most one other color ¢. We partition D into

sets D, based on the other color ¢ as follows, let

v e = {wlo(w)=c,wis aneighbor of v},

D. = S;(v,¢)US-(v,¢) U{Uper {S(w, 7(v))U S (w,o(v)}}.

The only sets D, that might have non-empty intersection are D,(,) and D,
which both consist of clusters composed of colors (v) and 7(v). We ignore this issue for
now, and address this special case (*) in the analysis. Note that the sets D, vy, Dr(v) are
simply a byproduct of redefining the state space to all (not necessarily proper) colorings.

Before defining the coupling, observe that we can think of it as a function f from
a move in ¢ to a move in 7, i.e., we choose a move in ¢ and f defines the coupled move in

7. From a move in ¢ that flips a cluster .5, the coupling f is

e For S ¢ D, f(S) =S5, i.e., moves that flip clusters not in the set D have the identity

coupling.

e or S € D, f(5) € D.. Moves in the set D, for o are coupled with moves in the

same set for 7.
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The specific coupling for flips of clusters in the set D. will be defined later in the
analysis. Since flips of clusters in D, are coupled together for the chains, we can denote

the effect of these moves by
E[Ap,] = F[A®|c and 7 flip clusters in D.].

Recall that for clusters S ¢ D, moves that flip these clusters do not change ®. We then
have that

nkE[A®] =) E[Ap, 9]
The key component of the analysis is the following lemma. Let é. = |, .|.

Lemma 12 For each color ¢ € C,
(a) If 6. =0, then E[Ap ] < <l.

(b) If 5. > 0, then E[Ap @] < L5 <1,

6 “C

Based on this lemma, we get our main result.

Proof of Theorem 1(a):

Let § = 6(v) denote the degree of vertex v. Observe that the number of colors
¢ with §, = 0, i.e., that do not appear in the neighborhood of v, is exactly k <4 +
> er:5.,50(0 1) Together with the lemma this implies that

nkE[A®] < <k + 16—15.

Recall from the path coupling theorem that we need to bound 3 such that E[® (041, Ti41)] <
BP(oy, 1) for all oy ~ 7. Letting 0 = o4, 7 = 7, we have a bound on E[A® (o, 74)]. Since

E[®(o41,Te41)] = ®(oy, 1) + E[AP(0y, 7¢)] and P(oy, 7)) = 1, thus, § < 1 & —=4

Applying the path coupling theorem stated earlier we get the following bound when
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k> YA,

< roriy los2en)

o] =

Proof of Lemma 12:

(a) Observe that D, = {5, (v, c)US,(v, ¢) } and furthermore, S, (v, ¢) = 5;(v,c) =
{v}. Since each chain has only one cluster in D,, the coupling for the move that flips the
cluster in D, is obviously just the identity. This move might only change v and after the
move we know that o(v) = 7(v) = ¢. Thus, E[Ap @] = <l.

(b) Let wy,...,ws, denote the set , . of neighbors of v with color ¢. All of the
clusters in the set D, are composed of colors ¢ and o(v) or ¢ and 7(v). In fact, the clusters

in the set D. have the following relationship:

For ¢ # o(v),
Se (v, ¢) = {U; S (wi, o (v)) U {v}
For ¢ # 7(v),
Sr (v, €) = {U; S5 (wj, 7(v)) U {v}

Note that in the case when ¢ = o(v), we have S,(v,¢) = S-(w;,0(v)) = 0.
Similarly ¢ = 7(v) implies that S;(v,¢) = Sy (w;, 7(v)) = 0. As mentioned earlier it may
also occur that D,y N D,y # 0. We ignore this special case (*) until the end of the
proof.

For a color ¢, all of the clusters in the set D. might not be distinct. It may
occur that S;(w;, 0(v)) = S;(wy, 0(v)) or similarly for S, (w;, 7(v)). We do the follow-
ing to insure that we consider the flip of each cluster exactly once. If S;(w;,,o(v)) =
Sr(wiy,0(v)) = -+ = S;(wy, 0(v)), redefine S-(w;,,o(v)) =0 for all 1 <" < [. Similarly
for S, (w;, 7(v)).

To define our coupling, we need to distinguish the largest of the clusters S (w;, o(v))
and also of the clusters S, (w;, 7(v)). Let a; =[S, (w;,0(v))], A =[5 (v,e)] <14+ . a;.
In fact, A = 14 >, a; for ¢ € {o(v),tau(v)}. Similarly, let b; = |S,(w;,7(v))|,B =
|S-(v,0)] <14 E]‘ b;. Also, let amax = max; a; and imay is the corresponding index for

Amax (similarly for bymay and jmax). For colors ¢ # o(v), note that amax > 0, while for
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¢ # 7(v), bmax > 0. In the case when ¢ = o(v) we have A = apax = 0 and for ¢ = 7(v),
B = byax = 0.

We can now state the coupling for moves in M.. The idea is to couple the big flips,
Se(v,¢) and S, (v, ¢), with the largest of the other flips, S;(w;...,o(v)),So(wjn.., T(v)).
Then for each w;, couple together (as much as possible) the remaining weights of the flips

So(w;, 7(v)), Sy(w;, o(v)). More precisely, the coupling is the following:
I with weight py, flip S, (v, ¢) and S; (w;,,,.,o(v)).
IT with weight pg, flip S;(v,¢) and S, (w;,..., 7(v)).

IIT For each wy,

Let ¢; (¢]) denote the remaining weight of the flip of S, (wy, o(v)) (S5 (wi, 7(v)) re-
spectively). Specifically, let

q Pa; <PA if { = imax
l g
Pa, otherwise

Pb, < PB if [ = jmax

Db, otherwise
ITIa with weight min(g;,q;),
flip S, (wy, 0 (v)), S, (wy, 7(v))
ITIb with weight ¢ <min(q, ¢),
flip - (wy, o(v))
ITIc with weight ¢] <min(q,q)),
flip S, (wy, 7(v))

Let us analyze the effect of each of these coupled moves. After coupled move (1),
the colorings are still identical on the cluster which before the move was S, (w;,,.,0(v)).
Thus, their Hamming distance has increased by at most A <apax <1. Similarly, coupled

move (lI) increases the Hamming distance by at most B <byay < 1.
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For coupled move (Illa), since both flips effect w; this move increases the Ham-
ming distance by exactly a;4b;<1. Whereas, moves (I111b) and (Illc) increase the distance
by a; and b; respectively. Let us use a function f(w;) to denote the effect of moves (Illa),

(I1Ib), and (Illc).

f(w) = aiqi + big; <min(q, q7)
We now have that

E[Ach)] S (A = Umax <:>1)PA + (B <:>bmax <:>1)pB

+> fw) (3.1)
1

We divide the remainder of the analysis into three different cases depending on
the value of é..

e Suppose that §. = 1.

The situation is fairly simple: A < a1+1, B <bi+1,q1 = po, ©pa, q1 = po, SPB.
Without loss of generality, assume that ¢; > ¢;. From (3.1), we get the following bound

E[ADCCI)] < (pa1 <:>pA) + (bl <:>1)(pbl <:>pB)
< a (pal <:>pa1+1) + (bl <:>1)(pbl <:>pbl+1)

The second key property of the parameters p, gives us the intended bound

E[Ap, @] <

Sy Ot

e Suppose 9. = 2.

The following claim dramatically simplifies the situation.
Claim 13 When §. = 2, F[Ap @] is mazimized for ay = az = a <3 andby = by =b=1.

We can now calculate f(wy), f(ws), and E[Ap ®].

flw) = (ael)p,+bpy = (a1)p,+1
fws) = (a=1)(pa<pa) + b(py <pB)
E[Ap,®] < (Ae2a)psa+ (Be2bel)pp+ 2(as1)p, + 2bpy

= 2(0@1)])@ + P2a+1 + 2
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From the first key property of the parameters p;, we have our intended bound on
E[AD0¢]7

2 11

e Suppose that §. > 2.

Consider the following definition
g(wi) = aipa, + bipe, <min(pa,, py,)

Notice that g(w;) = f(w;) for l # imax, { # jmax. Let uslook at f(w;,...), f(wi...)-

Supposel = imax = jmax-

f(wl) = Omax (pamax <:>pA) + bmax(pbmax <:>PB) <min (pamax —PA; Pbrax <:>PB)
S amax(pamax <:>pA) —I_ bmax(pbmax <:>pB) ﬁmln (pama)c?pbmax) —I_ pA —I_ pB

g(wl) + pA(<:>amax + 1) + PB (ﬁbmax + 1)

Similarly when ¢max # Jmax, We get that

f(wimax) —I_ f(wjmax) S g(wimax) —I_ g(wjmax) —I_ pA(<:>amaX —I_ 1) —I_ pB (ﬁbmax —I_ 1)

Thus, we can bound the sum of f(w;) in terms of the sum of g(wy),
> fw) > g(wn) + pa(Stmas + 1) + p5(Ehmas + 1).
l l
Plugging in this bound on the sum of f(w;) into (3.1) we get the following bound
E[AD.®] < (A ©20max)pa + (B S2bmax)pB + > _ g(wy). (3.2)
l

We observed earlier that for our settings of p;, (i <c)p; < I for ¢ > 2 (or of
course when ¢ = 0). Thus, (A ©2amax)pa, (B < 2bmax)pB < %. We can also easily bound
g(w;). Assume a; < b; and thus p,, > pp,. We then have

4
glwy) = aipe, + (bi=1)py, < p1+2ps = 3

Combining these bounds with (3.2) we can complete the case 6, > 2,

1 4
E[Ap ®] < =4 =4,
[Ap @] < 5+3

11
< F(SC <1 for 6. > 2.
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This completes the proof except for the special case (*) when D,y N D, # 0.
Let zq,... 1 6 () and yq,... s Y510 denote the respective sets , ,(,) and , (). In particular

it might occur that
So (i T(v)) = S5 (0, 7(v)), 5:(y5, 7 (v)) = Sr(v, 7 (v)).

In order for this to happen there must exist an alternating path between z; and y; using
colors o(v) and 7(v). In such a case, we let S,(v,7(v)) = S-(y;,0(v)) = 0. Notice that
the set D, () is still unchanged and in fact, it is the same as previously analyzed (with
A = a; = amax = 0) except that we now have B = E]‘ b; < 1+ Z]‘ b;. The previous
proof still holds in this case. For the set D,(,), assume j = 1 and we now have that
A= a = 0,B = bnax = 0; while for j > 1 we have a; > 0 (note that as before, if
S:(yj,0(v)) = S-(y;,0(v)), then we set S, (y;7,0(v)) =0.) We can complete the proof as

follows

11
E[ADT(v)q)] < Z ajpaj < (50 <:>1)p1 < F(Sc 1.
2S]S57(v)

Proof of Claim 13:
Without loss of generality, assume that p,,_. <pa < pp... <pPB and a1 = apax.
Considering f(w1),

(a1 1) (pa, ©pa) +b1(py, ©pp)  if b1 = bax

f(w1) = ‘
(a1 ©1)(pa, ©pa) + bipy, otherwise

Similarly, the other important quantities are

42Pas + b2 (pr <:>PB) <:>min(pa27p62 <:>PB) if b2 = bmax
f(wz) =

a2Pa, + b2pp, < min(pa,, ps,) otherwise

E[Ap.®] = (Aea; ©1)pa + (B ©bmax <1)p + f(w1) + f(w2)

Suppose that by = z,b; = y and we swap these values, i.e., let by = y and by = z.
Then E[Ap,] might change only from the min(,) in f(w;z). Thus, F[Ap ®] is maximized

when by = max(z,y), by = min(z,y). We assume from now on that b > by which implies
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the following simplified situation:

f(wl) = (al <:>1)(pa1 <:>pA) + blpbl7
f(w2) = A2Pq, + b2 (pr <:>pB) <min (pa27pbz <:>pB)7
E[Ap,®] = (Ae2a1)ps+ (B2by<1)pp + (a1 <1)py, + azpa,

‘I’blpbl + b?pr <min (pa2 sy Pby <:>pB)

We can complete the proof by considering the two cases for min(pq,, ps, <pB).

® Do, < pp, ©pp: We then have
E[ADCCI)] = (al <:>1)pa1 + (a2 <:>1)pa2 + (A <:>2al)pA
+b1pp, + baps, + (B <©2by < 1)pp.
Observe that (a; < 1)p,, is maximized for a; = 3, while (A <2a1)ps > 0 & a1 = az < 3.
Thus, the terms involving a; and ay are maximized for ¢y = ay < 3. Similarly, the
terms bypy, , bapp, are maximized for by = by = 1, while (B <2by < 1) < 0if by # by and
(B<=2by 1) = 0if by = by. Thus, the maximum of E[Ap,] is when by = by = 1 and

a1 = ap < 3 which completes the proof of the claim in this case.

Before considering the next case, note that when ay = a; = 3,061 = by = 1,
E[Ap, ®(3,1,3,1)] = 2p1 + 4ps.
® Do, > Db, =pp: In this case,

E[ADCCI)] = (al <:>1)pa1 + 42Pas + (A <:>2al)pA

+b1py, + (b2 = 1)y, + (B <202)pp.

The equation is symmetric in the pair (a1, az) and (bg, by). Considering the terms involving

a1, a2 we complete the proof as follows:

2p3 + p1 if a1 # a9

IN

(al <:>1)pa1 + 42Pas + (A <:>2al)pA X
0p1+p1+p3 ifar =a

1
< §E[AD5(I)(37 1,3, 1)]
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Remark

The proof showed that E[A®] < 0 when k& = 4 A. To show rapid mixing in this

case, we need to bound o = Pr[A® # 0]. The difficulty arises when a pair of states o, 7
are far apart in terms of ®, say ®(o,7) = n. Each vertex v may have 26(v) colors in its
neighborhood and thus no moves that decrease ®. By some recoloring of at most 1(5)(11)
1y e+l

neighbors of vertex v, we can guarantee v has some color available. Thus, « > (ﬁ) i

which implies the chain is rapidly mixing when the maximum degree A is a constant and

k=LA,

3.4 Comparison with Glauber dynamics

In this section, we prove theorem 1(b) by bounding the mixing time 7¢p of the
Glauber dynamics in terms of the mixing time 7, of the flip dynamics. The proof relies
on the comparison theorem of Diaconis and Saloff-Coste [DSC93] (see Randall and Tetali
[RT98] for other examples that use this theorem).

We present the comparison theorem in our specific setting where both chains
have the same state space €2, the set of proper colorings, and uniform stationary distribu-
tion. The theorem relates the underlying graphs associated with the transition matrices
Priip, Pop of the flip and Glauber dynamics respectively. For a reversible Markov chain

with transition matrix P, the underlying graph is G = (Q, E/(P)) where
E(P)=A{(o,7): P(o,7) > 0}.

Note that reversibility implies that G is undirected. For each move (o,7) €
E(Pt1ip), we define an associated path of moves in I/(FPgp). Instead of defining a canonical
path v,,, we define a set of fractional paths, called a flow (see Sinclair [Sin92] for an
analogous use of flows). Let v denote a path (no,m1,...,7%), where each (n;,m41) €
E(Pgp), with length |y| = k. For (o,7) € E(Pfup), let , - denote the set of paths from

o tor,

707':{7:770:0-77716:7—}‘

A flow is a set of functions f = f,, :, o» — RT where

Yy =1

vEl 67
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The idea is to define flows to minimize the (fractional) number of paths that

traverse any particular edge. In particular, for (n,£) € E(FPgp), we aim to minimize

Ape > W) Priplo, 7).

v€lor:
(me) ey

_ 1
B Pap (7775)

In our setting, observe that Pgp(n,&) > nl—k, while Pyp(0,7) < # In addition,
we will define flows such that if f(v) > 0 then |y| < K; for a positive constant Ky. This
will follow from the fact that the flip dynamics only flips clusters of size at most 6. We

can simplify the quantity A, as

Age < K1 Y f(y)- (3.3)
yEl o7
(mé&) ey

We are interested in the maximum over all edges,

A= max Ape.
(n,.€)EE(Psp)

We use the following theorem of Diaconis and Saloff-Coste [DSC93] (see [RT98]

for the details of adapting the original theorem into the form we present below).
Theorem 14 ([DSC93))

Tap < O(AT53,|Q])

Proof of Theorem 1(b):

Since |©2] < k", in order to prove the theorem it is sufficient to define a set of
flows such that A = O(1).

Recall that a move ¢ — 7 of the flip dynamics interchanges colors ¢ = ¢, and

¢ = ¢,. on a maximal two-colored cluster S =T UT' =T, UT._, where o(v) = ¢ for all

or
v €T and o(v) = ¢ for all v/ € T'. A natural idea for a path v,, consisting of moves in
the Glauber dynamics is as follows: recolor each v € T to an arbitrary color, then recolor
each v’ € T’ to color ¢, and finally recolor each v € T to color ¢’. The problem with
such paths is that by choosing an arbitrary color in the first stage, we have unnecessarily
increased the ‘load’ through particular edges. For instance, suppose that we always try to

choose color ’yellow’ as the arbitrary color; meanwhile we never choose 'red’, if possible.

An edge e of the Glauber dynamics that recolors a vertex to color yellow will have a large
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‘load’ (i.e., large A.); while an edge €’ that recolors a vertex to color red might have no
paths that traverse it (i.e., Ao = 0).
We instead divide the flow evenly among all such paths. In particular, denote

the set of available colors for vertex v as

F(v)=C\{o()u |J o(w)}.

wel'(v)
Let ¢ denote a set of colors for the set T where 9 (v;) € F,(v;) for each v; € T}
the set of all such sets 1 is denoted by W,,. Each ¢ € U defines a canonical path v, as

follows. (Fix an arbitrary ordering on the vertices V'.)
Stage i: Consider each v; € T' (in order), recolor v; to color ¥ (v;).
Stage ii: For each vertex v € T” (in order), recolor v’ to color c.

Stage iii: Finally, for each vertex v; € T' (in order), recolor v; to color ¢’.

For each ¢ € W, we define the flow along the path v, as

Tlvg) = 1/[¥or].

Notice that the paths are of length |T'|+|T'|4|T|. By the setting of the parameters
for the flip dynamics, we know that |T'| 4+ |T’| < 6 and thus all paths with positive flow

are of constant length.
In order to bound the flows f(), observe that |F,(v)| > k<A, where A is the

maximum degree of the graph. Since & > 16—1A, we have |V, .| = Q(k|T|) and hence

Fr) = Ok™). (3.4)

For an edge (1,§) € E(FPgp), we can simplify the quantity A,¢ by using the
upper bound on f(y). We partition the paths that traverse the edge based on the size of
the associated set T'. Let

Rz(nvg) = {7111 : (7775) € PWMQb € \IIUTv |TCTT| = Z}

Combining (3.3) and (3.4) we get the following bound. There exists a positive constant
K5 such that

Aye < KQZ |Ri(n,&)|/k". (3.5)
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It remains to bound the number of paths that traverse an edge (7,€) € F(Pgp)
(i.e., |Ri(n,€)]). Notice that a specific path + is defined by the sets of vertices T, T, colors
c,d, set of colors 1, as well as the colors o(z) for all z ¢ S (where S = T UT’). From
the coloring 7, we know o(z) = 5(z) for all ¢ S. We need to bound the number of sets
T,T' v and colors ¢, ¢ whose corresponding path traverses the edge (n,£). It turns out
that many of these sets or colors are fixed. In particular, suppose the move i — £ recolors

vertex v € V. For a path v, consider the stage during which we traverse this edge (7, &):

Stage ii: In this case, notice that ¢ = &£(v), ¢ = n(v). In addition, we know that v € T".
Recall that the cluster S = T'UT" is a maximal two-colored connected component
with |S| < 6. The number of such clusters which contains v is at most A®. Since all
the vertices of 7" have color ¢ or ¢ in 7, given a candidate set T the corresponding
set T’ is fixed. There are at most O(A') candidate sets T where |T| = i. For a
specific such set T', the associated colors 1 are fixed (as well as 7”). In particular,
for each w; € T', 1 (w;) = n(w;). Therefore, assuming that the edge (n, &) is traversed
during stage (i) of the path, then |R;(a, )| = O(AY).

Stage i: Observe that ¢ = 5(v), v € T, and ¢ (v) = &(v). There are at most k possible
choices for the color ¢/. Let T'\ {v} = Ty U Ty where the vertices in Ty have already
been recolored according to 1, while the vertices in T3 have not yet been recolored.
There are at most O(A|T1|) choices for the vertices in 7). For each w; € T;, we
know ¥ (w;) = n(w;). Each of the vertices in the set Ty (and T”) still have color ¢
(and ¢, respectively) in 5. Thus, for a specific set T}, we can determine the sets
Ty and T’. For the set Ty, there are O(k™2) choices for the associated colors .
Combining the number of choices for the color ¢’ and sets T}, ¢, we have |R;(c, n)| =

O (KM HTIAITY = O (k).
Stage iii: The situation is symmetrical with stage (i).

In general, we have |R;| = O(k'). Combining this with (3.5) implies A = O(1),

which completes the proof of the theorem. n
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Chapter 4

Sampling Independent Sets

4.1 Introduction

In this chapter we present the rapid mixing results for the Glauber dynamics on
the hard core model. Recall that for a graph G = (V| F), the measure pjg is defined on its
set € of independent sets weighted by a fugacity A > 0. Specifically, for all independent
sets o € €,

Alel
prs(o) = A

where 7 =3 o Mlis the partition function.
The Glauber dynamics for this model is the following. From an independent set

o, the transitions o — o are

e Choose a vertex v € V uniformly at random.

o Let
3 o1e by
r_) U{v} with probability e
o\ {v}  with probability 35

e If ¢’ is a valid independent set, move to state ¢’ otherwise remain at state o.

The main result of this chapter is the following theorem.
Theorem 3 The Glauber dynamics on the hard core model is rapidly mizing with mizing

time O(nlognA) when A < ﬁ, where A is the maximum degree of the graph. For

A = x%5, the mizing time is O(n’A?).
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The simpler proof for triangle-free graphs, shown in section 4.2, was joint work
with Michael Luby [LV99]. The case of arbitrary graphs is dealt with in section 4.3 and
appeared in [Vig99al. In an earlier work [LV97], we considered a more complicated chain
whose transitions acted on edges of the graph. In that paper, we proved rapid mixing of
this ‘edge’ chain for A < ﬁ. Independently of our improvement of this result, Dyer and

Greenhill [DG97] found a modified version of the edge chain which they proved is rapid

2

mixing when A < =

Their result also implies rapid mixing of the Glauber dynamics
for the same range of A, but gives worse time bounds.

Using lemma 11, the theorem immediately implies the following corollary.

_2

Corollary 4 The hard core model on Z% is in the disordered phase when \ < 575 -

For 79, it is widely believed that there is a unique critical parameter A, such that
the system is in the disordered phase when A < A, and in the ordered phase when A > A..
In two-dimensions, simulations suggest A. is about 3.79 [BETS80], but rigorous bounds on
Ac are much worse. Most lower bounds rely on showing the Dobrushin-Shlosman [DS85]
condition is satisfied. Using this approach, the best lower bounds are computer assisted
and show A. > 1.185 [KRS89, RS87, DKS85]. A different approach has recently been
used by van den Berg and Steif [BS94] who relate A. to the critical probability p. for site

Pc
l_pc :

The results we present are for general graphs and imply bounds on A. for other

percolation on Z?, proving that \. >

lattices of interest. Work in the statistical physics community has centered on ZZ2. For
this lattice their results are stronger than ours and imply fast convergence of the Glauber

dynamics for larger A than we prove.

4.2 Triangle-free graphs

We begin with the simpler proof of the theorem for triangle-free graphs.

4.2.1 Distance Function

For 0 € Q,v € V such that v € o, let 0, = ¢ U{v} and let §, denote the degree
of vertex v. The obvious idea for a distance function ® between states o,0, €  is §,,

the Hamming distance weighted by degree. Our distance function is a natural extension
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of this. Consider a vertex w which is a neighbor of v. We call w blocked if it has a
neighbor which is in both independent sets. Suppose the next move of the Markov chain
attempts to add w into the independent set. This might only work in one of the chains,
causing an increase in the Hamming distance . Notice that this bad situation occurs if
w is not blocked. Otherwise, this move is blocked from occurring in both chains. Our
distance function is simply the weighted Hamming distance minus a constant ¢ < 1 times
the number of blocked neighbors of v.

Specifically, for ¢ = ﬁi?, our distance function ® is as follows. We use , (v) to

denote the set of neighboring vertices of v. Denote the set of blocked neighbors of v by
B(o,v)={w:we€, (v),, (w)No#0O}.
The distance function for neighboring states o, ¢, is
®(0,0,) = 8, c|B(o,v)|.

Recall that p(o, n) denotes the set of simple paths between ¢ and 7. For arbitrary states

o,n, we define the distance function as

TEp(o,m

Plo) = min > B(riTira).
This distance function ® clearly satisfies the following conditions for all o, € €2

and thus is a metric:

o O(o,n) < ®(0,8) + ®(&,n) for £ € Q. This is true since ®(o,n) is defined as a

minimum over all paths including those going through €.

® &(o,n)=P(n,0)

o &(0,n) > 0 which follows from ¢ < 1 and thus ®(o,0,) > 6,(1 ©¢) > 0 for all
0,0, € Q.

o $(o,n)=0 < o=1.

4.2.2 Analysis

For & = ®(o,0,), we now analyze E[A®]. Our coupling is simply the identity,
i.e., each chain attempts the same move. Notice that the only moves which might affect

® either transition on v, a neighbor of v, or a neighbor of a neighbor of v. Let,
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FE[AT*®] = FE[A®|Markov chain attempts to add z into the independent set]
E[AT*®] = F[A®|Markov chain attempts to remove 2 from the independent set]
A 1
E[A"®] = —FE[AT"®]+ —E[A™"®].
A®] = AT 4 A
This gives,

E[Acp]:l E[A'®]+ > E[A“®]+ ) E[A"P]
K wel'(v) zel'(C(v))

Consider a move which

e transitions on v:
Since all neighbors of v are out of both independent sets, a move which transitions

on v works in both chains. Afterwards, both chains are in the same state. Thus,

FE[AT"®] = E[ATY®] = 4, + ¢|B(o, v)],
E[AY®] = <5, + ¢|B(o,v)].

e transitions on w, where w is a neighbor of v:

Since w is in neither independent set, E[A™"®] = 0.

Consider the move which attempts to add w into the set. Suppose w is not blocked.
This move only works in the chain in state . To determine the effect of this move

for such a w, observe the following:

E[ATY®] = ®(0y, 0,) ©P(0,0,),
®(0y,0,) < P(oy,0) + P(o,0,),
O(0y,0) = 0, c|B(o,w)].

Combining these give E[ATY®] < §,, <¢|B(0, w)].

Note that,
H_LA(&VU <c|B(o,w)|) if w¢ B(o,v)
0 otherwise.

E[A"®] <
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e transitions on z, where z is a neighbor of a neighbor of v:
Suppose z is in both independent sets and consider the move which removes z from

both sets. This move may unblock a vertex w. The set of such w are
a, ={w:w e B(o,v),, (w)No={z}}.
We have,

azle fzé€eo
E[A™®] = 2|
0 otherwise.
Consider the case when z is in neither independent set. Since the graph is triangle-
free, v is not in the neighborhood of . Thus, the move which attempts to add =z
into the independent set works in both or neither set. In particular, it works in both

chains if no neighbor of z is in either independent set, i.e., , (z) No = @. The only

possible effect of such a move is to make a vertex w blocked. The set of such w are

Br=Aw:we, (v)N, (z),w ¢ B(o,v)}.

Thus,
piavegy 2 | ARl i e =0
0 otherwise.
Combining these,
ﬁ_&'c ifzco
EA"9] =< e e do, (1)no=0
0 otherwise.

We now collect terms of F[A®]in a manner that divides the contribution from
z over its neighbors w. Note that for any such z, either F[AT*®] or F[A™*®], but not
both are non-negative. We can amortize these over those w € «a, or w € 3,. Notice that
a blocked (unblocked) vertex w can only be in a, (3., respectively).

For a blocked vertex w in the neighborhood of v, let

J(w)y=A{z:2 e, (w)\ {v}we a,},

E[A™®] = FE[AY®]+ Z
zel(w

E[A*®].
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Similarly, for an unblocked vertex w in the neighborhood of v, let

7/(w):{x:$€ ) (w)\{v},weﬁxL

E[A*®] = FE[AY®]+ }:
zel(w

E[A*®].

We now have that
1
F[A®] = — | E[AY® E[A™ O
a#)= 7 |Plael+ 3 A

We can bound E[A*"®] as follows.

e Suppose w is blocked.
We know that EF[A*®] = 0. We also know that it can be in «a, for at most one z.
Thus,

E[A™®] <

c
L+ X
e Suppose w is unblocked.
For each neighbor @ of w (other than v), either z € B(o, w) and thus contributes to
E[A"®] or ¢ B(o,w) which implies , (z) N0 = @ and it contributes to E[A*®].

From these observations we have,

*W A A
EA™] = [0y @l Blo,w)]]+ > S
zel'(w)\B(o,w),z#v
A
= 1+/\[5 Sc|B(o,w)| (b, <1 <|B(o,w)])]
A
= 17 /\[5 (0, 1))

where the second equality is from noticing the summation is over a set of size exactly
0y ©1 < |B(o,w)|. From algebraic manipulations and our definition of ¢ we have

that
24+ Nec=MAsc(Ae]) > Ay (b 1)).

This implies that if w is unblocked then F[A**®] < H%A(Q + Ae.
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Using our bounds on F[A*"®] we have

n(1+ME[A®] = (1+)) [E[A"D]+ ) E[A™®]
wel'(v)

L+ N[ +eBlo,v)]+ Y et D 2+ N)]

wEB(o,v) wel'(v)\B(o,v)
= 1+ N+ D c@+N+ D 24N
wEB(o,v) wel'(v)\B(o,v)
= 1+ Ny, +0,c(2+A)

Oy
= Aog 2[/\(A =2) 2.

IN

Therefore,

1 8y [
n(l+A)AX+2

E[A®] < AMA <2) ©2].

Notice that E[A®] < 0 when A < x%.
We now want to use this bound on F[A®] with the path coupling theorem to
get a bound on the mixing time. Recall that the path coupling theorem uses a bound on

8 = maxs s, 85,0, Where

E[(I)(Ulv 01//)] = ﬁcr,crvq)(o'y Uu)-

We want to determine f3, ,, in terms of E[A®(c,0,)] = E[A®] as follows:

ﬁa,ayq)(gv Uv) = E[(I)(Ulv Ug)]
(Bos, ©@1)®(0,0,) = E[®(d,0))] =B(0,0,) = E[AD]
E[AD]
ﬁcr,crv = 1+ P

Observe that by our definition of ® we have ® < §,. From this observation and
our bound on F[A®] we get a bound on 5:

1 MAE2)e2
n(l+A) (AX+2)

B<1+

The path coupling theorem needs a bound on 3 and for ® to be integer valued on
{0,...,D}. At the moment, ® can have fractional values since ¢ is not an integer. Simply

consider ¢’ = % which is integer-valued. Since, ®(o,0,) < 6§, < A, we have ®(o, ) < nA



46

for arbitrary o, € Q. Thus, D < %. Plugging these bounds on 3 and D into the path

coupling theorem we get that when A < ﬁ7

n(1+ A)(AXN+2) log(nAQe)

<
r= 2 e AA 2) c

Using the fact that A > 3, A < ﬁ, we get A < 2,AA < 6,¢ > % We can now

simplify the bound on the mixing time. For A = (1 @a)ﬁ, where « is positive,
4
T(e) < A8n log(nA)
o

This completes the proof of the theorem for the case of triangle-free graphs.

4.3 Arbitrary Graphs

In this section, we prove the theorem for arbitrary graphs. Throughout this sec-
tion, we consider an arbitrary pair of independent sets o, n and will omit obvious references
to them as parameters to functions. We begin with some notation. Let D denote the set
of disagree vertices, i.e., D is the symmetric difference between o and 5. The set of agree
vertices is A =V \ D. We use D, =, (v) N D to denote the disagree neighbors of a vertex
v and d, is the cardinality of D,. Similarly, 4, =, (v) N A.

Let ¢ = ﬁi?. We now define a distance function between o,n € Q:

6, ifvebD
o, =
0 otherwise
<ed, if there exists a neighbor w of v such that w € o, w € n
By =< <c(d,<1) if there is no such w and d, > 1
0 otherwise

® =3 la,+f).

v

We use the following theorem, the proof of which is the same as theorem 9.
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Theorem 15 Let ® be an integer-valued metric defined on 2 x € which takes values in
{0,...,D}. Suppose there exists a positive 3 such that for all o,n € Q there exists a
coupling (o4, ;) of the Markov chain with

E[®(0141, ni41)] < BP(0r, 1)

If B < 1 the mizing time is bounded by
< log(QeD)‘
lep
If 3 =1 and there exists a positive o such that, for all t and arbitrary o¢,n: € €2,

Pr[® (041, mi41) # (o0, mi)] > «,

o(2)

We now analyze the expected change in ® from the next transition of the Markov

then the mizing time is bounded by

chain. As before, our coupling is simply the identity, i.e., each chain attempts the same

move at every step. For simplicity, we rescale everything by a factor n(1 + A).
n(1+NEA®]=n(1+ ) E[Aa,] + E[AB,]

We first try to manipulate the terms in the expected change in ® to ease the
analysis. Observe that for a vertex v € A if each of its neighbors w are in A then we are
guaranteed that after the next move, v € A and thus e, is still 0. We can then amortize

the expected change in «,, over its disagree neighbors as follows,

S Eaa] =Y (E[Aoev] £y diE[Aaw]) . (4.1)

veD wEA, w

To simplify our accounting, we divide F[Afj,] as follows. Let,
E[AYj3,] = E[AB,|Markov chain transitions on w]

We then have the following from the definition of j3,,.

ZE[AﬁU] = ZEAwﬁv
Sp SR

v wel(v
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For an agree vertex w, we can now try to amortize the expected change in 3,

over its disagree neighbors,

SEs =" Y Eavs Y EAB Y Y BlATs). (42)

veD | wel'(v) wEA,y vEAwWEA,

Observe that the following is also true,

PIP IR

vEA wWEA,
D IDID I —E [A“S)+ > ) EIAYA]
veED weA, acEAw wWEA:dyw=0xEAy
S50 D DENCICIRES SRl NS R
veED weA, acEAw WEA zEA:d=0
Notice that if a vertex + € A and d, = 0 then after the move we are still

guaranteed that @ € A (both o and 5 have the same configurations on the neighborhood
of z). Consider w € A,z € A, such that d, = 0. Currently 3, = 0 and it can only
increase after one transition if d,, increases. We can conclude that F[A*3,] = 0 and
furthermore that
SO mpa)=% % éE[A“ﬂw]. (4.4)
WEA £€Ay:dy=0 vED wWEA £€ Ay :dy=0
Combining (4.2),(4.3), and (4.4) implies

v veD | wel'(v ) wEA, xeAw

+ > ;E[A“’ﬂw])]- (4.5)
$€Aw,dz=0 ¥

Using (4.1) and (4.5), we can divide the expected change in ® over the disagree vertices

as follows.

E[A®]=)"

EAa)+ > (bv(w)]

veD wel'(v)
where ¢, (w) is the following:
E[AY(5,] if we D
¢o(w) = ¢ FE[Aay]+ E[AY,] + E[AYS,)]

7= (Toen, PIAYBI+ e, ymo FIA"G,]) i we A
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The analysis will show that for each disagree vertex v, F[Aa,]+ ZwEF(v) ¢p(w) < 0 when

2

For the remainder of the proof, consider a disagree vertex v and without loss
of generality we assume that v € o,v € 7. Recall that o, = ¢,. Notice that the move
which attempts to remove v from both independent sets definitely causes v to agree and
has weight 1. We also know that the move which attempts to add v to both sets works in
both sets if d, = 0. This move occurs with weight A. Thus,

1+ N)o, ifd, =0

E[Aw,] = (4.6)
9, otherwise

Let w denote a neighbor of v € D, we analyze ¢,(w) based on the following cases:

e weD:

We know that w ¢ o,w € n and need to consider E[AY3,]. Notice that the move
that attempts to add w into both independent sets does not change o or 5; while
the move that attempts to remove w works in both sets. Since no neighbor of v is in
both independent sets, the move that removes w only changes 3, if d, > 1. In this

case, we then have that

c ifd,>1
¢y (w) = ” (4.7)

0 otherwise

e w € A and w has a neighbor z such that z € n:

In this scenario we have w ¢ o,w ¢ 1. Also, there are no moves that change the

configuration at w (since v € o,z € n). Thus for all neighbors z of w,
E[Aay,] = E[AYE,] = E[AY5:] =0

Now let us consider F[AY3,]. Notice that if d, = 0 then v agrees after the moves
which attempt to add or remove v from both independent sets. Whereas if d, > 0
then v only agrees after the move which attempts to remove it from both sets. In
the worst case, these moves cause 3, to increase by ¢,

c(l+A) ifd,=0

plavg,) < { UEY T

c otherwise.
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We still need to consider F[A*f,] where z is an agree neighbor of w and all the
neighbors of z agree. Attempting to add z to both independent sets can only decrease
3. Also, attempting to remove z from both sets can only have an effect if z is already
in both sets. In fact, if there is one such z that is in both sets, then removing it

from both sets might increase 3,, by ¢,

Y B8] <c

rE€A,,drz=0
Since ¢, (w) is maximized for d,, = 1, we have that

h(w) < c(24 ) ifd, =0

2c otherwise.

w € A, and no neighbors of w are in n:

We know that a,, = 0, w & o, w ¢ 15, but attempting to add w into the independent
set only works in 5. Thus, this move increases «,, by &,. Similarly, if d, > 0 this

move will decrease 3, by c.

E[Aay,] = Ay,

<ch ifd, >0
E[AY3,] = v ‘
0 otherwise
Now consider F[AY3,]. If d,, > 1 then the move which attempts to remove v from
both independent sets will increase f3,, by ¢. Whereas attempting to add v to both
sets does not effect 3.
c ifd,>1
E[AY5,] = v ‘
0 otherwise
Consider a vertex x € A,,. Furthermore suppose that z either has d, > 0 or it has
a neighbor which is in both independent sets. Then the move which attempts to
add w to both independent sets and causes w to disagree will decrease 3, by ¢. In
the other case where each neighbor of z is out of both independent sets, then the

move that adds z to both sets decreases 3, by ¢ and occurs with weight A. Thus,
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for all agree neighbors @ of w, either: (i) E[AYS,] = <X or (i) E[AYS,] = <A
and d, = 0.

STEAYB]+ Y E[ATBL] = €eh(8y &dy)

rEA, rE€A,,dz=0

For this case we have that

Aby A0y 1) ifd,=1,d,=0

b (1) Aby A0y 1) S ifd,=1,d,>0
v (W) =

i(/\&ﬂ S0y, ©dy)) + ¢ if d, >1,d, =0

i(/\&ﬂ &by, &dy)) +esek ifd, >1,d, >0

AX

Recall our setting of ¢ = z375.

We leave it to the reader to verify that once again the worst case is when d,, = 1.

b () < Aby A0y 1) ifd, =0
v w —
Aby ScA(by 1) <ch  otherwise

Notice that for our setting of ¢, the following are true:

2+ XN > Ay, &cA(b, 1)
2c > Aoy ©cA(dy, o) e

We then have that for w € A,

f(w) < (24 N ifd, =0 s

2c otherwise

e N

Using (4.6), (4.7), and (4.8), we have the following:

L+ AN+ 2+ A)cb, ifd, =0
EAa)+ D ¢u(w) <Q &b, +2¢(5, ©1) if d, =1
wel'(w) <0, + 2¢(8, ©dy) + dyc  otherwise

Using the facts that for d, > 1,

S(1+ Aoy + (24 A)ed, = <5, + 2¢(0, 1) > <6, + 2¢(6, ©dy) + dye
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Oy
AN+ 2

MAS2) 2] > (14 A)d, + (2+ A)cd,

Therefore,

BA9] < 1+ N %;i (; MA ©2) 2]

Notice that F[A®] < 0 when A < ﬁ. Using theorem 15, the remainder of the

proof proceeds as in the triangle-free case. n

Remark

When A = ﬁ we have that § = 1. To prove rapid mixing we need to bound

a = Pr[A® # 0]. For any disagree vertex v, consider the move that attempts to remove
v from both sets. This move reduces «, by d,; meanwhile, it might increase 3,, for each
w € , (v). Since ¢ < 1, we know that this move changes ® by at least 6,(1 <¢) > 0.
Therefore, o > ﬁ and from theorem 15 we conclude that when A = ﬁ,

3)2
7_:O(n/\ (1+X)

c2

) =oua
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Chapter 5
Torpid Mixing

5.1 Introduction

In this chapter, we prove the torpid mixing results on the Glauber dynamics
and the Swendsen-Wang algorithm quoted in the Synopsis . The work described in this
chapter is joint work with Borgs, Chayes, Frieze, Kim, Tetali, and Vu [BCF199]. The
Swendsen-Wang algorithm for the ferromagnetic Potts model is described in detail in the
next section.

Gore and Jerrum [GJ97] proved that the Swendsen-Wang algorithm is torpidly
mixing on the complete graph K, at the critical point . when ¢ > 3. Their arguments
were extended to random graphs by Cooper and Frieze [CF99]. For the most interesting
case of lattice graphs, however, only much weaker lower bounds on the mixing time were
known: specifically, Li and Sokal [LS89] proved that the mixing time is at least linear in the
number of vertices for finite boxes Qr, in Z?%. We prove the following theorem concerning

the torus 77, 4, which is defined in the Synopsis.

Theorem 5 For the ferromagnetic Potts model on Ty, 4 with d > 2 and sufficiently large
q, there exist positive constants ky, ky (which depend on d) such that if 5. = B.(q, d) is the

critical point:
(a) The mizing time 7gp of the Glauber dynamics for § > 3. satisfies

rap > ekl L/(log L)? )
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(b) The mizing time Tsw of the Swendsen-Wang algorithm at § = 3. satisfies

Tow > ekgL/(logL)2 )

We also prove the following related theorem for the Glauber dynamics on the hard
core model. Prior to our work, Dyer, Frieze, and Jerrum [DFJ99] proved the existence of

a graph for which the Glauber dynamics is torpidly mixing for sufficiently large A.

Theorem 6 For the hard core model on T, g4 with d > 2 and X\ sufficiently large, there
exists a positive constant ks (which depends on d) such that the mizing time Tqp of the

Glauber dynamics satisfies

rap > ekng_l/(logL)2‘

5.2 The Swendsen-Wang Algorithm

Consider a graph GG = (V, F) and the corresponding state space Q = {1,... ¢}V
for the ferromagnetic g-state Potts model. The Swendsen-Wang (SW) algorithm uses
the equivalence of the ferromagnetic Potts model and the random-cluster (FK) model of
Fortuin and Kasteleyn [FK72]. The FK-model is a probability distribution defined on
subsets of edges, i.e., Q = 2F. Tt corresponds to independent bond percolation where each
edge is present independently with probability p, but weighted by the number of clusters
in the resulting subgraph. More precisely, in the FK model with parameters p and ¢, the
probability of a subgraph S C F is

1911 ) ES1 € (5)
nrw(S) =2 ( é)) a (5.1)
FI

where C(9) denotes the number of connected components in the graph (V,.S) and Zpg is
the appropriate normalizing factor (partition fuction).

Setting p = 1 <exp(«<f) and keeping the same ¢ in both models, we get the
equivalence Z,,1s = Zpg. Edwards and Sokal [ES88] showed an interesting way to view
the Swendsen-Wang algorithm by defining a joint distribution pupxsw (o,.S) on colorings
and subgraphs. We will see this joint distribution as one of the intermediate steps in the
following proof that Z,,:s = Zrx. Let § denote the Kronecker delta function, which takes

value 1 if the specified condition is true and 0 otherwise. Moreover, let ¢ ~ j denote a pair
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of adjacent vertices and A, denote the set of monochromatic edges in the coloring o, i.e.,

={i~ jlo(i) = o(j)}. Then, from the definition of the Potts model 1.2 we have

Zpotts = Z exp(<:a@ Z 50(2);&0(]))

ogEl i~g
-3 ] e
o€l G(il);JU(J)
_ Z H 1 @p Z p|S|(1 @p)|Ao’\S|
i~ SCAO'
a(i)#o(9)
- T3 e 62
CTGQ SCAO'
= Y pPlaepPVl{ceca:5c 4}
SCE
_ Z p|s|(1 <:HD)IE\SI(]C(S)
SCE
= ZFK

The basis of the Swendsen-Wang algorithm is line (5.2) above. Define
Zrgsw =Yy pPl(1ep)PVl (5.3)
cEQ SCA,
This suggests a joint distribution on colorings and subgraphs:
p|s|(1 @p)'E\ShSSCA
ZFKSW

prrsw(o, S) =

The Markov chain for the Swendsen-Wang algorithm alternately generates a sam-
ple .S from the distribution ppgsw conditional on the current coloring ¢, and then gen-
erates a sample ¢’ from prrsw conditional on S. More precisely, from a coloring o, the

transitions ¢ — ¢’ are:

e Create a subgraph S C A, in the following manner: Independently for each {i,j} €
Ay, include {4,7} in the set S with probability p = 1 e™".

e Independently for each component C' of the subgraph S, choose a color ¢ uniformly
at random from S = {1,...,¢} and recolor every vertex in C' with color ¢. This

defines the new coloring o’.

As the reader may easily verify, this Markov chain is ergodic and reversible with stationary

distribution prrsw.
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5.3 Minimal Cutsets

In this section, we define minimal cutsets and present some technical lemmas
about such sets. For a connected graph G = (V, F), we let G’y denote the graph induced
on W C V. Moreover, we say that C' C W is a component of W if (' is the vertex set of
a component of Gy . As usual, we define a subset v C E to be a cutset if (V, E'\ v) is
disconnected. We define v to be a minimal cutset if all cutsets contained in 7 are identical
to . If v is minimal, (V, F'\ v) has exactly two connected components. For W C V, we
let W denote the complement of W, i.e., W = V \ W. We denote the set of edges between
two disjoint sets of vertices W and W’ by (W : W'). Finally, we use C(W) to denote the
set of connected components of W.

We consider the cutset 0W = (W : W) and decompose it as OW = Ucecw)dC'.
We will further decompose 0C into minimal cutsets, see Lemma 16 below. In order to

state the lemma, we introduce the sets
,o=1{(C:D)Decc(C)}y={(D:D)|DccC(C)}

and

Lemma 16 Consider W C V.

(a) Let C,C" be different connected components of W. There exist unique D € C(C) and
D' € C(C") such that D C D' or equivalently D' C D.

(b) For C' € C(W), 0C has a unique decomposition into minimal cutsets as 0C' = U er, 7.
(¢) If v, v €, (W) are distinct then they are disjoint.

(d) Let C and C’ be two (not necessarily distinct) connected components of W C V. If X

or X is a component of C and Y orY is a component of C" then

XNY=0,XNnY=0,XNY =0, or XNnY ={.

Proof:

(a) We will first prove uniqueness. Since C NC’ = @, ¢’ C C and C C C".
Furthermore, C is connected. Hence, there exists a unique D’ € C(C”) such that C' C D'.
For all D € C(C), C' C D. Therefore, if there exists a D' € C(C") with D C D', D' must

be the unique component containing C'. The uniqueness of D is proved similarly. Next,
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we prove existence. Let D’ be as above, so that D’ C C. Since C'U D" is connected for all
D" € C(C"), the set D' = C"U|J{D" € C(C") : D" # D'} is connected. As a consequence,
D’ ¢ C must lie in one of the connected components D of C.

(b) Obviously, dC' = Uqer,, is a decomposition of JC' into minimal cutsets of G
To prove uniqueness, assume that v C dC is a minimal cutset of G. Then there exists
a D € C(C) such that (D : D) C 7. Otherwise, C'U D is connected in G \ v for every
D € €(C), which would imply that G\ v is connected. Since v is minimal, (D : D) C v
implies (D : D) = 7.

(c) For cutsets v and 4’ corresponding to the same component C, disjointness
follows from the explicit form given in (b). Assume that vy N4’ # 0 for two different
connected components C' and C’. This would imply that dC' N dC”" # @, which in turn
implies that €' and C’ are connected in G, and hence in Gy . But this contradicts the
assumption that C' and C” are different connected components of Gy .

(d) Without loss of generality X € C(C) and Y € C(C’). We consider several

cases:
e If X =Y then XNY = 0.

o IfC'=C"and X # Y, then X and Y are different connected components of C' which
implies that X NY = 0.

o If C'# C’ then we use part (a) of this lemma. We condition on whether X and/or
Y are the unique D € C(C) and D’ € C(C") such that D C I

— X #D,Y # D' :Since Y C D’ and part (a) implies that X C D C D', so we
have that X NY = 0.

— X # D,Y = D': We saw in the previous case X C D’ and thus X NY = {.
The case when X = DY # D’ is symmetric.

— X =D,Y = D" Since X CY by part (a), XNY = 0.
|

Let v = (D : D) be a minimal cutset of (7, in particular D and D are connected.
We then define Int+y as the smaller (in terms of cardinality) of D and D. If D and D have
the same size, we can define Int~y as either D or D. For definiteness, we define Inty as

the one containing a fixed point z, € V. For a cutset v we define Exty = V' \ Int~, and
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for a collection , of minimal cutsets, we define the interior of , and the common exterior
of , as

Int, = U Int, and Ext, = m Ext .

Note that Int, U Ext, =V for all sets , of minimal cutsets. The following is a technical

lemma about the interior of cutsets.

Lemma 17 Let W C V.
(a) Let v,y €, (W). If IntyNInty' # 0, then either Inty C Inty" or Inty" C Int .
(b) Either W or W is a subset of Int, (W).

Proof:

(a) Let X = Inty and Y = Int4’, and assume without loss of generality that
X NY # (. Applying the previous lemma, we have three cases:

(i) X NY = 0, which is equivalent to X C Y,

(i) X NY = 0, which is equivalent to Y C X, and

(iii) X N'Y = 0 which is equivalent to X C Y. Notice that |X| > |V|/2 which
implies that |Y| > |V]/2 and |Y] < |[V|/2. This contradicts the fact that |Y| = |Int+/| <
|Y| unless equality holds, i.e. unless |Y| = |Y| = |X| = |X| = |V|/2. Together with
X C Y, this implies X =Y in contradiction to our assumption X N'Y £ ().

(b) We consider two cases. Suppose that for every C' € C(W) there is a cutset
v €, (W) with C' C Int~. Then, clearly

W= U CcC U Int .

cec(w) ~ET(W)

Suppose instead that there is C' € C(W) such that C' ¢ Int+ for all 4. Then since C'

is a subset of D for every component D of C, the interior of the corresponding cutset

v, = (D : D) must be D. Thus C' = Upee@yInt v, In particular, since C'is a component
of W,

WcCc U Int~y.
~eD(W)
|
Next we specialize to the torus 17, 4 = (Vp, 4, Er,4). Consider a set W C V, 4 and

a fixed minimal cutset v corresponding to W. For e € v we define a dual (d<1)-dimensional
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cube e* which is (i) orthogonal to e and (ii) bisects e, when 17, 4 is considered as immersed
in the continuum torus (R/Z)?. (In dimension d = 3, the two-dimensional dual cells are
referred to as plaquettes). We define a graph , * = (v*, £) where v* = {€*: € € v} and
(e7,€3) € ¥ iff e] N e is a cube of dimension d <2. The connected components of , * are
called the co-components of «v. These co-components are connected hypersurfaces of dual
(d < 1)-dimensional cells.

In the following, we will call cutsets with one co-component topologically trivial,
and cutsets with more than one co-component topologically non-trivial. Small connected
components which can be embedded in Z¢ give rise to cutsets with only a single co-
component, which are therefore topologically trivial. Topologically non-trivial cutsets
arise from certain connected components which are large enough to “feel” the non-trivial
topology of the torus. For example, the component C'={z € V4|1 < 2y < L/2} gives
rise to a cutset whose two co-connected components are two parallel interfaces, each of
which has size L', The following lemma will be useful in order to bound the number of

cutsets.

Lemma 18 (a) Given a fized edge e € Ey 4 there are at most v, v = min{3, d®*/7},
distinct co-components v of size k with e € 7.

(b) If a cutset is non-trivial, each of its co-components contains at least L~ edges.

Proof:

(a) This follows from the observation that the proofs in [Rue69] and [LM98] may
be applied without changes to the torus.

(b) We need some notation. Consider a set of edges X and its dual X*. Define
the boundary X of X* as the set of (d<2)-dimensional hypercubes which belong to an
odd number of (d < 1)-dimensional cells in X*. If 0X* = (), define the Z; winding vector
of X as the vector N(X*) = (Ny,..., Ng), where N, is the number of times X* intersects
an elementary loop in the i*" lattice direction mod 2.

Let X be a cutset, X = (W : W), where W C V. Let W C (R/Z)% be the
union of all closed unit cubes with center w € W. Then X™* is the boundary of the set W,
and hence 0X* = (). Obviously, each elementary loop must leave and enter the set W the
same number of times, implying that the winding vector of X™* is 0.

On the other hand, it is not difficult to prove that each set of edges X with
OX* = and N(X*) = 0 is a cutset for some set of points W C V, X = (W : W). Indeed,
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the assumptions 0X* = () and N(X*) = 0 imply that every closed loop in T}, 4 intersects
X™ an even number of times. Considering an arbitrary vertex wg € V and the set of all
“walks” of the form (wo,w1,...,wg), {w;, wiy1} € Er 4, we then define W as the set of
points which can be reached from wgy by a walk which intersects X* an odd number of
times.

Consider now a non-trivial minimal cutset v and one of its co-components 7.
Since ~ is a cutset, dv* = (). This property is inherited by all its co-components, implying
that 97* = . Obviously, N(5*) is different from zero, since otherwise ¥ would be a cutset
itself, in contradiction to the assumption that + is minimal. Let j be a direction for which
N;(¥*) # 0. Then ¥* intersects any fundamental loop in the j-direction an odd number

of times, giving that 4* contains at least L~ dual (d <>1)-dimensional cells. m

5.4 The hard core model

In this section, we give a proof of Theorem 6. We start with some notation. For
a bipartite graph GG = (V, E') we arbitrarily call the vertices in one part of the partition
even, and those in the other part odd. We write V,,., for the set of even vertices in V/,
and V44 for the set of odd vertices in V. We denote the collection of independent sets of
G by €. For an independent set I € Q, define W,44(1) as the set of vertices in or adjacent
to a vertex in the set I N V,4q with an analogous definition for We,., (/). We define the
set , 44 (1) as the set of minimal cutsets corresponding to Woqq(1), , oad({) =, (Woaa(1)),
and similarly for the set | .y, (I). Finally, for a cutset v, we define V() = U{Ly}ew{x, y}.

We present the following technical lemma for cutsets in this setting of independent sets.

Lemma 19 (a) Ify €, oqq(I), then V(y)N 1 = 0.

(b) For vy €, ,qa(l), the vertices in the set V() N Inty are either all even or all odd.
(c) For vy €, ,qa(l), there exists an independent set I, such that | ,q4(1,) = {v}.

(d) Fither INV,gq or I N Veye, is a subset of Int, ,qq(1).

Proof:
(a) We have to prove that {z,y} N1 = () whenever {z,y} € v C W, qa(l).
First notice that for an odd vertex v, v € Woqq(I) < v € I, whereas if v is even then

v € Wou4a(I) < v has a neighbor w € I. Suppose that @ € I,y ¢ I. If 2 is odd then
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z,y € Woqa(I). If z is even, then z,y &€ W,44(I). In either case, we have the contradiction
that {z,y} € OWoaa(1).

(b) If v € , paa(I), then v = (D : D) = (C : D) for some component C' of
Woaa(I) and some component D of C. As a consequence, either (V(v)NInt~y) C Woaa(I),
or (V(y)niInty) € Woga(I). If an odd vertex v is in the set W,4q(I) then v € T and
w € Wyoaq(I) for all neighbors w of v. Thus an odd vertex v € W,44(I) cannot be
incident to an edge in OW,q4(I). As a consequence, the vertices of V(y) N Int+y are even
if (V(y)NInty) C Weogq(I) and odd otherwise.

(c) If the vertices of the set V() N Int vy are even then let I, = (V,qq N Inty) U
(Vewen N Int ). Otherwise, exchange the sets Vogq and Ve, in the definition of .

(d) Lemma 17 implies that either

Wodd(l) C Int, odd(I) or Wodd(l) C Int, odd(I)-

Since I N Vogq C Woga(1) and I N Veyer, € Woga(l), the result follows. n

From now on, we specialize to the graph 17, 4. For a vertex v = (vy,...,vq4) €
V and a “direction” o € {£1,...,£d}, we define the shift o,(v) as the vertex with
coordinates v; for ¢ # |a| and v; 4 sign(a) (mod L) for i = |a|, where sign(a) = a/|al.
For a cutset v € , ,qq(I), we define v, = {(v,w)|(v,w) € v,v € Inty,w = 0,(v)}. The

following technical lemma is used in the proof of lemma 21.

Lemma 20 For any cutset v € , ,qq(I) and any direction o, |v,| = |v|/2d.

Proof: We first prove the lemma for d = 2. Let v* be the set of edges dual to the edges in
~. The set v* is a union of cycles, and each edge in the +1 or <l direction in any of these
loops is followed by an edge in the +2 or <2 direction by Lemma 19 (b). We therefore
have that |y;| + |y—i| is independent of the direction ¢. Since v is a cutset, |vy;| must be
equal to |y_;|, which implies the claim. For d > 2, we consider the intersection of Int~y
with a two-dimensional plane S({k;}) ={z € T | z; = k;, ¢ ¢ {1,2}}. Since also the points
in (V(y)NlInty)NS({k;}) are all even or all odd, the above arguments can be applied
to the intersection of v and S({k;}), implying that |y1| = |v—1] = |v2| = |y—2| since it is
true for the intersection of these sets with any of the hyperplanes S({k;}). Applying this

argument for an arbitrary pair of directions, we get the lemma. n

The next lemma is a generalization of a lemma first proved by Dobrushin in

[Dob74].
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Lemma 21 Let, be a set of minimal cutsets, and let Qr = {I :, C, caa(I)}. Then

p(Qr) <A™ 2qer(hvl/2d)

Proof: We first note that it is enough to prove there exists an injective map ¢r : Qp — Q
such that

u(1) = A= T bl g (1),

Indeed, given such a map, we have
pu(Qr) = A~ T2 g Qp)) < A- kil

In order to construct such a map ¢r, we introduce the partial order v < 7' &
Inty C Inty’. We then observe that, by induction, it is enough to prove that for any ,
and any v € , such that 4 is minimal in , with respect to the partial order, we have an
injective map ¢, : Qr — Qp\ ¢y such that p(/) = A=P2d (6 (1)),

We will now construct such a map. Consider I € Qp. Let ¢ = o,. The proof

holds for any choice of «. Defining
o(I)=({UNInty)Uo(I Ninty)U (Inty \ o(Inty)),

we will have to show that ¢, is an injection, that I’ = ¢, ([) is an independent set with
(') = p(I)AP/24 and that I’ € Qp\ (3.

The first statement is obvious from the fact that the three sets I; = I N Int~,
I =c(INlInty) and I3 = Inty \ o(Intvy) are pairwise disjoint (use Lemma 19 (a) to see
that I; and I are disjoint).

1;, Iy are obviously independent and the independence of I3 follows from I3 C
V(vy) and Lemma 19(b). To then prove that I’ is an independent set, we use that, again
by Lemma 19 (a), the sets I; U I; and [y U I35 are independent sets. It remains to show
that I U I3 is also an independent set. Consider v € Inty \ o(Inty) and w € o( N Int 7).
Then v ¢ o(Inty) and hence o_,(v) ¢ Inty. On the other hand, o_,(w) € I N Int~y.
Therefore, o_,(v) and o_,(w) cannot be adjacent by Lemma 19 (a), which implies that
v and w cannot be adjacent.

To prove u(I') = p(I)AP/24 we notice that [(I N Int~) U o(I N Inty)| = |1].
Thus ¢, has increased the size of the independent set by exactly |Int+ \ o(Int )| which is
|7—a| = |7|/2d by Lemma 20.
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To see that I’ € Qr\ {4y note that Woaa(I') = Woaa(I) \ Inty. There are two
possibilities for 4" € | \ {v}: Inty N Inty" = @ implying that dist(Int~,Inty’) > 2 and
I'NnInty’ = I'NInty’. Otherwise, Inty C Inty" implying dist(Intvy, Exty’) > 2 and
INnExty’ =1'NnExty. "

Lemma 22 Let Q(kq,..., k) be the set of independent sets I € Q which contain a set
of odd trivial cutsets of sizes ky,... ky. Then for a = miny<;<¢ by, b = max <i<¢ k; and

k=>t_, ki, we have
(k... k) < (e(bea+ 1)L/t (pA™t/dyE,

Let Q. be the set of I € Q such that | ,q44(1) contains at least one non-trivial cutset. Then

(Qe) < (Ld(’//\_l/zd)m_l)2 (Ld (V/\_l/zd)Ld_l)
HlSlpt) S 75, | €xXp —_— .

1 <pA—1/2d 1 opi—1/2d

Proof: To generate {~vy,...,v:} with |y;| = k;, we first choose edges ¢; in a certain fixed
direction, e.g. direction 1, and then cutsets 7; > ;. (Every cut set contains an edge in
direction 1 — see Lemma 20). In this way, each {71, ..., %} is counted H?:a t;! times, where

t; is the number of k; with k; = j. The previous lemma and Lemma 18 (a) yield

Ldt Dk
T ) e e (2 A L
Hj:a (t]')
(Note that it is safe to use the bound from Lemma 18(a) to bound the number of trivial

cutsets, since for each trivial cutset, the dual is a single co-component.) Since Z?:a t; =1,

Ton=11(2) = ey

]:a
and hence the result follows.

To prove the second statement, we use the previous lemma and the fact that each

non-trivial cutset has at least two co-connected components to bound

Z Z N1 12

n

Here the sum Z )y goes over minimal cutsets with & co-components. Using Lemma 18,

and the fact that there are at most L*? possibilities for the k starting edges for the k
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(%)

co-components of 'ynli , we conclude that

o] 1 %] k
we) < Yn( 2 pea )
k=2 " “y=pd-1
o - d N i
-2
< a2 pea)
k=0 g:Ld—l
which concludes the proof of the second statement. n

Lemma 23 Let 0 < a < 1, and let

Q,={1€Q: | ,qa(I) contains only trivial cutsets,
and ‘Int7 odd(I)‘ > aL).

If X is sufficiently large, say \Y/(24) > 200v/a, then
p(€2,) < 27wl s

for some constant ¢, depending on o and d.

Proof: For I € Q,, the isoperimetric inequality of Bollobds and Leader [BL91] implies
that |v| > |Int~v|(@=1/? and hence

Yo U > N inty|
V€l saall) V€l saall)
> | |J Intyl
v€lsaall)
> al?.

If there is a cutset in , ,qq(I) of size at least L?~!, then Lemma 22 directly gives the
desired bound. Assume all cutsets are of size at most L', Let , ;(I) = {y € , oaa(I) :
270 <y <27}, i =1,2,...,r = [logy L' + 1]. Then since Y%, & = 72/6, there exists
¢ such that

Z |7|d/(d—1) > CZLd/iz
~eTl: (I)

where ¢ = 6a/m2. Thus I is in Q(ky, ..., k) for some ¢ and ky, ..., k; with 2771 < k; < 2¢
and 22:1 k;l/(d_l) > L% Let s; = ¢ L4/(i224/(4=1). The fact that k; < 2' implies
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that t > s;. This together with Lemma 22 gives

() < DD (ks Ky))
=1 t>s;
< Z Z(€2iLd/t)t(V/\—1/(2d))E kj )
=1 t>s;
Since Y k; > 2i=1t and there are at most 2'* choices for ky, ko, ..., ki,
p() <D0 (e Ly (AT )T
=1 t>s;
< Z Z <6i222i2id/(d—1)(03)—1(V/\—l/(zd))zi—1>t
=1 t>s;
r . 1—1
< Z Z ([ei222¢2¢d/(d_1)]21—1VA_1/(2d)/CE)2 t7
=1 t>s;

.. 1—¢
where we have used the fact that (¢%)™ > 1in the last step. Bounding [ei222222d/(d_1)] 7T <

[ei2(16)i]21_i < [e(lGe)i]Ql_i < 16€? we see that for A large enough (e.g. for /24 >

32¢%v/ck) , one gets

p() <
=1 t>s;
< r21—022r_1Ld/(T’22rd/(d_1))
< 2—co¢Ld_1/(logL)2

We show next that if [ is chosen from the probability distribution (1.3), then |/]

is unlikely to be small.

Lemma 24 Let 0 < § < 1. Then

L_d —§/2\ L4

p(111< 168 2) < @as.
Proof: There are at most 2&° independent subsets in 77, 4 and so the weight of those of
size at most (1 <8)L4/2 is at most 2L°A1=9LY2 On the other hand, the set of all even

points has weight A2 The lemma follows immediately. n
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Lemma 25 For any p < 1, there is a constant c such that for X sufficiently large,

N(Hlﬂ Vodal <1 0 Veyen|| < pLd/Q)
< exp(ecy L’/ (log L)?).

Proof: Let § = (1 <p)/2. Lemma 22 and Lemma 24 imply that p(Q,:) and p(|f] <
(146)L%/2) are small enough. Moreover, Lemma 23 for o = (1p)/8 implies that u(Q,)
is also small enough. If none of the three events whose probabilities we discuss above
occurs, then |[I| > (1&38)L%/2 and |Int, ,44(1)] < L%(1 <p)/8. The latter and Lemma
19(d) imply that either |INV,qq| < LY (1p)/8 or [INV.pe,| < LU (14p)/8. This together
with the former yields that either

[N Voga| <IN Veren] = [ 2|10 Vegen|

> (1ed)Li2eLi(lep)/4

or
1IN Vepen| I N Voqal = 1] ©2]1N Vg4l
> (1e0)Li/2eLi(1ep)/4.
Since (18)LY/2 < L4(1<p)/4 = pL?/2, this concludes the proof. n

Proof of Theorem 6: We now partition 2 = Qgpd)d U Qg@ln U Q(p)t where

QW) = {1 €Q: |10 Vogg) ST Vepen| > pL?)2}
QW) = {1 eQ: [INVien| S/INV,aa| > pL?/2}
Q) = 0\ (@8, u 0k,

re; even

By the last lemma M(Qizgt) < exp(ec; L4t /(log L)?), and by symmetry M(Qgpd)d) =
M(Qéﬁln). Now consider the Glauber dynamics. Clearly, if I € Qgpd)d and I’ is obtained by

() |yl

a single transition then I' € Q% N

Theorem 10 in Chapter 2) for S = Qqq4, first notice that p(S)u(S) > 1/5. Furthermore,

Q(S,S) = Y wP(I,J)

= 3 wPULT)
Leftgqq
JE€Qrest,

H(Qrest)-

The theorem now follows. n

To complete our proof by estimating ®g (see

IN
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5.5 The Potts model

In this section we combine the methods and results of [BKMS91] and [BK90] with
those of the last section to prove Theorem 5. Recall the definition of the ferromagnetic
Potts model from chapter 1, as well as the definition of the critical point 3, for Z%

As a first step towards proving Theorem 5, we define the contours corresponding
to a configuration A € Q = 2¥. To this end, we embed the vertex set V of the torus T =
(V, E) into the set V = (R/(LZ))%. For a set X C V, we define its diameter diam(X) =
infyev sup,.cx dist(z, y), where dist(x, y) is the {o-distance between the two points z and
y in the torus V. For an edge e = {z,y} € F, let e be the set of points in V that lie on
the line between 2 and y. Given A, we call a closed k-dimensional unit hypercube ¢ C 'V
with vertices in V' occupied if all edges e with e C ¢ are in A. We then define the set
V(A) C V as the 1/3-neighborhood of the union of all occupied k-dimensional hypercubes,
k=1,...,d, ie., V(A) = {& € V: Jc occupied, such thatdist(z,c) < 1/3}, and the set
V(A) as the intersection of V(A) with the vertex set V' of the discrete torus T'. Note that
V(A) = Uy, pea {7, y}. Theset, (A) of contours corresponding to a configuration A € €2
are then the connected components of the boundary of V(A).

Following [BKMS91], we decompose the set of configurations €2 into three sets
Qord, Qais and Qpi,. To this end, we define a contour 4 to be small if diam(y) < L/3.
The set Qg is then just the set of configurations A € Q for which , (4) contains at least
one contour that is not small. Next, restricting ourselves to small contours v, we define
the set Ext~ as the larger of the two connected components of V' \ 7, the set Exty as
the intersection of Exty with V, and the set Inty as V' \ Exty. For A € Q\ Qpi,, let
Int A = UweF(A) Inty and Ext A = V\Int A. The sets Q¢rd, Q4is and Qp;g are then defined

as

Opig ={ACFE: 3ye,(A)such that
diam(vy) > L/3}

Qorda ={ACE: diam(y) < L/3¥y €, (A)
and V(A)NExt A # 0}

Qais ={ACFE: diam(y) < L/3¥y €, (A)
and V(A) NExt A = 0}.

Lemma 26 Let A € Qupq, and let Apgea = {b€ F: b C Ext A}. Then
(a) Ext A=V (A)NExt A # 0, and



68

(b) (Ext A, Apx¢a) is connected.

Proof:

(a) Proceeding as in the proof of Lemma 17 (b), we obtain that either V(4) C
Int A or W C Int A. Since A € Q,.4, we conclude that the latter is the case, which is
equivalent to the statement that Ext A = V(A) N Ext A.

(b) The proof of this statement, which is implicit in [BKMS91], is straightforward

but tedious. We leave it to the reader. n

In the next lemma we summarize some of the results of [BKMS91] used in this
work. We begin with some notation. Let A € Q\ Qgjg, and let v € , (A). We say that v
is an exterior contour in , (A) if v C Exty’ for all v € , (A) \ {7}, and denote by , ex((A)
the set of exterior contours in , (A). Also, we define the size ||v|| of a contour v as the
number of times v intersects the set | J . e. In order to motivate this definition, assume
for a moment that the definition of the set V(A) had involved an e-neighborhood, instead
of the 1/3-neighborhood used above. With such a definition, the (d <1)-dimensional area

of a contour v would actually converge to ||y|| as € — 1/2.

Lemma 27 For all d > 2 there are constants ¢ > 0 and qg < oo such that the following

statements hold for ¢ > qq.

(2) B =logq/d+O(q™°).
(b) For all 3 >0,

M(QBig) < q_CL'

(c) If B =B, then

q —cL
Qord) = ——+ , and
1(Q0ra) T+ 1 O(q™"), an
1
Qiis) = ——+0(¢).
1(dis) P (=)

(d) If 8 > B, then

q —cL
Q01“ Z 1 O .
1(S20ra) 1T (=)

(e) If p > B and | is a set of contours, then

M(A € Q\ Qg and , C | ext(A)) < ¢~Zrer bl
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Observing that for A € Q\ Qpig, the set Ext A can be written as | J
turn implies that Int A =)

€Ty, BXty, which in

€D, 11t 7, we can now continue as in Section 5.4 to prove an

analog of Lemma 23. Defining

ch)l ={A€Quq: [{be A:bCExtA} > (1=a)dL?},
Qé?s) = {A € Qqis : |Int A] < aL?},

and Q](g; =Q\ (ngc)l U Qé?s)), we therefore get the following lemma.

Lemma 28 Let d > 2 and 0 < o < 1. Then there are constants ¢ > 0 and ¢, > 0 such

that for q large enough the following statements hold.

(a) If B = B, then
PO = O(a™) + O(g =17 /s

and

PG > g O™+ O(geo TR ),

(b) If 3= B.. then

o q —c —caL? 1/ (lo 2
M(Qgrc)l) = q—l——l +0(q L) +0(q L4=1/(log L) ).

Proof of Theorem 5(a): Let S = ngc)l The conductance ®gy of the Swendsen-Wang
chain can then be estimated as follows:
1

Doy < by = — Pr(4’ ¢ Q) | 4 e Q). (5.4)
u(S)

Here A is chosen according to the measure p defined in (5.1) and A’ is constructed from

A by one step of the Swendsen-Wang algorithm. We have

Pr(A’ ¢ Q) [ A el =

Pr(A" € Q) | A el
( ))‘

O
or

+Pr(A e Q) | Acq

Observing that A € ngc)l implies |A] > (1 <a)dL? while A’ € Qé?s) implies |A/| <

d|V(A")| < d|Int A’'| < daL?, we see that A’ can only be in Qéa) if at least (1 2a)dL?

is

edges are deleted in Step (SW1) of Swendsen-Wang. But the number of edges deleted is



70

dominated by the binomial B(dL?, 1< p,) and so

o o dL? Con
Pria e Qi) [A el < ((1 @MW) (1 p.)(1-20L

6(1 <:>pc) (1—2a)de
( 1 &2a )
= e—Q((logq)Ld)7

where we have used Lemma 27(a) to bound 1&p, = e=F = e=oga) | Also

Pr(a’ e Q) | A€ 0l
Pr(A’ € Qf))
Pr(A € Q1))
= Ol ") +O(g e os 1)),

by Lemma 28(a). Using Lemma 28(b) to bound u(S) = 1@#(92?21) from below, we obtain
that

P = Og™) +O(gea b /e,

Proof of Theorem 5(b):
Let Q = [¢]" be the set of colorings, and let Vi(o) = {z € V : 0, = k} be the

set of vertices that have color k in the coloring o € Q). We then define the sets

O ={oeQ: Vil 2 (1 ea)V]}, ke ld,
Ooa=1J 9,
kelq]

(1 ea)

R R 2
O =foecQ: Vil > V| for all & € [q]},

and
Do = 2\ (000,
To estimate the probability of ngc)l in the measure (1.2), we use the fact that
both the measure (1.2) (denoted f in this section) and the measure (5.1) (denoted g in
this section) are marginals of the Edwards-Sokal measure (5.3). Thus

RO = 3" 7@ 1 4) (), (5.5)
AeQ
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where ﬂ'(ﬁgfc)l | A) is the conditional measure of (AZE)?C)U given A € . Observing that

A€ ngc)l implies that all vertices in Ext A have the same color by Lemma 26 and the

definition (5.3) of 7, we have that
Q=1 it AeQl) (5.6)

For A € Qé?s), on the other hand, all ngy = |Ext A| > (1 <a)|V| vertices in Ext A

are colored independently of each other, so that
(Vi) VI < (1ea)?V) | 4)
< m([Vi(o) N Ext A < (1sa)na) ‘ 4)

> ()@ ="

k<(1-a)lna

< e_c*Ld

for some constant ¢* depending on ¢ and «. As a consequence,
Q0] 4) > 10y it Al (5.7)

Combining (5.5) — (5.7) with Lemma 28 and the fact that (AZS?S) N ngc)l =0if ais

chosen small enough, we then get

RO =

+O(q_caLd_1/(10gL)2)7

AQ5) = w@) +oEe ) o)
+O(q_caLd_1/(10gL)2)7

ARG = oY+ o
_I_O(q—caLd_l/(logLF)‘

We complete our proof by estimating ®g (see Theorem 10) for S = Q(la). First

notice 11(5)i(S) > (1<1/¢)/2q. Since the heat bath algorithm can only change one vertex

at a time, it does not make transitions between the different sets Q;ﬂa), nor does it make



transitions between an) and Q(a). Thus

dis

Q(S,9)

The theorem now follows.

IN

2.

1ed™ Jeq
el jeq

AQg).

(=)

Rest

(=)

Rest

ADP(1,J)

p(J) PO
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