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Summary

We consider a two-sample semiparametric model involving a real parameter 0 and
a nuisance parameter F which is a distribution function. This model includes the pro-
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Key words: semiparametric transformation models, M-estimates based on ranks,
Hodges-Lehmann estimates.

* Research partially supported by National Science Foundation Grant DMS-
85-41787 and National Institute of General Medical Sciences Grant SSS-
YIRO1GM35416-01.



1. Introduction. We consider the two sample problem where X, - - - ,X and
Y,, :+ -, Y, are independent random samples from populations with continuous distri-
bution functions F and G, respectively. Many of the models in which rank (partial,
marginal) likelihood methods are useful can be put in the form
(1.1) F(t) = DH®),0,); G = DH(),8,)
where H(t) is an unknown continuous distribution function, D(u,0) is a known continu-

ous distribution function on (0,1), and 8; and 6, are in some parameter set ©.

For inference based on rank likelihood, the above model is equivalent to the model
obtained by wusing the distributions of U;=F(X)=DMHX;),0;) and
V;=F¥ j) = D(H(Yj), 6,). These distributions are

F) = u,ue(0,1); G(v) = DD '(v,8,),8,),ve (0,1)
In the case where {D(u,0): 8¢ ©} is a group under composition satisfying D(u,1) = u,
D(D1(u,,),9,) = D(u,0), 6 = 6,/8,, we can write
(1.2) F) = u,ue(0,1); GV = D(v,0),ve (0,1)

From this point on we assu{ne that (1.2) is satisfied. The distribution function F is
treated as a nuisance parameter and we consider the problem of estimating 6. This
model goes back to Lehmann (1953), and includes the following models that have

important applications in survival analysis, reliability, and other areas.

Example 1.1. Proportional Hazard Model. If F and G have proportional hazards,

1
then D(v,0) =1 -[1-v]®, 6>0. Lehmann (1953) and Savage (1956) considered

testing in this model. Cox (1972, 1975) developed estimation procedures in a much

more general regression problem with censored data.
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Example 1.2. Proportional Odds Model. For any continuous distribution H the
odds rate is defined by ry = H/(1 — H). If F and G have proportional odds rates, in
the sense that rg(t) = 9"1rp(t), then D(v,0) =v[(1 - V)0 + v]~l. This model has been
considered by Ferguson (1967) and Bickel (1986) in the two-sample case and in more
general regression models by Bennett (1983) and Pettitt (1984), among others.

Example 1.3. Proportional ¥y-Odds Model.

For any continuous distribution function H, the y-odds rate is defined by

([1-HOTY- 1}/%y>0
-log[1-H®], 7y=0
If F and G have proportional y-odds, then

THAD)

1

_{ 01 - v)Y }Y,'y>0
1-1-v)W+06(1 -

1
l—(l—V)e, ’Y=0

D(v,0)

This model, which has been considered by Harrington and Flemming (1982), Clayton
& Cuzick (1986), Bickel (1986), and Dabrowska and Doksum (1986), reduces to

Example 1.1 when y = 0, and to Example 1.2 when vy = 1.

Example 1.4. Transformation Shift Model. Let Q be any known continuous distri-
bution function which is strictly increasing on the whole real line. If F and G satisfy
the transformation shift model where for some increasing transformation h, X; and Y;

can be written

h(Xl) = Iy + &, i= 1,...,m
h(YJ) = u2+ej,j=1,-°°,n
with gy — 4; = logh, N=m+ n and g, - * - , €y independent with distribution function

(1.3)
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Q, then D(v,8) = Q(Q"!(v) — logB). To see this, set h(t) = Q}(F(t)) + u;. Then (1.3)
is equivalent to (1.2) with D(v,0) = Q(Q'(v) — log8). This is an extension of the
power transformation model where h(t) is of the form sign(t)ltl" or
[sign(t)ltl)v - 1}1/A, and where Q is the standard normal distribution function. See
Anscombe and Tukey (1952), Tukey (1957), Box and Cox (1964), Bickel and Doksum
(1981) and Doksum (1987). This transformation shift model reduces to the propor-
tional odds model if we take Q to be the logistic distribution function
Lx)=1/[1+€*]

Theory and methods for dealing with semiparametric models and partial likelihood
have been developed by Begun (1981), Begun, Hall, Huang and Wellner (1983),
Begun and Wellner (1983), Wellner (1986) and Wong (1986) among others. However,
these methods do not lead to tractable efficient scores or tractable efficient estimates
for any of the above models except the proportional hazard model. For arbitrary 6,
and under certain regularity conditions, Bickel (1986) obtained the asymptotically
optimal rank test for testing Hy: 6 = 6y, vs H;: 0 > 6;. His regularity conditions are
satisfied by the y-odds model with y>1. However, the optimal test statistic is a non-
linear rank statistic whose value can be obtained only after solving certain functional
equations numerically on the computer. Attempts to extend these methods to obtain
estimates that are asymptotically efficient in the semiparametric sense have not yet suc-
ceeded. Doksum (1987) and Dabrowska and Doksum (1988) propose a resampling
scheme for computing maximum partial (rank) likelihood estimators in general semi-
parametric transformation regression models with censored data. These estimates per-

form well in Monte Carlo simulation studies, but the theoretical properties are difficult
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to establish. Clayton and Cuzick (1986) proposed estimates for the proportional y-odds
model that also apply to regression and censored data, but the theoretical properties of

these estimates are also not well understood.

Methods based on local (near 6 = 1) approximations to the likelihood have been
developed by Pettitt (1984), Doksum (1987), and Dabrowska and Doksum (1986).
These estimates are asymptotically normal for 8 in neighborhoods of © = 1, however

they are not consistent for fixed 6= 1.

In this paper we consider the uncensored case and introduce two classes of esti-
mates. The advantage of these estimates is that they are relatively simple to imple-
ment in practice and that their properties can readily be derived and understood.
Moreover they are based on intuitive estimation equations that are immediate exten-
sions of the familiar M and R estimate equations. Although the new estimates are not
fully efficient for all values if 0, such fully efficient estimates are not available for

v=0.

In Section 2 we introduce estimates of 6 that can be regarded as rank approxima-
tions to Huber’s (1981) M-estimates based on score function y. We show asymptotic
normality of these RAM (rank approximate M) estimates. We compare these estimates
with the asymptotically optimal estimates for F known, and find that for a certain
range of parameter values, not much efficiency is lost. In fact, the score function

can be chosen so that the estimate is fully efficient at 6 = 1.

In Section 3 we introduce estimates of 6 based on the Hodges-Lehmann (1963)
rank inversion idea and obtain asymptotic normality of these estimates. For appropri-

ate choices of the score functions, these estimates have the same asymptotic distribu-



tion as the RAM estimates.
2. M estimates based on ranks. In this section we introduce estimates that, in an
approximate sense, are M estimates based on ranks. We start by assuming that the

distribution F of the X’s is known and introduce M estimates of 6 that depend on F.

Let

U = FX), V; = FYp,i=1,---,mj=1,---,n
m n

The joint distribution of \Ul, o, Uy Vo0,V s iI='Iluijl;IlD(vj,9), so that
(V1, - - -+, Vp) is sufficient for 8. Let y(v,0) be a function which is monotone decreas-
ing in O, and satisfies Eg W (V,8p) = 0 where V is distributed according to D (v, 8y)
and 6 is the true parameter value. An M-estimate (see Huber (1981)) of 0 is defined
as a solution to the equation Xy(V »6)=0.

Let N=m+n. When F is unknown, we define F(u) = mF,(u)/(m + 1) for
ue [Xqy Xml F@)=1UN+1) for u<Xgyy and F)=N(N+1) for u> X
Here X(;y and X, denote the first and the last order statistics of the X;’s and
Fp(u) = m#{i: X; < u}.

We set \7j = f’(Yj), and we let § be any ‘‘solution’’ to

n
Zy(V;,0) = 0.
Fl
More precisely, © is any value in the interval [6%,0"] where
6" = sup{0: Zy(V;,0) > 0} and 6™ = inf(0: Zy(V;,6) < 0}.
In terms of the rank likelihood, \71, -« -,V are sufficient for 8. To see this, let
Yy< -+ <Y be the ordered statistics and let K; = mF(YG)). Then it is easy to

check that Ky, - - + , K, are equivalent to the ranks. Thus we call 8 a RAM (Rank



Approximate M) estimate.
Here is an example where we get an explicit formulae for 6.

Example 2.1. Assuming F is known, the M-estimate based on
Yy (v,0) = -0 - log(1 - v) is the MLE (Maximum Likelihood Estimate) for the propor-
tional hazard model of Example 1.1. This estimate is n'T - log(l - F(Y)). The

corresponding RAM estimate of O which applies when F is unknown is
~ n A
6= n-l_zl—log(l - F(Y))

J:

We return to the general case and show asymptotic normality of the RAM esti-

mates. We assume throughout that the limits 7ty = lim (m/N) and ®; = lim (n/N) exist
Noeo N—yoo

and are strictly between 0 and 1. Further, we assume that Wy is continuously

differentiable in u and we set ' (u,0) = -%— Y (1,0) and d (u,0) = -;-;— D (u, 0). Define

1

1
AMB) = [w(u,B)d(u,B)du, A;(8) = [w;(u,6)du,
0 0

vi(w8) = [y (v,8)d(v.80)dv,
0

1

1
c%®) = w5 {fwf(u,0)du - A%(0)} + ni!{ [y?(u,0)d(u,60)du — A%(©)}.
0 0

Assume that for 6 in a neighbourhood of the true parameter value 6, the following

conditions hold:
Al |y(-.8)|=0(* and |y (-,8)| = OC*")
where r(u) = [u(l — w)]™! and a = 1/2 - < for some 0 < T < 1/2.

A2 jr(u)l‘“d(u,e)du < oo uniformly in 6 for some 0 <N <1
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A3 mjumd(u,e)du = O(1) and mj(l - u)™d(u, 0)du = O(1)
uniformly in © and m.

The assumption A.3 is satisfied whenever the density d(u, 8) is bounded uniformly
in @ in a neighbourhood of 8. In particular it holds for the proportional hazard model
with 6 < 1 and y-rate models of Examples 1.2 and 1.3. Condition A.2 is satisfied in

all three examples.

Theorem 2.1. Suppose that y’ (u, 0) and A(0) are continuous in 6 for 0 in a neigh-
borhood of the true parameter value 6y and suppose that 6, is the unique point with
A(6g) = 0. Assume that ©2(0) is finite, nonzero and continuous in a neighborhood of
6y and that A.1, A2 and A.3 hold. Then VNA(@) is asymptotically normally distri-
buted with mean zero and variance G2(6y). If in addition, if A’(8;) exists and
A’ (8p) <0, then VN - 0g) is asymptotically normal with mean zero and variance
62®p)/ [N (8p) 1%

Proof. First we note that asymptotically all & € [8*,0™] are equivalent so it is

enough to consider 0%,

By the assumed monotonicity of y(u,8) in 6, the function A (6) is monotone
decreasing. Let y be fixed. Since A(8p) =0 and A is continuous, for N sufficiently
large, there is Oy such that y = —VNA(8y). In fact, 8y =-A"1(-y/VN). Let G,
denote the empirical distribution function of the Y’s. Then

P(—VNA(®*) < y) = P(0* < 6y) =
N[ [W(F, 0p)dG,, — A6
pr INIW(E, 004G, - A0W] -y ]__)(D[ y ]

o(On) o) o(8)

To see this we note that



(2.1) VN [y(F,05)dG, — MON)]
= W (B — BY (F,8)dG + [y (F,00d(G, — G)] + 1,

where ry is a remainder term. We have
[ B — PV (F, 80)dG
= ™! Zf{IX; < X) = FO Y F0, 0dFC).60dF) = ZAi,

which is a sum of independent identically distributed (iid) random variables. By
assumption A.1, | Ay | = O(Dr'2 ™ MEX)) [r'™(u)d(u,0p)du. By assumption A.2, in a
neighbourhood of 6, the deterministic part of this upper bound is uniformly bounded
from above. Further, for some t; > 0 the random part of this bound has an absolute

moment of order 2 + T;, which is uniformly bounded above.

Further, jw(F,ON)d(Gn — G) is a sum iid random variables. By assumptions A.1l
and A.2, they have a finite absolute moment of order 2 + 1, for some T, > 0. Berry-
Esseen’s theorem completes the proof of the asymptotic normality of the first two

terms. The remainder term ry is considered in Section 4.

Note that when 6 = 1, the asymptotic variance of 0 reduces to

(5" + 77 BYAUD/ [E 2=y (U, 8) oy P

where U is uniform on (0,1). This is exactly the same as the asymptotic variance of

the M estimate for the model (1.1) with H known. Thus if we choose

_d
y(v,0) = % logd(v, 8)
then 6, in addition to being consistent and asymptotically normal for general 0, is

asymptotically efficient when 6, = 1.

~ n ~
If we consider the RAM estimate 0 = n‘l_Zl-—log(l - F(Y;)), we find that in the
J:
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proportional hazard model the asymptotic variance is 7wy log -0 + 73 192 for
0 < 1. We can compare this estimate with the Cox partial likelihood estimate. The
usual parametrization in the Cox proportional hazard model is in terms of B =In0. If
B* is the Cox partial likelihood estimate then from Efron (1977) we find that its

asymptotic variance is given by

1
[J‘ {nl_l + nal eu(e—l)le }—1 du ]—l.
0
The asymptotic variance of , = In® where 6 is the RAM estimate is given by
n5le 12 - 0)! + n!
for 6 < 1. For my = n; = 1/2 the asymptotic relative efficiency of Bo with respect to

B* is equal to 1, 0.951, 0.863, 0.757 and 0.647 for 6 = 1,1/2, 1/4, 1/8 and 1/16.

Example 2.2. Proportional Yy-odds model. Our main application is to the propor-
tional y rate model, ¥ > 0. The y function corresponding to the MLE for the F known

case is

(1-u)0
1-(1-uY+6Q1-u"
Using Theorem 2.1, we find that the asymptotic variance of the RAM estimate

2.2) V(w6 = yl-a+yh

simplifies when 7y is of the form y = 1/k, where k> 1 is an integer. In this case the
asymptotic variance is

i 2
24k 6 1 (l+k)29k+23§:k[3-f-k] 1 |1-8| [k
™ k (1 -0)2 m k =0l 1 Jitk | O k

For y=k=1, the proportional odds model, the asymptotic variance is

302r;! + (0.2)0m51(4 + 70 + 462) while for k=2, it equals

2n710% + Ong1 {18 + 236 + 1202 + 303} /28.
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To judge the performance of the RAM estimate based on (2.1), we compute the
efficiency of this estimate with respect to the MLE for the y-odds model with F known
and the X’s and Y’s distributed as D(H(x), 6;) and D(H(y), 8,), respectively, where D
is given in Example 1.3, and 6 =8,/0,. For m =n, this efficiency is given by
e(Opam. OvLp) = 600(8 + 440 + 80%)! for k=1 and 1126(18 + 790 + 1262 + 363!

for k = 2.

Here is a brief table of these efficiencies.

Table 1 about here.

We see from Table 2.1 that when y=1 and 1/2, 8 is quite efficient for 0 in the
range (0.5, 2). The efficiency increases as 7y increases. In fact it is easy to show that
as Y — oo the efficiency tends to one for all 8. The efficiency given is a lower bound

in the efficiency of 8 with respect to the asymptotically optimal estimate based on the

ranks.

3. Rank inversion estimates. In this section, we introduce rank-inversion esti-
mates based on the ideas of Hodges-Lehmann (1963). Again, we start by assuming
that F is known and let U;, V; and D(u,0) be as in Section 2. In particular, we assume
that D(u,0) is monotone decreasing in 6. Note that U, ---,U,,
D(V,0), - - -+ ,D(V,,0) all have the same distribution when 6 = 6,, where 0, is the
true value of the parameter. Let R;(0) denote the rank of U; among U, ---,Up,

D(V,0), - - -+ ,D(V,,0), and let

m R;(©
TN(B) = m—lz:lJN[ 1( )]

i N+1

denote a linear rank function with monotone increasing score function Jy. The F-
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1
known Hodges-Lehmann estimate of 0 is obtained by solving Ty(0) = IJ(u)du for 6,
0

1
where J(u) is the limit of Jy(u). Without loss of generality, we assume J'J (u)du = 0.
0

Suppose now that F is unknown. Let X< - ‘- <Xy be the vector of order
statistics of X;’s Let F be defined by
u+ iX(i+1) -+ I)X(i)

(m + X1y — X5
for X(l) fus X(i+1)’ i= 1, s ,mM - 1. Thus on the interval [X(l)’ X(m)], F is a

Fu) =

linearized version of the right-continuous distribution function mF,,/(m + 1), where
Fnh(u) = ml#{i: X; < u}. Further, let Y(;) and Y, be the first and the last order
statistics of the Y;’s. If Yy < X3y or Y)>Xm), then we extend F to the interval
[min(X;), Y1), max(Xy, Yy 1 linearly with F(Y(l)) = 1/(N+1) if Y;4y< Xy and
F(Yqy = NIN+1) if Yy > X(m)-

Further, let Ry®) be the the rank of F(X,) among F(X,),-:-,F(X,),

D(F(Y)),0), - - - ,D(F(Y,),6). Let 83 be any *‘solution’’ to

N+1
More precisely, let 8g be any point in [0g,6p" ] where 8 = sup{6: Ty(6) < 0} and

- m | Ry®
Tn®) = m“l_;f..‘lJN[R’( )] =0

GE* = inf{0: 'TN(O) > 0}. Similar estimates have also been considered by Doksum and
Nabeya (1984) and Miura (1985).

Example 3.1. Assuming F is known, the Hodges-Lehmann type rank estimate
based on J(u) = 2u — 1 is asymptotically optimal for the proportional odds model. Let

L(x) =1/[1+¢e™*] be the logistic distribution function and note that if we set
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W; = L‘I(F(Xi)) and Z; = L‘l(F(Yj)), then W; and Z; follow a logistic shift model
(W; ~ L(w), Z; ~ L(z - log8)) with parameter logB. Since the ranks are invariant
under the increasing transformation L}, it follows that the Hodges-Lehmann estimate
of 0 is

B = exp (median (Z; - W)).

j

The corresponding éR, which is appropriate when F is unknown, is

B = exp(median(L™(E(Y)) ~ L™(ECX))).

A
We return to the general case and show the asymptotic normality of *fﬁ(éR - 8p).

From (1.2), we have

3.1 DD u,0),8) = D@,8/6), D@u,1l) = u
Let
. a 1 .
D®u,0) = -5-6D(u,e) n = £J’(u)D(u,1)du
1 1 1

12©0) = n7![I(w)du + 15[ fo(u)du - (fouu)du)?]
0 0 0

where a is defined by

S = FOENES) P

Further, let G2(u) = n"'#{j: D(F(Y;),6) < u] = G,F 'D(u,67),

do(u)
u

H¥(u) = {mF,F1(u) + nG2u)} /(N + 1), G8u) = D(D(u, 6),8p) = D(u,0,/8) (by

(3.1)) and H%u) = mtqu + 7;G%u). In terms of these functions, we have
0 1

Ri(©)
N+1

Tn®) = m1§1 JN[ ] = [INHRE)AFy = [INEHRDIFLF .

Assume
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B.1 1y = WN[(IN(HE) - JH)}AF,F! —5p0 as N—eo uniformly for 6 in a
neighbourhood of 8,
Moreover,
B.2 J is a differentiable function with bounded continuous derivative J’, and
0< [F2(u)du<ee.
Finally, we assume that the limits ny = I\il_r)n‘,° (m/N) and =, = I}E& (n/N) exist and are

strictly between 0 and 1.

Theorem 3.1. If D(u,0) is decreasing in 0, and if the preceeding conditions hold
then *fﬁ(éR — 0p) has asymptotically a normal distribution with mean zero and vari-
ance 08 12(09)/n>.

Proof. As in the case of Hodges-Lehmann (1963), 9;{ , 61;* and any point between
them, such as @R, will have the same asymptotic distribution. Further,
PN [e{{/eo - 1] < t) = P(YNTR(8) >0) where 8 = 84(1 + t/¥N). We have

WING) = VN[INHRW)AFLF (u)

VN[IJ(H{W)A [ FpF (u) - ul + VN[ [JHSW) - JH3w) ] du
+ N[ [JE%u) - Ju)ldu + 1y =T + L + I3 + 1.

Note that I = —\/Nf[me‘"l - u]dJ(Hﬁ(u)). This term is bounded in absolute value by
supVN|F Fl(u) - u |j| ¥(u) | du, which tends to zero since
sup | FF'(u) — uf < 2/(m + 1) and []J'(u)|du < e by B.2.

The second term can be written as

I, = W[IH5w) [HS) - Hu)]du + rpy

where
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ry = VWN[HS - H){IE) - F(HY))du

and H® assumes values between HP and H5. We have

(32) IN[r @) [Hi@) - Hw]du
= VNJV(H ) [m/(N + DF,F(u) - nou] du
+ VNI E @)/ + 1)) [G,F D (u,8) - GF'D!(u,8)1du
+ N[y @) [0/(N + 1)GF D (u,8) - 7,GF'D(u,8) 1 du

The first term converges in probability to 0 by an argument similar to I;. The next
two terms of this expansion converge weakly to
7 (77 V2J'(w) By(u)du — 75V 2[1"(D(u,80))d%(u.80)B; (u)du}
where B; and B, are independent Brownian bridges. This follows since vn (G, — G)
and Vm (f*“l‘ - F‘l) converge weakly to B,(G) and —f (F'I)Bl (u), respectively and
sup|1~="1 - F‘ll =op(l). The standard Skorokhod construction yields the desired
result. Further, ryy —p 0 by B.2, sup|H{ — H®| —p 0 and supVN(HS - H® = Op(1).
Finally,

1
I = VN[I'(u)r, (D(u.8y/8) — u}du + gy — —mytfJ'(WD(u,1)du
0

and
ryv = VWN[[F(#®) - F'@) In; [D(u,8/8) — u]du
where H® assumes values between H® and H=u. This term converges to 0 by

assumption B.2 and Taylor expansion of D(u,8/ ).

If we let Ju)=[1+y11(1-uwY-vy1, y=>1, then in the proportional y-odds
model, éR given in Example 3.1 will have the same asymptotic variance as the RAM

estimate based on (2.2). See example 2.2.



-15 -

4. Proof of Theorem 2.1: remainder terms. The remainder term ry in (2.1) is
given by
v = VN[ (w(F,0y) — W(F.08)}dG, — VN(F,, — F)Y'(F.0n)dG.
For small ye (0,1) define S, = [F!(y), F!(1 —y)]. Further let Ay =[Y(), Y(y] and

EN = [X(l)’ X(m)] where X(l)’ X(m), Y(l) and Y(n) are the first and last order statistics

7
among X;’s and Y;’s. Then, after some algebra, ry = E.lriN where

rn=VN [ (W(E" 6y - V(F,00)}F - PG,

AnNSy
rn=VN [ W 6pF - F,)dG,
ANNS,
N =W | V(F,0)F, - FdG, - G)
AnNS,
=-W [ V' 6\)(F, - PdG
ASUS§
rsn=W [ VE,80F - FdG,
AxNS§NEN
IgN = ‘[ﬁ I \V(ﬁ, ON)dGn
ANNS§NEF
rv=-VN [ y(F,6ydG,
ANNS{NEg

Here F* is a random function assuming values between F and F. We shall show that
for any fixed ¥, r|N, Ton» T3N and rgy converge in probability to 0 and ryy, rsny and iy

converge in probability to 0 as Y—0 and N — oo,
Lemma 4.1. For fixed ¥, rjy —p0 as N> ee,
Proof. Given ye (0,1) let Qu={o: supsylf:" -F|<y2}).  Then

N = I(Qporn + I(Qa0)rn.  The second term converges in probability to 0, by the

Glivenko - Cantelli theorem. Further, we have supsy‘fﬁ | F- F| = Oy(1). The function

Y’(u,0y) is uniformly continuous on [y/2,1 — ¥/2] and |F* — F| < |F — F|. Therefore,
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by the Glivenko-Cantelli theorem,

IQulrin| < Op(1)sups, | W(F, 6y) ~ W'(F, 80| - .

Lemma 4.2. For fixed v, r)n -;) 0 as N— oo,
Proof. This follows since |F — F,,| < 1/(m + 1) and L\v’(F)dGn—P-) Lyw’(F)dG.

Lemma 4.3. For fixed v, 3y —p0 as N — eo,

Proof. For each positive integer k define a function %, on [0,1] by

(@) =0
@) =G-Dkfor(i-1/k<ss<ik i=1,.k
Then, by Lemma 4.3 of Ruymgaart et al. (1972)

supVm | F F 1%, (F) — %, (F) — F,, + F| =p 0
3
as k,m — co. Furthermore |r3y| < .Elf3iN where
i=

N =W [ |En - FWF,0y) — FnF 200 - 0NV (), 0) [ dG,

AnNSy

ron =W [ |(Fp — BW(F,0y) — FF ) — xE)W (xF), 8y) |dG
AxnS,

tan = W [ FEnF 20F) - tEW ), 0)d(G, — G) |-
AnNS,

The proof is similar to Corollary 5.5 in Ruymgaart et. al (1972). Given £>0 there
exist constants M and My — 0 as k,N — eo such that the sets
Qy = {supVm|F,, — F| < M}

Qv = sup{(Vm | Fy, = F = FoF () + 2P| < i)
have probability at least 1 — €. Further, the function y’(u,0y) is bounded by M, and

uniformly continuous on [0,1 — y]. Finally

Son = suP |V (F, By) — VOu(E) B[ — 0.

Therefore, for i=1,2
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I(QkN N QN)r3iN < (T‘kNM'Y + Mgk'YN) VN/m — 0.

Finally, for each € Qy, the integrand of r33y is a step function assuming value a;y;

lagn| < MM, + ékYN)‘JN/m on the interval (F~1((i — 1)/k), F"l(i/k)] = Ry and

QTN = | éalkNR}[N d(G, - G)| < 2kM(M, + &\ )VN/msup|G,, - G| —p 0
as N — oo,
Lemma 44. Asyd 0and N — oo, 14y —p 0.
Proof. Let € > 0 be fixed. By Theorem A1l of Shorack (1972), there exists a con-
stant M such that the set

Qy = {(Vm(F, - F) s Mr12+™"(F))
has probability at least 1 — €. By assumption A.1

4.1) I(QN) IT4n] € O(1H)MVYN/m f r(F)}dG.
ASUSE
Let us consider the integral

(4.2) [r(@)!d(u, 6)du.

Sy
By assumption A.2, we can find a value ¥ of y such that (4.2) is less than & provided
v <. For this 7y there exists N such that P(Ay 2 Sy) > 1 — € provided N > N. It fol-
lows that the integral on the right of (4.1) is less than & with probability larger than

l-egfory<yand N2> N. Thusr4N—l;>Oasyi0andN—>w.
Lemma 4.5. Asy{ 0 and N — oo, r5N—1;>O.

Proof. Let € >0 be fixed. By Lemmas 6.1 and 6.2 in Ruymgaart et al. (1972),
there exist constants M, and M, such that the sets
Q= (Vm |F - F| < M;r" 2" (F) on Ey} and

Q= {*(F*) < M,r**}(F) on Ey) have probability at least 1 — €. Then
2N y) N
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EI(Qqn N Q) I1sn| < O(DM;MuVN/m [ r'-(F)AG.
$;
The right-hand side converges to 0 as y { 0.

Lemma 4.6. For fixed v, rgy ;) 0as N — oo,

Proof. Let € >0 be fixed. Given ye (0,1), we can find N such that the set
Qy = {Sy<Ey} has probability at least 1 —¢ for N> N. By assumption A.1,
EI(QN) ITen| < O(N/m)"Hm!*P(Y € Ef). But

P(Y € Ef) = 'f u™d(u,6n)du + j(l - W)™ d(u,8y)du.
By assumption A.3, EI(Qp)Irgn] — O.

Lemma 4.7. Asy{ 0and N — oo, 17y = 0.

Proof. By assumption A.1,

i<W [ 1(F)*dG,

ANASSAE

Holders inequality yields

Elrn| s WN/m{mP(Y; € ER}2({ [ (F)**dG}!2.
S¢
By assumption A.2 and A.3, mP(Y; € Ef§) = O(1) and the integral on the right-hand

side converges to 0 as y { 0.
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