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Summary

Let f be a continuous and positive, but otherwise unknown, density
function on a known compact interval I, let F denote the distribution
function of f, and let Q = F-1 denote its quantile function. An
exponential family model for f is constructed having p parameters and
based on a B-spline model for 1log f. Maximum likelihood estimation of the
parameters of the model based on a random sample of size n from f yields
estimates f. F and 6' of f, F, and Q. Under mild conditions, if p = o
appropriately as n -+ o, these estimators achieve the optimal rate of
convergence. The asymptotic behavior of the corresponding confidence
intervals is also investigated. In particular, it 1is shown that the

asymptotic standard errors of F and 6 coincide with those of the usual

empirical distribution function and empirical quantile function.
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1. Statement of Results. Let YI.YZ--' be independent and identically

distributed random variables taking on values in a known compact interval,
which is taken to be I = [0, 1]. These random variables are assumed to have
a continuous and positive density function f on I[. Let F denote the
distribution function of f and let Q = I-‘_1 denote its quantile function.

Given the positive integer n, consider the random sample Y ---,Yn of size

1’
n. We will construct an exponential family model for f having pn parame-
ters and based on a B-spline model for 1log f. Maximum likelihood estima-
tion of these parameters yields estimators and confidence intervals for f,
F, and Q. The asymptotic theory of these procedures, a blend of parametric
theory and nonparametric theory, will be investigated in this paper. The
main results will be described here and proven in the following sections.

Let m denote a positive integer and let Kn' n 2 1, denote a sequence

of positive integers. Let I be partitioned into subintervals

Ik = [(k—l)/Kn, k/Kn). 1 £k < Kn' and IKn= [(Kn—l)/Kn. 1].

Let Yn denote the collection of functions s on I satisfying the follow-
ing two properties: s is a polynomial of order m (degree m-1) or less on

each of the subintervals I "IK ; and if m 22, s is (m-2)-times
n

;0
continuously differentiable on I. Then ,yn is a vector’space of dimension
pn = m+Kn—1, which is referrgd to as the space of polynomial splines of order
m with simple knots at k/Kn for 1 £k < Kn. The functions in Yn are
called piecewise constant, linear, quadratic or cubic splines according as m

=1, 2, 3, or 4. Let Bnk' 1 £k < pn. denote the usual B-spline basis of

¥ (see de Boor, 1978). Then O < B <1 and zpn B =1 on I. There
n nk 1 nk

is a fixed positive integer J, depending on m but not on n, such that the

support of each Bnk is contained in the convex hull of J consecutive

knots and if |k-j| > J, the supports of Bn and Bn are disjoint.

J k



Given 0 € en. the collection of all pn—dimensional vectors, set

2.1/2

o] = (z65)""%,

J
sn(-; ) = fOJan.
cn(o) = log(lexp(sn('; 0))),
and
fn(': 8) = exp(sn(-: 9)—Cn(o)).
Then

| [fn(-; e) =1 for 0 € en'
Observe that fn(-; 9), 0 € en, is an exponential family having P,
parameters. Let Fn(-; 8) and Qn(-: 8) denote the distribution function

and quantile function corresponding to fn('; 0). Set

An(O) = E log fn(Y: 8) = [log fn(-; 9)f = ]sn(-; 9)f - Cn(o), 0 € On.
It is assumed from now on that pn 2 2 for all n. The vector 6 of
parameters is not identifiable; for if we add a constant to each element of
9, we do not change fn(-;'o). Let eno denote the (pn—l)-dinensional
subspace of en consisting of those vectors 0 € en the sum of whose
elements is zero.
Let Hn(a) denote the Hessian of Cn(-) at 6; that is, the pn X pn
matrix whose (j, k)th element is
a%c_(s)
aojaek )

It is an elementary and well known property of exponential families (see

Lehmann, 1983) that if 6,r € Gn’ then

' = . - 2 . = . .
(1) T Hn(o)r = [(sn( ; T)-a) fn( ; 9), where a Isn( ; r)fn( ; 8).
Thus r‘Hn(o)r >0 if r 1is a nonzero element of eno' Consequently, Cn(-)
is a strictly convex function on ono. Since -Hn(O) is the Hessian matrix

of An(o) at e, An(o) is strictly concave on eno' If o € Gno and



@ # 0, then

(+; 09)

ts
A (t@) = tfs (-; 6)f - log(fe n )

and sn(-; 0) is not almost everywhere equal to a constant on I, so
An(ta) +-® as t s>, It follows that for each n 2 1, there is a unique
on € eno that maximizes An(e). 9 € On
and Qn = Qn('; On).

0 Set fn =f(-; ), F_ = Fn(': On)

It follows from the assumption on f that log f is continuous and

hence bounded on I. Let i H2 and i II°° denote the usual L2 and L°°

norms of functions on I. Set

Gn = inf lls - log fHQ.
se?n

If pn +® as n -« o, then 6n = 0(1) by (2) on Page 167 of de Boor (1978).

Let m1 be a nonnegative integer, let 0 < a £1 and set q = m1+a. If ¢

is ml—times differentiable and its mth derivative satisfies a Holder

condition with index «, then Gn = O(p;q) (see de Boor, 1978).

-1 S
THEOREM 1. (i) an -, = O(Gn), (ii) "Fn - Fll = O(pn 6n). and (iii)

g, - Qi = O(p;lén).

@™
Let &n be the log-likelihood function based on the logspline and the
random sample of size n; so that

&n(o) = Z log fn(Yi; ) = ?(sn(Yi; o)—cn(a)).

i i
Then € (¢) 1is a strictly concave function on @ .. Let 8 €6 denote
n no n no
the maximum likelihood estimate (MLE) of @ € eno based on the random
sample of size n. Then Bn is unique if it exists. (A necessary and

sufficient condition for existence is given in Barndorff-Nielsen, 1978; see

also Johansen, 1979.) Set f = f (- ) ), F = F (- ) ) and
n n n n n n

6n = Qn(°; 3n). Then fn is called a logspline density estimate of f

since log f =s (- é ) - C (5 ) e ¥ . If m=1, then f is the usual
n n n n n n n

histogram density estimate.



From now on it is assumed that

(2) P, = o(n's_e) for some e > 0.

THEOREM 2. (i) 6n exists except on an event whose probability tends to
zero with n;

N _ -1/2
(1) |6,-e ] = 0o (n"“p_

A . -1 1/2,
(iii) 1;?;p 'enj—onjl = Opr((n p,log(p )) " )
n

)

s -1 .1/2,
(1v) WE_ - €0, =0 ((n "p )07

(v) nE_ - £ i,

-1 1/2, .
Opr((n pnlog(pn)) )
n—l/z),

(vi) "Fn - Fnll°° o_(

pr
and

(vit) nG-q i, = o (n"'%).

Theorems 1 and 2 allow us to get the usual optimal rates of convergence

under various smoothness assumptions on f; see Stone (1980, 1982, 1983).

Consider a smoothness assumption that leads, as above, to a conclusion of the

form on = O(p;q); and suppose that q > 1/2. Set =+~ = 1/(2q+1) and r =
q/(2q+1) = qv. Then the positive constants ¥ and r are both less than
1/2. To get the optimal rate of convergence of an - f"2 to zero, we

ki .
choose pn ~n and obtain

2 -r
ufn - fH2 = opr(n ).

(Here an ~ bn means that fan/bn is bounded away from zero and infinity.)

To get the optimal rate of convergence of an - fII°° to zero, we choose

pn ~ (n/log(n))1 and obtain
neE_ - en_ = o__((n ‘1og(n))’)
n © pr g )
To get the optimal rate of convergence of uﬁn-Fuw or Ilﬁn—Qll°° to zero, we

choose pn so that

mnl/ (24+2) P, = o(n.s—e) for some M,e > 0

and obtain

- - -1/2 2 ol = -1/2
WF -Fll, = 0 (n""%)  and  NQ -Ql, =0 (n ""%).



Let }n(o) = an(O) denote the information function based on the random

sample of size n and let !;1(9) denote the inverse to }n(a) viewed as a

linear transformation of enO' Set };1 = !;l(on) and 3;1 = !;I(Gn). Let
Gn(y),én(y) € Qno denote the pn—dimensional vectors having elements
ac
G,y (¥) = B () - 33§(0n)
and
. aCn .
an(v) = an(y) - 33;‘°n"

respectively. Set

o B S| 1/2
SE(fn(y)) = fn(Y)(Gn(Y) ’n Gn(y))
and
A A _ 2 Py ,a-1a 1/2
SE(fn(y)) = fn(v)(Gn(Y) ’n Gn(v)) .
THEOREM 3. Suppose that p,+® as n s w Then uniformly in y € I,
A -1 1/2
SE(f_(v)) ~ (n "p ) '
SE(f_(v))
—_—— =1+0 r(1).
SE(f _(y)) P
n
and
f (v)-f _(v)
z[-ﬂ-:-ﬂ———] - 4(0, 1).
SE(f_(v))
-~ + ~ -~
It follows from Theorem 3 that fn(y) + zl—.SaSE(fn(Y)) is an
asymptotic (1-a)-level confidence interval for fn(y): if
6n = o((n_lpn)l/a). it is also an asymptotic (1-a)-level confidence interval
for f(y). Here ¢(zq) = q, ¢ being the standard normal distribution
function. Set
1/2
SE(F_(v)) = (F(y)(1-F(y))/m'’? and sE(Q (1)) - (—Eél—fl- ! :
nf~(Q(t))

Note that Int(I) = (0, 1), since I = [0, 1].



THEOREM 4. Suppose that p, - ® &as n -« ®, Then

A

n(y)—Fn(y)
L——| = ¥(0, 1) uniformly on compact subsets of int(1)
SE(Fn(Y))

and
q,(t)-q (t)
L|———| -+ ¥(0, 1) uniformly on compact subsets of (0, 1).
SE(Q_(t))
n
Theorem 4 leads in an obvious manner to asymptotic (1-a)-level
confidence intervals for Fn(y) and Qn(t). It follows from Theorem 1 that

_1/2). these are also asymptotic (1-«)-

under the mild condition on/pn = o(n
level confidence intervals for F(y) and Q(t). It is interesting to note
that the associated standard errors coincide with those for the usual
nonparametric estimators of these quantities. (ﬁn and 6n are much
smoother than the corresponding nonparametric estimators.)

The results in this paper can be extended in two directions with
essentially no change in proof: the restriction that the functions in Yn be
(m-2)-times continuously differentiable on I can be weakened in an
arbitrary manner; and the knot locations l/Kn.-n.(Kn—l)/Kn can be replaced
by a sequence which is o-quasi-uniform in the sense of Page 216 of
Schumaker (1981) (i. e., such that the ratios of the differences between
consecutive knots are bounded away from zero and infinity).

Modifications to handle I = (0, ®) or I = (-», o) involving data-
dependent knot gelection, linear restrictions on the tails of the functions
in ?n. and transformations were described in Stone and Koo (1986) and illus-
trated on simulated data with n = 200 and pn =5 (4 degrees of freedom).
The various estimates and confidence intervals look very reasonable and,
especially those for extreme quantiles, appear to have considerable practical

utility. But a thorough Monte Carlo study or a rigorous theoretical analysis

that takes these modifications into account has yet to be carried out.



For recent bibliographies of nonparametric density estimation, see Wertz
and Schneider (1979) and Titterington (1985). Leonard (1978) and Silverman
(1982) considered various nonparametric estimators of log f, an attractive
feature of such an approach being that the corresponding_ estimate of f
itself is automatically positive. Logspline density estimation corresponds
to estimating log f by a normalized member of a particular flexible finite-
dimensional vector space, ?n, of functions and hence to estimating f by a
member of a particular flexible exponential family. Previously,
Neyman (1937) and Crain (1974, 1976a, 1976b, 1977) considered other such

exponential families.



2. Proof of Theorem 1.

LEMMA 1. ]s(fn - f) =0 for s e€ Yn.

ts-g(t) =1 Then

PROOF. Choose s € Yn and define g on R by ]fne
g'(0) = [sfn. Also [(log fn + ts - g(t))f is maximized at t = 0 and
hence g'(0) = [sf. Thus the conclusion of the lemma is valid.

By Lemma 1, fn - s 1is the orthogonal projection of f - s onto Yn

for all s € Yn. Thus by Theorem 1 of de Boor (1976), there is an M > 0

such that If - slii_ <M lif - sl for n21 and s e€¥ . If s e€¥ and
n o * n n
e - suw < 26n, then an - fll°° < 2(M+1)6n. This yields (i). We will now
verify (ii), from which (iii) follows easily. It can be assumed that P, - ®
as n -» ®, It will be shown below that there is a positive constant M
satisfying the following condition: for n 21 and x € [anp;l, l-Mp;I]
there is an s € Yn such that -1 £ s £ 1 on I, s =1 on
s

[Mpgl. X - Mp;lj, and =0 on [x + Mp;l, 1]. According to Lemma 1,

1 p;l
0 = I s(fn - f) = Jx (fn -f) + JM (s - 1)(fn - f)
0 0 0

+Mpn
+ Ix 1 (s - D - f) + Ix s(fn - f).
x—Mpn X

The desired result now follows from Theorem 1(i).
In constructing the desired function s it can be assumed that m > 1

(since the result is obvious when m = 1). Let B1 and B be elements of

2
the usual B-spline basis with m replaced by m-1 such that B1 vanishes
outside [0, Mpgl] and B, vanishes outside [x—Mp;I, x+Mp;1]. Then B,
and Bz‘ are nonnegative functions. Let c1 and c2 be positive constants
such that [clB1 =1 and [caB2 =1, Then s, defined by

s(y) = lg(clBl(z) - c,B,(2))dz,

has the desired properties. This completes the proof of Theorem 1.
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3. Proof of Theorem 2.
LEMMA 2. For any positive number M there is an &6 > 0 such that if
f and g are probability density functions on I, lgh, = M and
lilog £ - log gtl°° < M, then _
min [(log £ - log g —- a)2 2 &f(log £ - log g)a.

a

PROOF. The minimum value of a is a, = flog £ - [log g. Set

h=1logf - log g - a Then |h] < 2M. Since f and g integrate to 1,

0
= -log(1 + ]g(eh—l)). Thus there is a positive constant M

M such that ag < Mljhz. Consequently
2 2 2
0ot fh” < (M1 + 1)fh"~,

ao 1 depending on
2
f(log £ - log g)” = a
which yields the desired result.
LEMMA 3. There is a positive number M such that

ICn(O)l < Mlilog fn(-: e)n, for all o e enO'

PROOF. Since
log fn(-; 9) = 2(en
J
the desired result follows from (viii) on Page 155 of de Boor (1978).

-C (8))B for 0 € &_,
n n n

Jj J

LEMMA 4. Let M be a positive constant. Then there are positive

constants M and 6 such that if n21, 0 € en and

1
-1/2
. - <
llog fn( ; 9) log t‘nll2 < Mpn ,

then

* — <
lllog fn( ; an+t(o en))llQ < Ml for 0£t=<1

and
2
An(e) - An(on) < -6&lllog fn( ; 0) - log fn"2'

PROOF. Without loss of generality, it can be assumed that o € 9n0' It

follows from Theorem 1(i) and from Lemma 7 of Stone (1986) that there is a

positive constant M depending on M such that if n and 6 are as in

2

the statement of the present lemma, then lilog fnu°° < M2 and
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llog rn(-; O)MG < Ma. Thus by Lemma 3 there is a positive constant M

depending on M such that

3

. - < < <
usn( ; en+t(e on))na < M3 for 02t=<1,
which yields the first conclusion of the lemma. Observe that
d_

3t Mo rt(e-e )l o = 0.

Thus it follows from (1) and Taylor's theorem with remainder that
1 2
An(O) - An(On) = El(sn( H O—On) - a) fn( ; 9n+t(0-0n))
for some t € (0, 1) and constant a. The second conclusion of the lemma now
follows from the first conclusion and Lemma 2.

LEMMA 5. Given M > 0, there is a 8 > 0 such that

4 (0) 14 (0 ) -
Pr[’ - (An(o)—An(On)) 2 clllog fn(°; 0) - log fnuz] < 2e

-1/2

6!102

for n21, 0 € en’ and 0 <c¢c £ Mp
PROOF. Write
n
en(O) en(on) - n(An(o) - An(on)) =z Z
where
Zi = log fn(Yi; 9) - log fn(yi) - E(log fn(Yi; 9) - log fn(Yi))'
Set a = lllog fn(-; 9) - log fnua. By Lemma 7 of Stone (1986) there is a

positive number Hl such that

1/2
. - <
ilog fn( ; 9) log fnn“ < Mlapn .
Thus there 1s a positive constant M2 such that lzil < Maap;/2 and

Var(zi) < Maaz. The desired result now follows from Bernstein's inequality
(see Theorem 3 of Hoeffding, 1963).

The next result is an immediate consequence of the definitions of the
various terms.

LEMMA 6. If 0 ,0, € en' then

1'°2
€,(9,)-¢,(0))

o - (An(Oz)—An(Ol)) < 2lilog fn('; 02) - log fn(-; Ol)ﬂu.
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Set ?n = {fn(-; 8): 0 € en}. It is convenient to define the "diameter”
of a subset F of ?n as
sup{iilog f2 - log f1"w: fl.f2 € F}.
The next result, essentially Lemma 12 of Stone (1986), is a consequence of
Lemma 7 of that paper and (viii) on Page 155 of de Boor (1978).
LEMMA 7. Given e >0 and &6 > 0, there is an M > 0 =such that the
following is valid:
€ 1/2
. . - <
{0 € en. llog fn( ; 9) log fnll2 £n (pn/n) } |
can be covered by O(exp(Mpnlog(n))) subsets each having diameter at most
2e
8n pn/n.
LEMMA 8. fn exists and is unique except on an event whose probability
tends to zero with n. Moreover,

2 _ e, -1 1/2
l1log fn log fn" = Opr(n (n pn) ) for all e > 0.

2

PROOF. Set cm=n""(n"1pn)1/2 and

- . . - <

enl {0 € eno' ilog fn( ; 9) log fnuz < cn}.
Then enl is a compact set whose boundary, relative to Gno' is contained
in

9n2 = (@ € eno: llog fn(-; 9) - log fnll2 =.cn).

In light of (2), it can be assumed that there is a positive constant M such

-1/2

that cn < Mpn for n 2 f. By Lemma 4 there is a &6 > 0 such that

2
— < _
An(o) An(en) < acn for all o € 9n2'

Thus by Lemmas 5-7, except on an event whose probability tends to zero with

n'

en(o) < en(on) for all @ e 9n2

and hence en(~) has a local maximum in the relative interior of en The

1

desired conclusions now follow from the strict concavity of en(o) on eno'
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Let sn(o) € °no denote the score function: that is, the

pn—dimensional vector of elements

aen(a) acn
- x[n (Y,) - -—-(9)].
36 i a6
j v j
Set § =S (0 ). Then ES =0 and
n n n n
E|S_|)2 = nzvar(B_,(Y)) < nZEB> (Y) = nEZB2,(Y) = O(n).
n nj nj nj
J J J
Consequently, the following result is valid.
LEMMA 9. |S |2 =0__(n).
n pr

The maximum likelihood equation for 5n is sn(an) = 0, which can be
rewritten as
Dn(on—on) = sn.

where Dn is the pn x pn matrix defined by

1 Py
D, = nfy H (0 +t(8 -8 ))dt.

LEMMA 10. There is a &6 > 0 such that, except on an event whose
probability tends to zero with n,
-~ -~ -~ 2
- ' - > -
(On On) Dn(on on) 2 8nlllog fn log fnuz.
PROOF. It follows from Lemma 4, Lemma 8 and (2) that

max lllog £ (+; @ _ +t(8 -8 )Il_ =0 (1).
0<t<1 n nonone opr

The desired result now follows from (1), Theorem 1(i) and Lemma 2.

A . _ 1/2 s
LEMMA 11. (On On) Sn = (npn) )Jlilog fn log fnn

Opr(

2"
PROOF . Let u denote the pn—dimensional vector each of whose
coordinates is I Then u'S =0 since S € & . Now
n n no
(5) log fn - log fn = §(anj_onj—cn(°n)+cn(on))an;

so it follows from Lemma 9 together with (12) of Stone (1986) that

,(an-on)-sn|2 = |(Gn-on-(cn(in)—cn(on))u)'Snl2
2

1A

A N 2
|(6,-8 )-(C (6 )-C_ (8 )ul®|S |

a 2
Opr(npn)ulog fn - log fnuz

as desired.
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N _ -1 1/2, .
LEMMA 12. (1) Nlog f, - log £ 1, = O  .((n""p )""");

1/

~ - 2
(ii) llog fn - log fnll°° = Opr(n Dn) = opr(l).

R _ -1 \1/2, .
(118) W - £, =0 ((n""p)""%);

1/2

p,)-

(iv) |an - Onl = Opr(n
PROOF. According to the maximum likelihood equation for Gn.
A_ , A— =A— .
(On On) Dn(On On) (On On) Sn.
Thus the first result follows from Lemmas 10 and 11. The second result now
follows from (2) and Lemma 7 of Stone (1986). The third result follows from
the first two results and Theorem 1(i). Since (3n—on)'u = 0, it follows
from (5), the first result, and (12) of Stone (1986) that
a 2 ~ 2 _ o ~ 2
10,01 + pp(C (0 )-C (0))" = |6, - o + (C (8,)-C (0, )ul
_ s 2, _ -1.2
= O(pnﬂlog fn log fnua) = Opr(n pn)
and hence that the last result is valid.
The next result follows from (2), Lemma 4 and Lemma 12(i).
LEMMA 13. There are positive constants M1 and M2 such that, except
on an event whose probability tends to zero with n,
< .. o - < <t <
M, = fn( ; 9n+t(9n on)) =M, for 0t <1.
Let vcn(o) denote the gradient of Cn(o); that is, the pn—dimensional

vector of elements
acn(o)

OOJ

~ _ via -1
LEMMA 14. ch(on) - Cn(On) = VCn(On) (On On) + Opr(n pn).

PROOF. Observe that
Cn(on) - Cn(on) = vcn(on) (on—on) + (on—on) Rn(on on),
where Rn is the pn X pn matrix defined by
1 -~
Rn = ]0(1 t)Hn(on+t(on on))dt.
The desired result now follows from (1), Lemma 12(iv), Lemma 13 and (12) of

Stone (1986).
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LEMMA 15. There is a positive constant M such that, except on an event

whose probability tends to zero with n,

o, ~ 2 _ -2, .2
? [i i 02::1'33;33;33;(9n+t(0n—0n))'lrkl] < Mp “|7| for reae.
PROOF. It is easily seen that
a°c_(o)
33;35;33; = ’anBnanmfn('; 9)

IanBnkfn(': o) ,Bnmfn('; 9)

|

’anBnmfn(': o) ’Bnkfn(’; °)

[Bnanmfn(': 8) ’anfn‘.; 0)

+

[anfn(°: e) /B f (i @) !Bnnfn(°; 9).
The desired result now follows from Lemma 13 and the basic properties of B-
splines.

It follows easily from Theorem 1(i) that

aCn -1
(6) max '3;—(9n)| = 0(p,")

1=j<p J
n
and hence that
(7) 6, (¥)| ~ 1 uniformly for y e I.
The next result follows from (5) and Lemma 14.
P . A— _ —1

LEMMA 16. Illlog fn log fn Gn( ) (on on)llw Opr(n pn).

For 0 € en let min fh(-; ) and max fn(~; ®) respectively denote
the minimum and maximum values of fn(y: @) as y ranges over I.

LEMMA 17. i For each 0 € eh’ Hn(o) is a positive definite symmetric
linear transformation on °n0' There are positive constants Ml and M2
such that

Mp Yjr12 min £ (+; @) < r'H (8)r < Mp l|r|2 max £ (-; @)
1%n n ' = n - 72"n n' '’

for n21, 0 € @ and re€eo .
n n0
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PROOF. The symmetry of Hn(o) follows directly from its definition.

By (12) of Stone (1986) there are positive constants Ml and M2 such that
2

-1 2 -1 2
< . £
Mlpn || =< usn( H r)ll2 < szn |r] for r e en'
It follows from (1) that
] . 2 . —-1 2 . .
T Hn(O)r < Hsn( : r)ll2 max fn( ; 0) S szn 7|~ max fn( ; 9)

for r e en' It also follows from (1) that if r € °no then

TH (0)7 2 s (- r—au)llz min £_(-: @)

v

-1 2
Mlpn |r-au}” min fn('. 9)

-1 2
> ..
2 Mlpn |r|” min fn( )
Thus the conclusion of the lemma is valid.

LEMMA 18. There are positive constants Ml and Mz such that
1

-1, _.2 - 2
< s < >
Mlnpn Ir|” <= r Cov(sn)r = Manpn |r| for n21 and 1 € eno'
PROOF. Since
1 -— . — 2
T Cov(Sn)r = n[(sn( ; r)-a) f,

where a -~ Isn(-; r)f, the result follows from the argument used to prove

Lemma 17.

0 n’

Then ¥ = $ 'S  and hence G (v)'P_ =6 (y)'&—ls . It follows easily from
n n °n n n n n °n

Consider the approximation P €0 to 0 -0 defined by ¢ P =5
n n nn nn

(7) and Lemma 17 that

(8) IT'I;IGn(y)I = O(n—lpnlrl) uniformly in r € e, and y € I.
LEMMA 19. max 'inj' =0 r((n—lpnlog(pn))l/z)-

15j%p_ P

PROOF. Since };ICov(sn)!;l is the covariance matrix of ﬁn' it

follows from Lemmas 17 and 18 that max Var(?n.

J) = O(pn/n). Observe that

J

- n, -1
Py = Zy(8, 6 (Y))

i
According to (8),

-1
sup max |(¢ "G (y)),| = O(p_/n).
vel 1sy5p " J n

The desired result now follows from Bernstein's inequality.
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2

R - -2 3
LEMMA 20. |6 -6 - ¥ |° = opr(n p,log(p )).

PROOF. It follows from the maximum likelihood equation that
~ -~ —1 ~
0, -0, =¥y~ 5, (D0 -0 ).

According to Lemma 17,
-1 ~ 2 _ 2 B A 2
lfn (Dn—}n)(on—en)l = Opr(l)(Pn/n) I(Dn }n)(an on)l .

The (j, k)th element of Dn—!n can be written as

-~

niAnjkm‘anm-onm)'
where
1 aacn )
Anjkn = J; (l—t)33;33;33;(0n+t(0n—0n))dt.

Thus the jth element of (Dn-}n)(on-on) equals

ni z Anjkm(enk_enk)(onm—omn)'
m
Hence by Lemmas 12 and 15
A 2 A 2
J(D -# )(0 -0 )|" =0_(nmax (& _.-0_.)°)
nn n n pr lstpn nj nj
and therefore
~ ~ 2 -12 - 2
l. -6 -P | =0 _(n p max (8_.-0 .) ).
n n n pr nlSJSp nj nj
n
Consequently, by Lemma 19,
- 2 -1 -1 2 A 2
max (0 _.-8 .) =0_(n "p_log(p.) +n p_max (& _.-6_.)").
1<j<p nj nj pr n n nlSJSp nj nj
n n
Thus by (2)
max (3nj—9n.)2 =0 r(n—lpnlog(pn)).
15j%p_ J P

which yields the desired result.

The first conclusion to Theorem 2 is contained in Lemma 8; the second
and fourth conclusions are contained in Lemma 12; and the third conclusion
follows from (2) and Lemmas 19 and 20. We will now verify the fifth
conclusion. It follows from (5) and Lemma 14 that

-~ N ~ _ = -—1
(9) llog fn - log fn— Gn(-) (On On)ll°° Opr(n pn).
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Since
A ) ac_ )
G, (v)'p =2 an(v)?nj -z 33—(on)rnj.
J j
it follows from (6) and Lemma 19 that
(10) 16, ()Pl = 0 ((n""p log(p ))'/%).

The fifth conclusion follows from (2), (7), (9), (10), Theorem 1(i),
Lemma 12(ii), and Lemma 20.
We will now verify the sixth conclusion. It follows from (6) and
Lemma 20 that
(A _a _3 - -1 1/2
(11) VCn(On) (On On ?n) Opr(n pnlog (pn)).

It follows from Lemma 20 (and, of course, the basic properties of B-splines)

that
- ’ - _ -1 1/2
(12) j'onj'enj"nj"an = Opr(n p,log” “(p )).
By (11) and (12),
(8 _a _o _ -1 1/2
(13) llGn(-) (On On rn)l Opr(n pnlog (pn)).

The sixth conclusion is a consequence of (2), (7), (10), (13), Theorem 1(i),
Lemma 20, and the following result; while the seventh conclusion follows from

the sixth conclusion and Theorem 1.

-1/2
n

LEMMA 21. max ljg £ (V)6 (y)'P dy| = O ).

0<x<1 pr

PROOF. Observe that
o - o1 - -1 ' -1
Var(vcn(on) ?n) = Var(vcn(on) ’n Sn) (}n vcn(on)) Cov(sn)}n vcn(on).
Thus it follows from (6), Lemma 17 and Lemma 18 that
;A B -1, ,-1 2, _ -1 2, _ -1
Var(vcn(on) ?n) = O(npn "n VCn(On)| ) = 0(n pnlvcn(on)l ) o(n )

and hence that

vC (8 )'F =0 (n V2

n n n pr )

Consequently, to prove the desired result it suffices to verify that

(14) max |Z ¥ .Ig fn(Y)BnJ(V)dYI = Opr(n—l/zl.

o<x<1 j ™
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For any particular value of x, all but a bounded number of terms
X 1 -
]0 fn(y)BnJ(y)dy are equal to [o fn(y)an(y)dy or to zero. By (2) and

Lemma 19, the total contribution of the bounded number of exceptional terms

is
0(9;1 max |P ngl) * r(p;I(n_lpnlog(pn))l/a) =0 r(n_l/z).
1<j<p P p
Thus, by the form of the support of the B-splines an, 1 £ j £p (see
de Boor (1978)), to verify (14) it suffices to verify
-1/2
(15) max lzk Pnjlf anl pr (n ).

1$k$p
Let ¢ be a subset of consecutive integers in {1,---,pn} and let J

denote the number of integers in ¢#. Let r denote the pn—dimensional

vector having elements !annJ for j € 4 and zero otherwise. Then
(18) |rl2 = O(Jp;a) uniformly in ¢ and n.
Since
-1_., -1
Var( z P [f B .) = (# . 1)'Cov(S )(s "7),
nj nj n n"'“n
jes
it follows from (16) and Lemmas 17 and 18 that
(17) Var( z ¥ € B_.) = O(Jn—lp_l) uniformly in 4 and n.
jes nj’ nnj n

Observe next that

(18) =z ]( zZftB (} 1 oY )) ;) = z X

nj’fn nj

jes jeg * 0 J n#i-
Here xn,i, 1 £ i £ n, are independent random variables having mean zero;
and, by (7), Lemma 17, and the basic properties of B-splines,
- -1.1/2
(19) | n}1' < b with b = 0(n P, ).

It follows from (17)-(19) and Bernstein's inequality that there is a g > 0,

which does not depend on n or #, such that
Pr(| z ;njlannJ' > An'l/a(J/p )¢

jes
1-2¢

(20) < 2[exp( nAn1/2 (J/p )°) + exp(-pa° (p,/J) )]

)

for A>0 and 0 < c < .5.
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Set Rn = min(r: 2f > pn]. For 0 <r < Rn’ let mnr denote the collection
of all sets of integers of the form

{(m—1)2r+1,---.m2r}. where 1 <m < pn/zr.
It follows from (2) and (20) that, for any € > 0, A can be chosen
sufficiently large so that

A -1/2 c
(21) Pr(|] Z P | 2 An (J/pn) for some 4 € Ugn Mnr)

njlannj
Jjes
<e for all n 2 1.
For 1 £ k < pn. {1,---,k} can be written as a disjoint union of sets

L € Mnr such that for 0 <r < Rn' there is at most one such # € mnr' Thus

it follows from (21) that (15) holds, as desired.
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4. Proof of Theorem 3. Now

o el -1
(22) var Gn(y) ,n = Gn(y) ’n Cov(sn)}n Gn(y).
so it follows from (7), Theorem 1(i), and Lemmas 17 and 18 that
1o -1
(23) Var Gn(y) ,n n pn.

LEMMA 22. Uniformly In y & I,
G (y)'P
z[s L =

D(G,(v)'P )

PROOF. Observe that Gn(y)'Fn =z

] -+ X¥(0,1) as n -+ o,

n S |
1 zni' where zni = Gn(Y) ’n Gn(Yi"

For each n, the random variables an. s, Znn have mean zero and are

independent and identically distributed. Moreover,
-1 2 -1 -1 -2 2
[ < ' ] =
16,(v)*#. 76, (Y)|® S 16, (v)'# "6 (V)| 16, (Y ))'$ "G (Y,)| = 0(n “p).
The desired result now follows from (2), (23) and the central limit theorem
(see the corollary on page 201 of Chung, 1974).
LEMMA 23. There is a positive constant M such that

1

|7'Cov(S_)r - r'$ 1| < Mnp_ 6 |r|2 for n21 and r € 0.
n n n n n

= . x = o
PROOF. Set a, lsn( ; 7)f and ay [sn( ; r)fn. Then

' . _ 2
T Cov(sn)r n[(sn( i T) an) £
and
r'$ 7T =nf(s (; r)-a*))zf
n n n n’

The desired result now follows easily from Theorem 1(i) and (12) of
Stone (1986).

It follows from (7), Theorem 1(i), Lemma 17 and Lemma 23 that there is a
positive constant M such that, for n 21 and y € I,

-1 -1 -1 -1
] - ' <

(24) lGn(y) fn Cov(Sn)!n Gn(v) Gn(y) fn Gn(y)l £ Mn "p 5 .
It follows from (2), (7), (9) and Lemma 20 that

2 W& _ -1 1/2
llog fn - log fn Gn( ) ?nﬂw = opr((n pn) ).
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Thus by (23) and Lemma 22,
£((log fn - log fn)/SD(Gn(y).;n)) -+ X¥(0, 1) uniformly in y as n - o,
It follows easily from this together with (2), (22)-(24) and Theorem 1(i)
that the first and third conclusions of Theorem 3 are valid.
LEMMA 24. Uniformly in r € en’
1(3,(8,)-#0 1171% = 0 (np '1og(p ))irI?.

PROOF. Observe that

P % 1 % X X
-_—( ) -~ ———(0 ) = ZJ —_—(0_+t(0 -0 _))(e_ -8 _)dt.
aejaok n aejaok n m 7o aejaekaem n n n nm nm
Thus the desired result follows from Lemmas 15, 19 and 20.
2-1 -1 -1 s a1
Since ’n ’n = ’n (}n ’n)’n , the next result follows from Lemmas

13, 17 and 24.
LEMMA 25. Uniformly in r € enO'
a~1 -1 2 _ -3 3 2
s $.071° = °pr‘" p,log(p ))iT]™.
LEMMA 26. lén(y) - Gn(Y)|2 = Opr(l/n) uniformly in vy.
PROOF. Observe that
Gn(v) - Gn(y) = —(VCn(On) - VCn(On)).
Since
P 1 ~ ~ .
ve (e)) vc, (o ) = (Ionn(on+t(on-on))dt)(on o),
the desired result follows from Theorem 2(i), Lemma 13 and Lemma 17.
The next result follows from (7), (24), Theorem 1(i), and Lemmas 17, 25,
and 26.
LEMMA 27. Uniformly in vy,

1

3 1/2 -
log(pn)) +n pndn).

A e B S | -1 i -3
Gn(y) fn Gn(y) Gn(y) !n Cov(sn)fn Gn(y) Opr((n P,
The second conclusion of Theorem 3 follows from (2), (22), (23), Theorem

1(i), Theorem 2(v), and Lemma 27.
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5. Proof of Theorem 4. For a given value of x e [0, 1], set

x .
gn(o) IO fn(y, 0)dy.

It is easily seen that

(25) vg (0.) = [o G (V)E (v)dy.

The next result follows from (2). (9), (10), (13), (25) and Theorem 1(i).

P - o -1/2 .
LEMMA 28. Fn(x) Fn(x) = Vgn(on) rn + opr(n ) uniformly in X.
Observe that
e - N "1 _1
(26) Var(Vgn(On) rn) = Vgn(on) ’n Cov(sn)}n Vgn(on).
By (6) and (25),
(27) IVgn(On)I2 = 0(p;1) uniformly in x.

It follows from (26), (27), Theorem 1(i), Lemma 17, and Lemma 23 that

(28) Var(Vgn(an)‘ﬁn) = Vgn(on)‘!;lvgn(an) + O(n—lbn) uniformly in x.

According to the Cramer-Rao inequality
-1 -1 ~1
' < = -
(29) Vgn(on) ’n Vgn(on) <n Varon(I[o' x](Y)) n Fn(x)(l Fn(x)).
LEMMA 29. Suppose that p, - ® as n -+ ». Then

vg_ (0 )'$ 'vg (6 )

lim =1 uniformly for x Iin compact subsets of int(I).

n n YF(x)(1-F(x))

PROOF. Choose Pn € en By Schwarz's inequality

0
o 12
(Vgn(on) rn)

el
(30) vgn(on) ’n vgn(on) z P's P
nnn
By (1)
(31) ' ?n’npn =n Varon(sn(Y: ?n)).

It follows from (25) that

(32) vg (6 )'P = EOH(I[O. x](Y)(sn(Y: ?n)-EonSn(Y; v

The desired result follows from (29)-(32), Theorem 1(ii), and
construction of s € Yn used in the proof of that result.

The proof of the next result is similar to that of Lemma 22.

the
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LEMMA 30. Uniformly for x in compact subsets of 1int(I)

vg (0 )'P
gl—2-"F—L 1 L 40,1 as naow
SD(vg, (8 )'P )

The first conclusion of Theorem 4 follows from (28) and Lemmas 28-30.

The second conclusion follows from the first conclusion and Theorem 1.
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