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1. Introduction

One of the most widely used techniques in survival analysis is the Cox proportional
hazards model [7]. In this model the hazard rate or intensity of failure for the survival
time for an individual with covariate vector X which may depend on time t is expressed

AL X () = xo(t)exp{vo(xu»} . t>0. (L.1)

0y is the regression function and \g is the underlying baseline hazard. Both 8, and X\, are
unknown. Usually 8, is specified as a parametric linear function, i.e. §(X) = g X. In
practical data analysis (exploratory or confirmatory) the nonparametric estimation of 8,
could be of interest. A method of estimation based on a penalized partial likelihood is

proposed here.

If ¢,,tp, - - - ¢, are a set of ( possibly right censored ) survival times on n individu-

! Research supported by the National Science Foundation under Grant No. MCS-840-3239.
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als with corresponding covariate vectors X ,Xo, - * *,X,, where X is observed on [0,¢, ],

then the estimate of 8, is defined as the minimizer of the functional

Iy (0) = -logL,(0) + pJ(8) , w>0, (1.2)
where
LT Sy ) w3
= SR O 1.3
LR A A
J ER,

with R, = { 7t 2 } and 1-4; is a censoring indicator. The penalty functional

J(0) is designed to incorporate prior notions about the smoothness of # into the estima-
tion. The term Penalized Likelthood is due to Good and Gaskins[9]. The technique,
which is closely related to Tikhonov’s Method of Regularization can be used to generate
a broad range of nonparametric estimators. For example, in the usual nonparametric
regression context the method can be used to define the smoothing spline estimators of
Wahba[21]. For further examples, see Anderson and Senthilselvan[4], Cox and
O’Sullivan(6], Leonard[13], and Silverman[17|. The use of penalized partial likelihood for
nonparametric estimation in the Cox model seems quite natural. Alternative approaches
based on additive approximations to the regression function have been proposed by Has-

tie and Tibshirani{10] and also Stone[18].

The numerical computation of the penalized partial likelihood estimate in (1.2)
along with an efficient strategy for selecting the smoothing parameter (u) is an impor-
tant practical issue. This will be discussed in a future paper. By and large the methods
described in O’Sullivan[14] can be applied. The purpose of the present paper is to study
the asymptotic behavior of the penalized likelihood estimator. The modern treatment of

the large sample properties of the regression parameter in the Cox model uses a counting
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process formulation of the model, cpmbined with certain martingale convergence
theorems, see Andersen and Gill[3]. Tixe analysis in this paper also uses martingale
representations, however, only rudimentary properties of martingales are needed in the
analysis. The main theoretical result shows that the penalized likelihood estimate con-
verges in probability, for a variety of norms, at a rate characteristic of other non-

parametric regression estimates (see, for example, Cox and O’Sullivan[6}).

Some basic definitions, assumptions and a statement of the main result are given in
§2. Convergence is studied in a variety of norms that are related to the structure of the
problem. These norms which are equivalent to certain Sobolev norms are described in
§3. The behavior of the penalized likelihood estimator is studied via certain asymptotic
linearizations; these are described and justified in §4 and §5. The results depend on
showing that the third derivative of the penalized partial likelihood is bounded and that
the sample Hessian (the second derivative of the penalized partial likelihood) converges

at an appropriate rate to a limiting form.
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2. Basic Definitions and the Main Asymptotic Result

2.1. Counting Process Formulation of the Cox Model

The multivariate counting process formulation of the Cox model as described by
Andersen and Gill[3] and Gill[8], will be used. A brief overview of this formulation is
given next. For a detailed account, including proper definitions, see Andersen and Gill[3]
and the references cited therein. Throughout the paper the time index t is assumed to
take values on an interval [0,1].

For each n, N(®) = (N[ N{®) ... N[®) is a multivariate counting process

with a random intensity process A®) = (A{*)A*) - -« A (")) for which
Mrde) = vile) - exp{of(X; "X} - Molt) (21)

The underlying baseline hazard A\, and the regression function 8, : R? — R are fixed.
A family of right continuous non-decreasing sub o-algebras {F,("): ¢ € [0,1]} are defined
on the n’'th sample space, with F,i") representing the history of the n’th process up to
time t. All processes are defined relative to this sequence of o-algebras. Y;(*)(-) is a
predictable process taking values in {0,1}, with ¥;(®) = 1 whenever the s ’th component
of the process is under study. The d-dimensional covariate process X,-(")(-) is predict-
able and locally bounded. Specification of A(®) as an intensity process means that the

process
¢
M) = N e) - [a[*rdr, i=12,---n and t€01, (22)
0
is a local martingale. The predictable covariation of M) is described as
t

<M.-("),M.'(")>(‘)= f)‘,(")(r)dr ’ <M.'(”),M,‘(')> =0 l. # j .
0

For ease of notation the superscript (n ) will be dropped from N, X\, M, Y, and X.
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2.2. Definition of the Penalized Partial Likelihood

Inferences for the regression function , are to be based on a penalized partial likeli-

hood functional. Assuming the process is stopped at time ¢, this functional is defined

by:
¢ o .t
Jlo [—}; IR A ”] dN(1)- = 3 [HX (DN + wI(6) p>0, (23)
0 =1 i=10

where N(t) = -:-'- f} N;(t). In the standard Cox model framework, the first two terms

represent the negative logarithm of the partial likelihood given in (1.3). J is a penalty
functional. Before going further, assumptions on the measurement model and the nature
of the parameter space will be made explicit. The assumptions in this paper combine
the standard kinds of conditions set out in the analysis of the Cox model and in the
analysis of nonparametric regression estimators, see §4 of Andersen and Gill[3] and

assumptions A-C of Cox and O’Sullivan[6].

Assumption A. ( Measurement Model )

() (N Y, M x,()) § =12 --- n are sid replicates of a fized triple of random

processes (N,Y ,X) defined on [0,1].

(i5) {X(t), t €[01]} CX C R? where X is a bounded open simply connected set

with C™ - boundary (See Definition 3.2.1.2. of Triebel[20] ).

(1i1) For each t € [0,1], the random variable X (t) has density h(-|t) and for allz € X
0<k, Zh(z|t)<k, <o, (2.4)

where the conatants k, and k, are independent of t and z. The marginal distribution of

the process X (-) is denoted h(-). From (2.4), h is bounded away from zero and infinity.



(tv) Forallz € X,
py(t|z)=P[Y(t)=1]| X(t)=12] . (2.5)

py(t | z) s continuous in t and z, and is bounded away from zero uniformly in t and

z.

1
(v) Ao(1) = [Xo(t)dt, and Ay(1) < oo.
0

For the assumptions on the parameter space, let W8 (X ,R) denote the Sobolev
space of real valued L, functions defined on X whose p’th derivative is square integr-

able, see Adams(1] (fractional derivatives are allowed). W2(X,R) is the subspace of

W2 (X,R) which consists of functions with mean zero. Thus f0(z)dz =0, for all
X

Assumption B. (Parameter Space)

(1) © is a Hilbert space of functions § : X — R with inner product <-,-> and norm ||||.

The elements of © are constrained to have mean zero.
(i) For somem > 3d /2,8 = W (X ; R), as sets and they have equivalent norma.

(sts) The penalty functional J(6) = <8, W 0> where W is a bounded lincar operator on

O, which 1s self-adjoint and nonnegative definite.

(iv) For some positive constants k, k,,

kil < <0,Wo> + |16 | LAX ; R < kololf (2.6)
for all 8 € O.

(v) The true function parameter 0, is in W3 for some s > 3d /2.
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Where necessary, norms etc.. are indexed to indicate exactly how the norm is

defined. Thusforéd: X — R,

012, = fie=)Pdz Ol = sup |8(z)|* ete.

Whenever subscripting gets too cumbersome, a notation like ||# | Lo(X ;R )|| (as in (2.6)
above) will be used. If A is a real Banach space then S(R ,A ) denotes the centered ball
of radius R in A. S;(R,A) is the ball of radius R about z. The centered sup-norm

ball is denoted S(R,C):
S(R,C)= {a:R‘ — R such that ||4)l,,, < R } .

Sg(R,C) is similarly defined. (Here C stands for the Banach space C(X;R) of real

valued continuous functions on X ).

Asymptotic Notation

The following asymptotic notation will be used. If f and g are real valued func-

tions on a metric space U and vy € U, then
J(v)<g(v) as u —u
means for some K and some neighborhood N of u,,

S(u)

g(u) =K

— ?

forallu €N,

where the numerator is required to be zero whenever the denominator is zero. If there is

an additional variable v and V(u) is a set of values of v for each u, then

J(uw)<gluw)  as w—ug

uniformly in v € V() means



L) e
R ysE e 0

The notation
[(v)=g(u) as  u — ug

means f (u) < g(u)and g(u) < f (u).

2.3. Derivatives of [, , and a Representation for the Estimate

The penalized partial likelihood estimator, 8, ,, is defined to be a minimizer over ©

nw

of

=1

1
I ,(6) = 1, ,(0:1) = [log | = 2 Y;(t)e ""“”]m(z)
0

- ."72 JO(X;(¢)dN;(8) + p <WE>, (2.7

1=l

where u > 0. [,, is a mapping from © into IR. In order to describe the asymptotic

behavior of 8, ,, various derivatives of I, , must be defined. By assumption B(ii), evalua-

nyp
tion at any point z € X is a continuous linear functional in ©. Hence for z € X, the

Riesz representer of evaluation at z is well defined, this is denoted &z ). Thus for all &

in ©
Hz) = <0,§z)> .

As in Andersen and Gill[3], the quantities:

5©g,t) = _2 Y;(t)e ax,(¢)

n,=

sMo,6) = L3 Fi(oprx e

N,
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50.0) = L V(e () xex()e

§ =]
SO0,t) = L 30 ¥, (6)e(X; (¢ )XEX; ()X EX; ()5 (29)
ni_

come up frequently. SM e ©, () e X6, and $® € ©XOXO. For any ¢ € O,

<EXEP> = E<€0>
<EXEXE P> = EXE<E D> .

The limiting versions of S(®, S and so on, are also of interest. These are defined by:
sO0,t) = E, [SCY0,6)] = [py(t |2)e®Ih(z | t)dz
s
20N0,6) = E, [SUN0,t)) = [py(t | 2)E(z ) h(z | t)dz
o0,t) = E, [S¥N8,6)] = [py(t | 2)&(z)XE(z)e ™ h(z | t)dz (29)

20Y0,6) = E, [S®Y0,6)] = [py(t | 2)€(z)X&z)XE(z)eh(z | t)dz .
For ¢ , ¢ € ©, the notation

S@9,¢)pyp = %g Y, (6 )80X, () $(X, (£))e 50D

=1

5X0,¢ )9 = -};)j;l Y(6)0(X; (£)) WX, (£ )ECX, ()"

will be used. The definitions of 0(2)(0,t )é¢ and 3(3)(0,t )¢ are similar. An elementary

but extremely useful lemma is the following:

Lemma 2.1. Let 80, € S(R,C)

" 5(0) (0)
(a) S X0t) ~1 and 2 4,¢ = 1, uniformly in t .
5O, ,t) s, t)

(b) 29)(0,-) is bounded away from zero and infinity.

(c) if .9 €O then {<sM(8,t),6>} < |IglIZ, and {2 D(0,¢)8v}® < lIglIZ, lI¥lI 2,
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The results are uniform sn 0 and 9, .
Proof: (a) follows from the definition of 5 and 4(® and the uniform boundedness of #
and 4,. (b) follows from Assumptions A(iii) and A(iv) and the boundedness of . The

Cauchy Schwartz inequality, A(iii) and A(iv), and the uniform boundedness of 8 implies

(¢). Q.E.D.

With these definitions the first and second derivatives of the penalized partial likeli-

hood are:
Z, 4(0) = DI, (0)
- i%‘;’gﬁ)lm(:) - %élie(x,-(z))dm(z) +2uWe |, (2.10)
I, (0) = D*1, (6) (2.11)
- ot} - St w0
Ly (1) ]
But with p;(t) = _1_;': Y,.(t)e""‘"‘” for i=1,2, -+, and g, — j§l¢(x,~(:))p,(: ),
n =,

S@0.t)e8 _ SWat)s SWBL)e _ & o T2
s0g.¢) SO,t) sOa¢) —‘gll’-(‘)[‘ﬁ(xs(‘))—'ﬁc] .

It follows from this and the fact that W is nonnegative definite, that for any ¢ € ©,
<I,(0)p,6> 2> 0. Thus the penalized partial likelihood is convex. A straightforward
argument, along the lines given in the appendix of O'Sullivan, Yandell and Raynor(15],
shows that the penalized partial likelihood estimator must lie in the subspace
6, = N(W)® Sp{&X;(t;),¢,5=12,---,n }, where N(W) is the null space of the

linear operator W, Sp stands for the span for the given set, and t;, for j=12,---n,
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are the survival times of the n individuals under study. If W corresponds to the usual
Laplacian penalty functional used to generate thin plate smoothing splines (see
O’Sullivan, Yandell and Raynor[15] and Wahba[21]) then the penalized partial likelihood
estimator can be represented as a generalized Laplacian smoothing spline. From
Theorem 3.2 in Cox and O’Sullivan[B] a sufficient condition for the existence of a unique
minimizer of the penalized partial likelibood in (2.7) is that there exist a unique minim-
1zer of the negative logarithm of the partial likelihood over N(W). These results are

summarized in the following theorem.

Theorem 2.2. The minimizer of the penalized partial likelihood in (2.7) lies in the sub-
space ©, = N(W)@® Sp{&(X;(¢;),9,/=12,---,n }. Moreover a sufficient condi-
tion for the ezistence of a unique minimizer of the penalized partial likelihood ss that
there ezist a unique minimizer of the negative logarithm of the partial likelihood over

N(W).

Letting n — oo, the limiting version of the penalized partial likelihood becomes:
1 1

1,(0) = [log[s®)8,¢)]s (80,8 o(t)dt - [ [6z)py(t | 2)h(z | )™ dz No(t)dt + < Wo,6>
0 0x

and the first and second derivatives are:

1 1
Z,(0) = {M.w)(oo,:)xo(t)d: - { [&@)py(t |2)h(z | )™ dr ng(t)dt + 2uW0

2a,¢)
1 1
- f%(o_"lgm)(oo,t)xo(t)dt [ 2 W80 (e )dt + 2uW 0 (2.12)
08 (0,‘) 0
cla®at)  a00e) L s(a,t)
— L y _ ) L4 ) ‘(o
Guld) {{ 200t)  2OYat)” s ©a,e) } Koot ol )dt + 20 W

=U(8) + 2usW . (2.13)
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It is easily verified that 8, satisfies Z,(8,) = 0. From Lemma 3.1 in the next section, if
¢ € © and <G (0)p,#> = 0 then ¢ = 0. Therefore l; is strictly convex so 8, is the

uniquely defined as the solution to Z, = 0.

2.4. Main Asymptotic Result

The large sample behavior of the penalized partial likelihood estimator 5, u is of

interest. Since [, , is convex, @, , can be thought of as a solution to the variational equa-

-

tion, Z,, = 0. (The existence of a unique 8,,, for n sufficiently large and p sufficiently

small, is shown in §5). The asymptotic behavior of 8, , is studied via two linearizations.
Heuristically, as n — o0, Z,, — Z, s0 é" should be close to 8, where Z ,(4,) = 0. The
bias in é,, 4 is approximated by [, - 6], the random error is studied by considering
[é,,,, - 8,]. A one-step linearization of Z, about 8, gives
Z (8) = - G ,(60)[ G, - 8] .
Letting 8, = 0, ~ G ;' (8,)Z ,(6;), it is shown that
dist (8,,0,) = dist (8,,0)(1 + o(1)] as p — 0. (2.14)
(Here "dist” stands for any appropriate norm, see §3 for examples). A one-step lineari-
zation of Z,, about é, » Bives
8,,=0,-G;'(8,)2, A0,)
(Note that G ,(8,) rather than I, (0,) appears in this formula). Again it can be shown
that
dist (0, ,,0,) = diat(éu,vp)[l + 0,(1)] as n — co. (2.15)

The above results say that in order to analyze the the penalized partial likelihood
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estimator it is enough to understand the behavior of the linearized estimators 7‘, and

However the asymptotic behavior of these linearized estimators is relatively easy to

[

ny

determine. Rates of convergence in probability are given in a variety of norms. For

0<b <1, let |||, be the Sobolev W™ - norm. The following asymptotic conver-

gence result is obtained.

Theorem 2.3. ( Asymptotic Convergence Result )

Suppose Assumptions A and B hold. Let p = s /m, where m is as in B (i) and s s in

B (v). Let b satisfy
0<b < min(2-d/2m (p-d/2m)/2) .

If p = p, s a deterministic sequence such that for some arbitrarily smalle > 0

p, —0 and n-ly Gd/m+d Lo
then
(+) 0, - 6ollF , < wie=t]
and
(#)  HOau=0,lI = Oy (ntptord/zml).

Moreover, the optimal rate of convergence for ”6"-00”,,2 1 Op(n'z"‘("")m""*‘))

which is obtained by letting p, = n~2m/(2mp+d)

Proof: Part (i) follows from Theorem 5.4 and Theorem 4.1. Part (ii) follows from
Theorem 5.5 and Theorem 4.2. The optimal rate is obtained by equating the bounds on

the order of magnitude of terms (i) and (ii). Q.E.D.
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Remarks.

(i) The condition that n~'u {3¢/m+9) 0 for some ¢ > 0 means that in order for the
optimal rate to apply mp >5d /2. This is a rather stringent lower bound. One would
imagine that the result still holds even if this lower bound is replaced by 3d /2, see §5 for

more discussion.

(ii) An interesting generalization of the above result would be to include an asymptotic
distribution for the estimator. For this one would need a more sophisticated version of
the central limit theorems for local martingales, see Robelledo[16]. Such a result would
also open up the possibility of studying the weak convergence of a Breslow type estima-
tor for the baseline cumulative hazard,

. —
_ dN(7)

A t) { L 8, 4 X, (r)
— 3 Yi(n)e

1=1

(2.18)
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3. The Penalty Information Scale
It is convenient to study rates of convergence in norms derived from the limiting

penalized partial likelihood:

1
1,(0) = [log [+, )] 2 08,6 (8 )dt (3.1)
0

1
~ [ [0z )’ py(t | 2)h(z | £)dzNg(t)dt + p<o,WO> .
0z

In this section a family of such norms is defined and some of their basic properties are
established. A brief overview is given first. Whereas the information matrix plays a role
in the asymptotic analysis of finite dimensional parameters, the spectral properties of the

information operator G, turn out to be important here. From §2.2, G u is represented
as:

G0)=U(b) +2uW , (3.2)
where U(0) is the Hessian of the limiting partial log-likelihood ( i.e. U(f) is the second
derivative of [,(8) - p<8,W8>). Convergence properties are studied in norms related
to the spectral decomposition of W relative to U(#). These norms and associated Hil-
bert spaces are obtained as follows: For each #, sufficiently close to 8, (in sup-norm)
there exist sequences of eigenvalues ‘{7.,,; v=12---} and eigenfunctions

{¢.y;v=12, -+ } satisfying:

<¢owU(00)¢¢’> = 6.,‘,
<¢0ylw¢.‘> ='10y Jy" (3.3)

where §,, is Kronecker’s delta. For b > 0, let
- b 1
ol = {X 1 +2AI<0U(0.)6., >3/,
v=1

and let ©, be the Hilbert space obtained by completing {0 € © : ||6]|.;, < oo} in the
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-] 4 -norm, with inner product

(o 0]
<0¢>4 = L1 +72)<0,U(0,)0.,><qU(0,)8.,> .

v=l1

Appealing to the K-method of interpolation (see Triebel[20]), the ||-||,4 norms can be
shown to be equivalent to ﬂg"' - norm for 0 < b <1, uniformly in 8, in sufficiently
small sup-norm balls about ;. In Cox and O’Sullivan[6] the collection of Hilbert spaces
{84 ,0 < b <1} is referred to as the Penalty Information (P.I.) scale of Hilbert
spaces. If 8, = 0, then the p will be used in place of " #” in the definition of the P.I.
ngn

scale associated with ,. For notational convenience the or p index will be dropped

altogether at times; thus ||-]|; is used in place of ||*|] . -

The existence of the eigensystem in (3.3) has to be established. The main technical
result needed for this is a continuity theorem of Kato[12] on the perturbation of the
spectrum of a self-adjoint operator. A separation theorem in Weinberger[23| is used to
obtain estimates on the asymptotic behavior of the eigenvalues. Some additional proper-

ties of the eigensystem, which are used repeatedly in later sections, are recorded in §3.2.

3.1. Spectral Decomposition

The next lemma gives conditions under which the quadratic form obtained from

U (0) is equivalent to the L, norm on ©.

Lemma 3.1. If R 1s sufficiently small then there ezist finite positive constants kl and

k, such that for all 8, in S4(R,C)

kJIOlZ, < <6,U(8.)0> < kolloll2, forall €O . (3.4)

Proof: Let
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py(t |z)h(z)
s©t 0,)

k(z |t,0,)=

1
<OU0.)0> = [[ [0(:)—K.0[t]]2k(z L6.0.)dz st 0)N(t )dt
0z

a Ot | 8)

- 22 ] uniformly for
2Ot | 0,) y

where K,0(t] = fl:(z | ¢,0,)%z)dz. By Lemma 2.1 (a),

0, € Sg(R,C)and t €0,1], s0

1
<0U@0.)0> ~ [ [0(3) K.O[t]] pr(t 1 2)e”®h(2)ds 2(t)dt .
0z

By assumptions A(iii), A(iv), A(v), and B(v), it follows that 4, py and ¢’ ®) are uni-

formly bounded away from zero and infinity, so

~ [] [oe)- ko) a2 35
~0‘[z ’ ] Ag(1) . (8:5)

Letting m, is the Lebesgue measure of X (since § has mean zero), this becomes

= f02(z)dz -m, f[K.o[t]] mdt

= “0"32 -m,(K,0,K,0) ,

Ao(t)
Ag(1)

X x[0,1] (X is the closure of X). Thus, from example 4.1 on page 159 of Kato[12], the

dt. k(z|t,8,) is uniformly continuous in z and ¢ on

where (4,0) = f[qS(t K

integral operator K, is a compact mapping from L,(X;R) to C([0,1],R), and indeed

K, is a compact operator from L,(X;R) into the space {4:[0,1] = R : such that

Ao(t)

2
fW”Mn

dt < oo }. Consequently, if KT is the adjoint of K,, then KK, is a

compact self-adjoint operator on L (X ;R ).
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(K. 0,K.0) = [6(z)KTK. 0z )dz = <0,KTK, 0>,
4 )

(The constant m,'/? is adsorbed into K, from here on). The largest eigenvalue of K JK,

can be characterized as the maximum of the Raleigh quotient:

<0KTK.0>,, <0,KTK.0,>,,
A\ = maz =
0€L4X-R) <0’0>Lg <0l’ol>l¢z
where 8, € L(X;R) is the non-zero eigenfunction corresponding to A;. From (3.5),
A £ 1. If Ny =1 then (3.4) would imply that 8, = 0 almost surely, hence \; < 1. ),
depends on #,, so we write A; = X\ (d,). Let Ko be the value of the operator K,

corresponding to 8, = 8,. For any u,v € L,(X,R), it is easy to show that

<u(K'K. - K{Kov>[, < kjllwllZ,llvlIZ, MR} ,

where M(R) = , e‘gp(ﬁ ){n;a‘x |k(z | ¢t,0,)-k(z |¢t,0,)]}, and k, is a positive constant
. .0 '

independent of ¥ and v. M(R) tends to zero as R tends to zero, so KJK, tends to
KK, in operator norm as R tends to zero. It follows from Theorem 4.10 on page 291

of Kato[12] that
A(8,)—M\(f) 3 R —0 uniformlyin 0, .
Thus there exists R such that for all 8, € S4(R,C), \{(8,) satisfies
\(0.) < [1+XM(8)]/2 < 1.
From this for all # € L (X ;R ) and 8, € Se{R,C)

<OKTK,0>},

“0“1:-’2 > “0”32 - <80,KIK, 0>1?2 = ||0"l?3 {1- “0”2
L,

2 1612, [1-M(8)]/2
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Since, ||0Hf2 - <4K'K, 0>E2 ~ <0,U(0,)0> for 0€ Ly X;R) uniformly in
8., € S4(R,C), this implies that there are constants k; and k, such that
killollZ, < <0,U(8.)0> < kolldllZ,

forall § € © and 8, € Sy(R,C). Q.E.D.

With this lemma the main theorem of this section can be proved.

Theorem 3.2. ( Spectral Decomposition )
(i) For some R >0, for all 8, € Sy(R,C) there ezist sequences of eigenfunctions
{$,,; v=12---} C®O and corresponding eigenvalues

{Yoo; v=12,---} C [0,00) satisfying:

<¢0y,U(00)¢0,> = 6,,“
<¢omw¢o‘.> == '70‘;6”’

(11) The asymptotic behavior of the eigenvalues ts given by:
Voo = vin /4

uniformly for 8, € S4(R,C).

B,(6,0)

Proof: Consider the Raleigh quotient _A. 00

where
B,(0,6) = <8,U(6,)o> ,
and

A,(00) = <0,U(0,)0> + <O, Wo> . (3.6)
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If B, is completely continuous (see Weinberger[23] for the definition ) with respect to
A., then the existence of the eigensystem follows as in the construction in Proposition
2.2 of Cox[5]. From Lemma 3.1, for some R > 0, A,(6,0) is equivalent to Hﬂ”fz, uni-
formly for 8, € Sg(R,C). By Sobolev’s Imbedding Theorem and a.ssumpﬁons B(ii) and
B(iv), ||0||,f"2 is completely continuous with respect to "0”33"' <0,W@>. Therefore
Lemma 2 on page 61 of Weinberger[22] implies that B, is completely continuous with
respect to A,, and the existence of the eigensystem is established.

For part (ii); since A, is uniformly equivalent to L ;-norm on © and, by B(ii) and
B(iv), B, is uniformly equivalent to W7 -norm on ©, the Mapping Principle in Wein-

berger[23] implies that

Teo =N

where 7, are the eigenvalues of a 2m 'th order elliptic differential operator obtained from
equation (A1.3) in Cox and O’Sullivan([6] - see the discussion following equation (3.1) of
the same paper. The elements of © are constrained to have mcan zero but, by Corollary

1 of Theorem 9.1 on page 63 of Weinberger(23], upper and lower bounds on 7, can be

obtained. If {:y,,} are the eigenvalues in equation (3.1) of Cox and O’Sullivan|6], then
the result in Weinberger[23] implies

7v.<_:7-v5 Yo+l -

The results of Agmon|2] give that :1,, ~ 1»™/4, (see Cox and O’Sullivan(8] for a discus-
sion), so the claimed estimate on the asymptotic behavior of 7, (and consequently v,, )

holds. Q.E.D
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3.2. Useful Properties of the Penalty Information Scale

The following lemmas give some important p.«:«.ties of the penalty information
scale which are used repeatedly later on. A similar set of properties are discussed in
Appendix 1 of Cox and O’Sullivan[6]. The proofs of the lemmas are omitted since they

amount to trivial restatements of the corresponding results in [6].

Lemma 3.3.

If >0 and ¢ >0 are such thatb + ¢ < 2-d/2m then

o0
Y (1 1+ 1 +2py,,) % = plbrerd/2m) (3.7)

v=1

as p—0 uniformly in 8, € S4(R,C).

Lemma 3.4.
(a) Let b € [0,1]. For for all R > 0, S K (R), Ky(R) such that for all 8, € S4(1,C),

0, = }i’g"' (X;R) as sets and for all 6 € O,

K\(R)IIOI W™ | < 110l < KAR)lIO] W™l . (3.8)

(b) Let b €[1,2]. Assume J(0) = f:f Y [D;%0;(z)dz. Then there ezist

i=12|o[=m
differential operators By,B,, - - * ,B,_, defined on the boundary 0X such that: (i) B; is
of- order m+i; (i) {B; :0<i<m} is a normal system (Definition 4§.8.3.1 of
Triebel[20]); (i5) if d=1 then B; = (d/dz)™*'; (iv) Assuming bm-1/2 is not an
integer, ©, is the closcd subspace of W™ given by {§ € W™ : B;6 = 0 on X for all

i < (b-1)m-1/2}, and (3.8) holds.

Lemma 3.5 Let 0, € Sg(R,C)andb > 0.



(&3
t9

) el =1+t for v=12 -

(i)  G.(0.)U(0.)8., = (1 + 2p7.,) " b0y for v=1.2, - - - and p > 0.

(ii)  If po > 0 is sufficiently small and b < 1, then forallz € X, ¢ > 0,1 < 5 <gq,
and p € (0,1, |

1G ;1 (8.)€; (2|2 < K(R po)u G +1+é/m)
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4. Rates of Convergence for the Linearized Estimators

Convergence properties are studied by means of two linearizations. These are given

by:

(i) Continuous Linearization:

0,=10,- G, (8) Z,0)

(ii) Discrete Linearization:

O,,=10,- G, (0,)12,,0,) - Z,8,) . (4.1)

For norms ||-||;, the asymptotic bias of the penalized partial likelihood estimator is on
the order of |[6, - 6g||s , while the asymptotic variability is on the order of E|[8,, - 0,II¢.
The justification of this is rather technical, the argument amounts to showing that
I, [(0,) - G,(6,) =0 as n — oo and that the third order derivatives of the penalized
partial likelihood can be bounded in an appropriate manner, see Theorems 5.4 and 5.5 in
§5. For the moment consider the asymptotic behavior of the linearized estimators in
(4.1). A result on the behavior of the bias follows immediately from Theorem 2.3(c) of

Cox|5].

Theorem 4.1. (Bias)

If0< b <(p-d/2m)/2 where p=as /m and s is given in B(v), then as p — 0
1[0, - bolls < w412
wherep = s /m.

Proof: From §3 the operators U(8,) and W generate norms and associated Penalty

Information scale with the same structure as those discussed in Cox and O’Sullivan[6).



-924 -

Therefore, as in Theorem 5.1 (i) of Cox and O’Sullivan(6] the result of Cox|[5] applies.

Q.E.D.

More computation is required to analyze the discrete linearization.

Theorem 4.2. (Variability)

For0 < b < 2-d/2m

E qup - 0;4”62 < ”—l”-(6+l/2m) as n —~o00,

uniformly for p € (0,p0] and p, sufficiently small.

Proof: The continuous linearization result to be proved in the next section (Theorem
54:let b = d/2m and use Sobolev’s Imbedding Theorem), shows that 0, converges in
sup-norm to 8, as p — 0. From the results of the last section, let uy be chosen so that
for all p < py the norms and Penalty Information scale associated with U(0,) are uni-

formly equivalent to those associated with U (4,).
inu - 0‘, = G;l (0p)[zup(0p) - Zp(op)] .

Using the series expansion for the |||, -norm,

Ignp - 0p”62 = § [l + ‘7:11][1 + 2”‘74411]-2 * {<Zup(op) - Zy(’p) ’ ¢‘w>}2 .

nay =1

This  expansion uses the fact, proved in Lemma  35(ii), that
G ;l (0,)U(8,)0,, = [l+2p7,“,]'l¢,w. A similar expansion appears many times in Cox

and O’Sullivan[6]. It will be shown that for any ¢ € ©
1
E{<Znu(0) - Z,(0,)6>)" 5 — IIOIIL, . (4.2)

uniformly in p < po. With this, Lemma 3.5(i) implies ||$,,l|7, = 2, so
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Ellf,n - 0,015 < n7'S1+ %201 + 207,218,112,
14
~nlY[1 + '1:,,][1 + 2p7,,,,]"2
1’4

a ply(b+d/om) by Lemma 3.3 .

Turning to the verification of equation (4.2),

) : "
<5"0,t),6> dN(t) - ':TE Jo(Xi(¢))dN;(¢)

1
<Z,[8,) - Z,(8,)¢> = l.{ s0Ya,,¢) i=10

! <‘(l)(0“,t )l¢>
0 ’(o)(owt)

1
8O0y, ¢ )No(t)dt - <.(l>(oo,t),¢>xo(t)dt] .
0

n
Rewriting in terms of the local martingale M(t) = —ln— Y M;(¢),

=1

<S0,t)6>
s%e,¢)
. L <SWo,.t)6>
o 500,
o1
- [<8WX8,,t) - M8yt ),6>No(t)dt .
0

<s “’(0,,,‘ )’¢>

w

1
<Znu(8,) - Z,(0,).6> = .{ [ 2)(85,t) ] Ao(¢)dt

dFI(1) - - 3 6K ()b (1)

Therefore

{< Zn ﬂ(’ﬂ) - Z,(O,),¢>}2
2

1
< W) (0)0 _ wt ) (0)
< {{[ 5©(0,.1) 5™ 0,t) 2000,.0) 3 (O(Bo,8 ) [ No(t )dt

2

1 (1
+l <SUXo,t)6> aH ()

1 & 2
[ —®eny LS anmmo) 4

s =]
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1
f<S(l)(0o") _ ,(1)(00,‘ )6 >N(t )dt
0

It will be shown that the order of magnitude of the expected value of each term on the

right hand side is % ||¢|If’ - this will prove (4.2). The last two terms in equation (4.3)

are easy to handle. Since <S(l)(0,,,t)¢> = —E(b(X (L)Y, (¢t )cq () and, by A(i),

ni=
X;(), Y;(:) y=12, - - - ,n are iid replicates of fixed processes X () and Y(-),
2

1 1 2 1
E { <SW(0,t)- sM0,t)6>N(t)dt} < {E{<S(')(0,,t)—a(')(ﬂ,,,t),¢>} dt - { Ao(t )dt

1
< Livar{g(x ()Y (£)e ™y (e)de
no

But for all p < py, 8, is uniformly bounded in sup-norm (Theorem 5.4) A(-|¢t) is uni-

formly bounded by A(iii), and Y (-) is bounded, so

Var{g(X ()Y (1)) < 9112, (4.4)

uniformly in ¢ and p < po. This gives the order n! ||¢|Ifz bound on the last term in
(4.3).

For the second to last term, computing the predictable variation of the martingale
gives:

2

n 1 1 n
Bi o I [ (0)aMi(0) | = B[ 5 806()P Vil )e M F Onla)ae

1
1 fE{¢(X(t DY (¢ )e P X ”}xo(z )dt
no
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1 2

The last line follows from the boundedness of Y (), A(-|-), and 6,.

This leaves the first two terms of equation (4.3) to analyze. Again computing the
predictable variation of the martingale term, gives:

2

1
dM(t)} = %E{ [

1

EyS

<5 g,,¢)6>
s©e,.t)

<50Xa,.t),6>
50%a,,t)

2
] SOy ¢ )Nt )dt

By the Cauchy-Schwartz inequality

{}_i Y,-(t)e"‘x'(‘”} {Li Y‘_(‘)¢(X'_(t))Qcoﬂ(x,(l))}
= n

=1

{ <S5Wa,t)4> }2 <
50)g,,t) - SOp,,¢ )2

(L2 ri(e)olx (o))
ni=1

sO%a,,t)

, by Lemma 2.1(a) .

IN

Applying Lemma 2.1(a) again,

¢ <SW0,t)0>
s©o,,¢)

2 n
L sO0t) 5 L8 vi(0p(x ()5

1=1

Ta..king expectations and using the same bounds as in equation (4.4):

p { <SWa,t)6>

2
SO, t (2 )dt < |lolIZ
ermaet IR CUR T

uniformly in p < py. For the remaining term in equation (4.3) it is necessary to study

the convergence of

<o1)0,,t),6>
+%0,,t)

S(o)(ﬂo,l ) -

[ <5W,¢)0> sO0,6)| . (4.5)

sO,,t)
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The arguments in Andersen and Gill[3] could be adapted to show that this term con-
verges to zero, uniformly in ¢t and g, for fixed ¢ in C(X;R). A result of a different
character is needed here; basically, the result must yield an order n~'/? rate of conver-

gence uniform in ¢ and p (but not necessarily uniform in t). To prove this, note

<5 ,t)6> _ { <SWo,t)e>  <ala,t)6> }

sOa ¢t 5©)a,,t) sO)g, ¢
7 [ [
(1) 1 1
+ <8\ 8,t)o> -
Unt )6 {s‘°’(o,.,z) a‘°’(o”,t)}
<aWo,.t),6>
+©%0,,t)

_ { <5Wg,t)-s0,t)0> }

5a,¢)
{ <’(l)(ol‘")v¢> }{ ‘(0)(0llrt) - S(o)(oﬂy‘)
a(°)(0,,t ) 3(0)(0‘” t)
<s19,t),6>
a%0,¢)
So
<59, t),6> <sW(a. 1),
{ (o() 2182 50ty ) - =2 (o( nt}$> "°’(ﬂo,t)}
S5(0ut) s©o,,t)
5©)g,,¢)
= <S(l)’,t _‘(l)o"’ >]{ 0
[<st00- s, 5©%0,.t) .
Mg ¢ (0)
- [s<°’(a,.,t)-.(o)(o,,:)]{ <s ((f) wt o> } { S(o)(vo.t)
aN0,,t) 5©,.¢)
)
+ [0U0) - sOXa) ] { = Ut 8> |
8°(0,,t)
. 5)g,,¢) _ .
Using the fact that S(oi(owt ) ~ 1 uniformly in ¢ and p < py, the Cauchy-Schwartz

1
inequality, and the finiteness of f Ao(t)dt,
0
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1
<509,.t),6>
0 S(o)(apt)

(1)
<s%(0,t)6> ©)
00,8 ) [ No(t )dt
o(°)(0“,t) 800, ) [ Molt)

SO (8,,¢) -

1
< [l<SW(8,,t)~ 18,8 ),6>1\(t)dt | (4.6)
0

1
+ 2 {18 8,t ) - 8%85,8 )% + [SOUB,,) - 8108, ¢ )2} Mot )t
0

, } [<c“’(0,..t).¢>
0

2
- (0)(0‘"‘) ] Mo(t )dt

Computing expectations an order n~! ||¢||Ez bound (uniform in p) is obtained for the

first term. By Lemma 2.1 (b) and (¢),

{ <sW(o,,t)6>

2
< lisllZ, -
a(o)(O,,,t) } 2

1 2
Finally, fE{S(o)(O,,,t)—am(O“,t)} Xo(t)dt is order n~! uniformly for p < p,, so the
0

correct bound is also obtained for the second term in equation (4.8). This completes the

proof. Q.E.D.
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5. Validity of the Linearizations

The final step is to verify that the linearized estimators, analyzed in §4, mimic the
first order asymptotic bias and variability characteristics of the penalized partial likeli-
hood estimator. For this it suffices to show that the hypotheses of the éontinuous and
discrete linearization theorems in Cox and O’Sullivan|6] are satisfied. These linearization
theorems are based on general fixed point arguments. They also yield existence results.
The ideas were motivated by the work of Huber[11] on the asymptotics of M-estimators,
however, whereas Huber’s analysis takes place in a finite dimensional setting, the
analysis here takes place in infinite dimensional parameter space. Because of this the

analysis is more complicated.

In the linearization theorems a pair of norms, ||:||; and ||‘||;", are employed. The
fixed point property is established in the ||:||,.-norm and from this information on the
efficacy of the linearizations is deduced for the other norm. The argument (see Lemma
5.2), makes critical use of a lower bound of d/m on b° and this lower bound ultimately
effects the final convergence result stated in Theorem 2.3. If the restriction that
mp > 5d /2, which is needed to include the optimal rate of convergence, is to be
relaxed, then the analysis in Lemma 5.2 of this section would have to be refined. The
proofs of the theorems rely on the third order‘ derivatives of the penalized partial likeli-
hood functional being suitably bounded, and that the operator I,,(8,) converges to

G ,(0,) at an appropriate rate.

5.1. Additional Notation and the Main Theorems
Some additional notation must be defined. The Banach space obtained by complet-

ing © under the norm ||-||,; is denoted ©,;. As usual the subscript p will typically be

dropped.  Let d°(p) = [0,-0y|l,» and let d°(n,p) be such that
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op(d‘(n,u))z||7,,“—0,,||b.. The asymptotic behavior of d°(p) and d°(n,u) is

described in Theorems 4.1 and 4.2. Theorem 4.1 gives that d*(p) =~ p(P~4°)2 provided
0<b* <(p-d/2m)/2; Theorem 4.2 combined with Markov’s inequality gives the
order n~1/2 (6 +4/2m)/2 tor 4°*(n p), provided 0 < b < 2-d/2m.

The magnitude of the third order derivative of the penalized partial likelihood is

measured by:

KipuR)= ¢3€‘S“l,9..) 1G s (9)D 1 {89+, )b203l1s

éxv ¢2€ S(R,e‘.)
in the continuous case, and by

Kgy(n,u,R ) = "G;I(O’)D sln p(op+¢l)¢2¢3"b

8y,
$3€S 1.6..)
1. $,€S(R.8,,)

in the discrete case ( D is the differentiation operator ). The difference between I, s and

G ,(0,) is measured by

Ky(n,p) = ¢ eg'(fe‘.)llop"l("p)(fu - Gu(’y))ﬂlb

The quantities K3(p,R), K3(n,s,R) and K;(n,u) are defined in a similar manner -

the ||-||s -norm is replaced by the ||:||,.-norm. The next two lemmas are crucial.

Lemma 5.1. (Bounds on the 3’rd order derivatives)

Let0 < b < 2-d/2m and suppose d /2m < b° < (p-d/2m)/2 where p = s /m and

s 18 given in B(v), then

(a) Ksm,R) <R - plb+d/2m)/2

(b) Kga(n,s,R) < R - By(n,p), where EB?(n,n) < p+4/2m)  yniformly in
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J € (orl‘O] .

Lemma 5.2. (Convergence of I, ,(6,))

Let0 < b < 2-d/2m and suppose d/m < b° < 2-3d/2m then

K2(”vl‘) S BZ(”;") '

where EBZ (n,p) < n-lp b +d/2m)

The remaining results follow from these lemmas. For z(p)=~ d°(p) and
z(n,p) =~ d*(n,p), let r°(p) = Ks(p,2(p)) 2nd r(p) = Ky(p,z(n)); furthermore, let
r’(n,p) and r(n,p) be such that O,(r‘(n,u)) = K;(n,s) + K5(p,z(n,p)) and
0, (r(n,u)) = Kyn,p) + K3(p,z(n,n)). The next theorem, describes the asymptotic

behavior of these constants.

Theorem 5§.3. [f0< b <2-d/2m and d/m < b’ < min(2-3d/2m (p-d /2m)/2)

then
(i)r'(n) —~0asp—0,

r(p) << plb* 82 gp p— 0,

If {ps;n =>1) 4 a asequence such that for some d/m < b’ < 2-3d/2m,
nlp 20 +4/2m) _, 0 then for any sequence of p’s in [, ,uo)-
(i1) ’ ‘(n,n) = 0,8 n — co.
r(np) << p® -2 asn — oo

Proof: Apply Lemma 5.1 and 5.2. together with the rate estimates on d°(p) and

d*(n,p), discussed in the first paragraph of this subsection.
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For part (i), from Lemma 5.1

r(p) S d°(p) ptt" e
< ”(p -5°)/2 ”—(b' +d/2m)/2

— ple-d/zm)z- b0 0 - b)/2

<< w2 a5 40, since b <(p-d/2m)/2

For part (ii), from Lemma 5.1 and Lemma 5.2

'.2(”'”) < n—l"-(b+d/2m)+ d'(n,p) “-(b+d/2m)
< "-1”-(b+d/2m) + n-lﬂ—(b'+d/2m)“-(b+d/2m)

~ n-l”—2(b'+d/2m) "(6' -b)

<< pl®* %) since alpAOTHI2m) L0 a5 peoo.

Q.E.D.

The main results can now be proved.

Theorem 5.4. (Continuous Linearization)
Let d/2m < b° < (p-d/2m)/2 where p = s /m and s is given in B(v). There are
constants ko, k, and py such that, for all p € [0,p], I ! ¢, € S(%Kod'(u),eﬂ.) such

that if 0, = ¢, + 6, then Z (0,) = 0, and
18, - 8,11, < kyr(p)d*(n)
18, - 0,lls < kyr(p)d’(n)

where 8, = 8, - G,7Y(0,)Z ,(0,).

In particular for 0 < b < 2-d /2m then ||0, - )|l, = |[0, - 8|y as p — 0.
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Proof: From Theorem 5.3(i) r *(u) — 0 as p — 0 so the hypotheses of Theorem 4.1 in

Cox and O’Sullivan[6] hold. Q.E.D.

Theorem 5.5. (Discrete Linearization)

Let {p, ;n 21} be a sequence such that for some d/m < b’ < 2-3d/2m,

nlp;28°+4/2m) 0. For any sequence of p’s in [u, ,po) and0 < b < 2-d/2m. Con-

sider the event E(n ,p) given by

_ . . . . 1 ,
E(n,p): 3! solutionto Z,, =0 ,0,,=0,+ 0y, ,0,,€ S(?Kod (n,p),epb.),
satisfying Honp -Fuyllb' S kl r .("r") d.("rl‘) y

and llolp—inﬂnb S kl r("r") d.(ﬂ )”) ]

then for all 6 > O there is some n, and constants k, and k, such that this event occurs

with probabslity > 1-6, for alln 2> n, and p € [p, ,p)-
In particular on E(n ,p), é,,,, ezists and for 0 < b < 2-d/2m
“0np - 0‘4"6 == "7np - ’y"b ’

30 Op(n-ll‘-(bﬂ’/zm )) = "anp - on"62°

Proof. The condition on b° implies that r *(n,s) — 0, Theorem 5.3(ii), so Theorem
4.2 of Cox and O’Sullivan(6] gives the result. The last statement follows by Markov’s

inequality and the rate obtained in Theorem 4.2 of §4. Q.E.D.

5.2. Proofs of Lemmas 5.1 and 5.2
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Proof of Lemma 5.1. (Bounds on the 3’rd order derivatives)

For part (a)
D3 (0, )vw = G ;' (8,)U (0, )vw
where U(&. Jvw is given by:

s (6.,t)vw

U(e.)vw —f[ (0)(0 0

+@ 0, ,t)vw 210, t)
.,(0)(0. ) a(o)(d. )

<80, ,t)v> <a(1)(0. J@)w >

2o, t) s©Ya, )
<a@o,,t)w> <asNo, t)v>
29, ) s, )
(1) (1) (1)
<sWd,,t)v> <so, t)w> 0.t
ez S etz 2 000 o, e pge
2©)a, t) +O0,,6) 20, 1)
Expanding in terms of the eigensystem {@y, , 7, ; ¥ =1,2, - - - },
1 3 2 s b 2
1G4 (0)D %1 (8. Jow||é = (1 + 7)) [1 + 2870,)" (5.1)
=1
* {<l'j(0. )vw ,¢ov>}2 .
It will be shown that for ¢ € O,
(<U(0.)vw,6>)? < R? - I9l12, (5.2)

uniformly for 8, € S4(R,C). The argument involves a straightforward application of

sup-norm bounds on #,, v, and w, combined with a couple of applications of Holder’s
inequality. Since b° > d/2m, sup-norms of v and w are finite. There are several

terms to handle, but as an illustration consider the term

: [<c(3)(0.,t)vw 6>
0

2
AOTAN ] 2085, )ng(t )dt (5.3)
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= { [{lfftﬁ(z)v(z)w(z)eo.(’_)PY(t |z)h(z I')dz}/’(o)wn‘)]28(0)(0o,t)Xo(t)dg

Using Holder’s inequality twice, A(iii), A(iv), and sup-norm bounds on #,, v and w,

([0 )0 (2D )e™ oy (¢ | 2)hx [ 016}

< sup [v(z)] - sup |w(z)]| - sup le? )]

. 2f(¢(z Ydz - !;e"(‘)py(t |z)h(z | ¢t)dz

< RE-|IglIZ, - 410, 1)

2(0,,¢)

But by Lemma 2.1(a) ——F—™
d ( ) 8(0)(00,t)

= 1, also Ay(1) < oo, therefore (5.3) is bounded by a

constant times R? - II¢”£-.» A similar type analysis works for the other terms and the

result in equation (5.2) follows.

To complete the proof, Lemma 3.6(i) implies ||¢,llZ, = 2, so

0 (2]
Y1+ 0] [+ 2077 {R¥I0lIZ) < RP L (1 + 0] [+ 2p70)7

v=1 =1

~ R? ylb+d/2m)

since 0 £ b < 2-d/2m . The result is uniform in #, in sup-norm balls about ,. This

proves part (a).

The proof of part (b) is very similar.
D3, S0, )vw = G;l (OO)U, (0,)vw

where U, (8, )vw is given by:

1

. s, t)vw
Untyow = [ | o057

s@Ya, t)ow SU)0, 1)
s©p,.t) s, ,t)
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<59, t)v> <sW@, t)w>
s©)a, t) s, t)
<SS, t)w> <sW0,,t)v>
s©Xa,.t) s©)g, 1)
<s, t)v> <sW,,t)w> sU),,t)
(0) (0) © (t)
50, ,t) sO,,t) s, ,t)

Again expanding in terms of the eigensystem {@q, , Yo, ; ¥ = 1,2, - - - },

o0
1G4 (00)D %l (8. Jow I = TS [1 + 70 [1 + 270,]72 (5.4)

=]

‘ {< i-jn (6., )vw :¢0v>}2

Using sup-norm bounds on 8, € Sg(R,C(X,R)), v and w and Holder’s inequality, it

can be shown that for ¢ € 6,

{<U,(0.)ow,6>}* < R? - BY(n p.9) (5.5)

where

B(npé)= [ FORAUIEEAO) "’“‘"’}/s@)(th)]dﬁ(:) :

A direct computation, using the martingale structure, the Cauchy-Schwartz inequality

and Lemma 2.1(a), yields:

8=

1
EB%(n p¢) < %E{ [ IR AN AN "”“”} Mot )dt

+Ef [ié Y.-(t)¢2(x.-(:»e”°""“”] Ao(t )dt .
0 n

=1

~ lI6lIZ, + I8l1Z, = II6lIZ, - (5.8)

o0
So with Bin.p)= Y [1+ '7:,,][1 + 27, B¥Hn p,¢,,), and 0< b < 2-d/2m,

v=1
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Kyn,p,R) < R? B¥n,p) where EB¥n p) < plb+d/zm) 0 ED.

Proof of Lemma 5.2. ( Convergence of I, ,(4,). )

1

s@e,¢) sUWa,t) st)e,t)
Ld0,)- 6,00 = [ { gt - St 224N (e 5.7
0= G0 = [\ 58,7 ~ 5,0 < 5a) 1) )
L e, o,,t)  a0Xo,.¢
- f{ .(o)( =) '(o)( o) ‘(o)( o) }‘(0)(001‘)%(!):“ .
o Lel%o,e)  4O%0,e) " 2%e,,¢)
Writing this in terms of M(t),
1
5@ eo,t) sWa,.e) st)e,t)
l,,0—G0={ w?) 2 Vw 22) \ am(e
00 = 08 = [ 50,7 ~ 50, ) < 50,y M)
1
s@o,¢) sWo,.t) st)e,t)
S~ ST X STy |5t Mot
0 S (0‘,,‘) S (opt) S (Opr')
L (e, Mg, e)  20)a,¢
_ {‘(0)( " ) _ ‘(0)( I’} ) 8 o( " )}a(o)(oo,t)xo(‘)d‘ .
o La®a,e) 2o )" o %o,e)
o oo
To analyze Ky(n,p), let v = Y u,¢,, and v = ¥, v,9,, be unit elements in
v=1 v =1

©; and ©,. respectively, i.e.

O, 2 b o 2 b
z “y [l""f“y] = 2 vya [l+‘7”c] = 1

v==1 v° =1

A direct computation using the Penalty Information scale gives

° oo 00
<u,Gll(0)L(0,)- G0)e >y = 5 ¥ w40V HAL + A (144812

v=1y° =]

where (to simplify notation, let ¢ = ¢,, and ¥ = ¢”.)

ALY = (L2 [142p, ) (147 )] (5.8)

} SCNo, )80 <SUO,t)8> <SUN0,0)¥>

ol SOe,t)  5O,¢) 5OY0,.t)

dM(t)
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and

AL = (14432 (142t (147,07 (5.9)

S8, ¢ )\t )dt

‘ } SO, t)py  <SUN0,1)8> <SUN8,¢) 9> ]
o | 5©%0,1) 5O 0,,¢) 5O 0,.¢)

2(0)(8,,8 )No( ¢ )dt

l ["2’(0.,t o <sl9,t)6> <alN0,t)¥> ]

Tol 4®e,e) T 4OYe,0) AT}

Applying the Cauchy-Schwartz inequality and the fact that v and v have unit norms

<6,G; (0)0) - GL0)v>E < SuZ+ab] B T Al + AQP T o2 144,

v=1 r=1,° =1 v’ =1
Q- (1)2 @2

S E 8 {[Ayy'] + [Ayy’]} M (5'10)
r=1p° =1

It will be shown that

0 00
(i) EZ E [Axnz S n-lp—(b+d/2m);

r=1y*® =1

(oo B ~]
(i) EY ¥ [AQ]R < ntplbriizm),

r=1p°* =1

(o <IN <]

From this it will follow that, with Byn,p)= Y Y} [Alg) +A‘S‘2)}’
r=1p° =1

Ky(np) < Byn,p) and EB$ (n ,p) < nlpb+d/zm),

The proofs of (i} and (ii) are accomplished as follows:

AN = (144812 [1+2pm) ™ (14172 (80))

ALY = (L2 (142, (1,02 (63))

where the §,,.’s are the terms in curly brackets in equations (5.8) and (5.9). Suppose
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E(6) < - 6112, II9ll3 (5.11)

and
EGEY < < I8lZ, Ivll2, 1)

then since ||,]l7, = 2 and ||$ulliy = [1+‘7:,,/oz"']. (the latter follows from Sobolev’s

[o BN~ <] o o0
Imbedding Theorem and Lemma 3.5(1)), EY, ¥ (A7 and EY, ¥ [A )2 are both

r==1p° =1 r=1y° =1

bounded above by a constant multiple of

o0 o0
D M SR A1 U TR I SN T i) B ed i B

=1 V=1

2]
But ' > d/m and 4, =v"™/¢ s0 ¥ [l+'1:”.]’l[l+7:”/.2"'] < oo. Hence, since

v =1

0<b <2-d/2m,EB}(n,p) < n-lub+4/2m) the result is proved.
It remains to establish (5.11) and (5.12). Computing the predictable variation in
(5.11) gives:

Sa,t)ep  <SUB,t)6> <SU8,t) P>
so,,t) 5©%0,.t) sO4, 1)

1 2
E{s())2 = % E f[ ] SO, )\g(t)dt .
0

LY.(t)c"(X'('»
With p;(t) = ". for i=1,2, - - -, the term in square brackets can be
Ly, (1)e5®)

j=

written as a covariance i.e.

= (X i (1)[8(X: (£ )-F 1 X (1))}

1=1

@0, )0 <5U,1)8> <5 o,t)¥> ]
sOe,t)  sO(,t) s®o,.¢)

where ¢, = i ¢(X;(¢))p;(¢). This in turn is bounded by

i=1



- 41 -
wp [ | (B (O 16KED1N?

However,

" ' 2
Y Yi(t) ] 4(X:(¢))] e"*"‘-“”]
1

[.1_
(5 5 () |85 1 - 50p,0) = L= 1 s50x0y,0)
s =1

50t )

» 2
~ {.:.. YY) | #(X(t))] e’"""“”} /S©8,¢) by Lemma 2.1(a).

1=1

Using the Cauchy-Schwartz inequality and Lemma 2.1(a), this is bounded by

3|~

HRAQEEID)

Thus computing the expectation of this term and using the bounds on A,py and A\, one

has that
1
E(60)? < — 18112, el

which proves (5.11).

For (5.12)
2
[ 50,6 )ovS N 06t)  4PN0,,t )00 8,t)
(22 2 < 'y [1]] _ » [1]]
EA) = E{{ [ SOa,.¢t) +0)0,.t) ]“(')“"

P <sta,t)e> <SU8,t)0>

+ L. g rT” 50 a,t) (5.13)
0 Sm)(’pr‘ ) S(O)(’pt )

<‘(l)(0ﬂv‘ )!¢> <‘(l)(“" )'¢> (0) i
. 0
R Ty 0t) xo(t)d:}
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The first term in brackets is bounded by

» 2
5(0)(0“,t) 2%a,,t) })‘o(t)dt +E fE'(z)(t )y { }xo(z)dt

SO 0,6)  0,.¢

1
,@
‘!)' 2(0“,' )¢'l’ { S(°)(0“ )

where EQY(t ,u)éyp = [SN8,,t )¢9 - 4)0,,¢ )o¥]. Applying the Cauchy-Schwartz ine-

quality and Lemma 2.1(a), this is bounded by

S(°)(0“,t) O 1 o
5O(0,.1) (°)(o:.¢)}*°(')" + BJIEPe p)viae )

f (a(®(0,,6)69]*No(t )dt - E f {

Further applications of the Cauchy Schwartz inequality, Lemma 2.1(c) and an analysis

similar to that used for equation (4.5) in the previous section, results in the upper bound

nlIBlIZ, WIIZ, + llovlIZ)

But [[6¥lIZ, < lI#lIZ, 19l so the first term in (5.13)

< o782, IIvlli,) -

The second term in (5.13) is

S (0)(,0" )

[ <sM0,t)0> <5U8,.t)9>
5O)e,,t) s©%e,,t)

<s0ho,t)8> <aNo,t)0>
) ‘(0)(“‘1‘) .(0)("") s (opv') xo(')dt

<sl)g,.t),8> <50)0,¢)0>
L (0)(’pl‘ ) s (0)('pl‘ )

Adding #nd subtracting { } 5©)(8,,¢), this is bounded

by

<l (0‘,,!)¢> A0

50X8,,¢) - 00

X0,t ) [ No(t )t

<s (‘)(o,,,c ), ¢> <5Wo,,¢)9>
+“Xe,, 5%a,.t)
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n
4

<SWo,t)v> S0/ <s0o,0)8>  <alo,t)8>
{ [ S(o) 0“") (0)‘) S(o)(dp,t) ‘(o)(o‘"t) Xo(t )dt .
By a familiar argument,
t[<sMo,.0)v> g <a(9,t)¥>
i ! (0)

S "¢”1?3E{[ s(o)(;"‘) S (001‘) (0)(;’,‘) o(’o,‘) xo(‘ )d‘

1 ' <sWo,t)e> <a)o,t)é>
E[[<SW0, ) v>]r(e)de [ |2 tomi i8> wt ),
+ {[< (0., )9>]°No(t) {[ %01 RO ] Ao(t)dt

But <s()e, t),y>2 < ||1¥ll2, uniformly in ¢ € [0,1] and 0, € SeR,C), so following

an analysis similar to that used for (4.5) yields
1 1 1
< 16112, (S IDIIZ) + IMIEAL 1812 < S 116112, IIvilZ, -

This completes the proof of the result. @.E.D.
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