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Trme Series

INTRODUCTION
Tbe auts f this erlrd separately, early an in wcrk, that a rigid "asmIptacs,

then mathatic, then uso" aprch to thues for the andysis qf daa was ir
safe nor effwte. Ncr ws it the way that the i i ct scie seCn to haveb .
What -s thsef a rcd bing flible at t beg arni then ing into, g wand
when apprqiate, s h dctiv t ure (p inlvng a few-parameter
dseticma).

Tbis se p y true Cf many - bl mat - pplicai C sctrum n l bP.,
imtial inestigtica to be feb i, ig fa al patt fcr the trum, after
wich we may - r may mt - be able to go aer to some fat dsoip c f car
spt= Oe Cf the eaIry S, mden sectlrum analwysi s 35 years ago, wu the r
analys cf aItcmrrdatious cf a tacing radar, publishel, with an danentay-theory-based fit, in
Jame et al. (1947). When oanalyzed iaibly in spectrum t is data sl l (a) the low-
frjuayhump cxrrup ling to the e thery, whol was wdl-ag fied by the few
o,mtants, aud (b) a unaller but quite gte peac near 2 Hertz, wind the few-cawant aalysis
had tirelyo ld lime have ben may pralll i sm the it ng de As a
result of this pewiae we havemt written tis eia per, p arly in its nug sectios, in
an umpns-mathema (sidbly ily sIketde)a-coMlicms style.

As analysts cf data we are cfte ned with p -ena, with qualitative aspect Cf what the
data shows, as wel as with its qtitative asects This has hldped us to be ccmced with the
phezxxnaia Cf oar teciies, with thir qalitaie a iq itat aactseistics, ch
usually alize mch furthe narrowly nitative bes.sepm are Cten
bth vague and impotant, so we wM cften be deibeately vague.

Many manm , ad a few a enta l cns, are rdvely n-stadstial. When a
singe subc tsays Same vowel, af ad ag , t f cn be remarkably imilr. Tbe
smm can be tre Cfd zfmive palss frm a singe radar, c for the trace se at the same distant
punt doe to uake c the same fault, yeas apart. l are the ice ca fr the
analyst. IF he KNOWS this going on, he or she c an yd spectrm anlysi
which dten do blwhat is fitted don to a few rm . Tis nts m n,h r, that
these techoiques are either ally safe r stae fr use in a new fidd.

All uch teiiques have to iilde strcmg bi assumpio,be se they focus cm the coe
particular realizatin befcre us. If that realizatic has been sample, as today it will so ftas have
been, so that it sts d T va , (1),...,(T) ad if we dcome m > T/2 cEstinct frapiaes,
ohs.ua a a, m two d which are lias(sectic 6a) cf each other, thn we can always represent
the gen data as

x(t) c= mcoC Xt )

as a a bnaticCf jst fr ay cu ts. Ti can be dcme, inprti r, for al
m ws ner zero, o all near u , cr all near 98&r. If we at individwu rlzatim, cme by cm,
aud do nt add (Cten tacitly) ictive piom, the whole notio Cf a sctum is i trc
So we shold not be sur-ised ehat csial mehods ive tacit asumption - assumio that

ten do ne hsd.
Ib other treme, were met Cf ycor autl' clients have found their data, is cae in which we

have cme - or p s a few - reaizadutio,sbt were Itr St is in the eansble or pr a
from which the realizatic.s) in syg the WT4 wae guid (section Sc), car intereSt is
not in the p 12 idla s laid for a tst, but in uerstandng what irgWaities are likly
to ccur, if mad wh s gude is mifr regar service. In sudying ft
backgroainl inise im a cific rment (rp wi a view to the deigp Cf a seal tlepbo3
set), or intrest is n i th few muMtes Cf d that we saed, git , and mlyLed, but in
the hxrs to ys f bknse yet to conmeloIn ing at the anise racte
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alternative frequezcy bonds, when desiging a radio nmicat systa, mrcn is RU with
the past we have analyzed, bt with the future we mmat face.

11e best paradigm we have for lkIng a im sud"nclie" situtio is a realization -
essnhble oan, a alization to fimefumtims c thesamaion paradigm. As always, is
paradigm may esti cur u nty, , i , "the future may be difft". Bu,
in "mise-lke" ms, it rudy oestimates Mr u an ty.

It is imp t to ratc such like" situatiaily m ed with Gaus
(or for pont-proases, MarkDv) nblo - fran the gnai e nes (eg. FDR's vowels, the
pulse frcm radar #115, th tceu frm station 7 when a one.pcund darge is tonted at
station 0). Any aprchds to trum estimation wks for signal-like" bl, but oly care
and trepdation can give us useu asaer for "misewi oms

Tis p is a ixture cf plilqy, te flas, i , and eulightng
eapes (with a blas to (edsoy Cf FhmIIa). The apprch and tio s to
unify areas: i) rdinay ime senes, pjxnt eand spatil series ah ) s oandhigher order
spectra, for ampe. fe read no fed he muat go straight through the paer, but shoid
am Xthe Table d Cotsts f ti Cf sial iter to himself. It may nOt be CaWetdy
a nt fm the s fics C the papr Imever it is ar dest i that the practitioaer of
spectrum anlysis camt kw toomu cf the yi bac x Cf the situation cf conn.
Blmi use cf formuas d t p ages lead many astray. HU". The specrum *"
Casceptually, the spectrum Cf a imf timo - wheher discrete time r a nuas time wld
be d by taling a very long strh C th tim function (much longer tia we atually have),
filtering it with a sharp, robard filter, lookn at a piec Cf the result (as lcag, pehps, as acr
actual rerd), ad g hw ch gy ( , variasice) is t. At least
two tre caases must be dearlyumder

Case 1. Ine very long setch d the time fuziction (a) is the caly time fdcion we wan to
ansder amd (b) Cossf a (a summation) Cf Rt too many snusdal terms cf
su-,taGtially differast frq Here the nar d filter will sect only ocm freqpswy at a
trial, and thes we are to ame wM be a perfet s d lTs we have a go aixe Cf
king with high psio.

Case 2. '113 time fuction is to be regardd as a realizaion cf a Gussian (which for
oawemezice we cuud, but ncdt, asine to be ergiic). It is one Cf many pcsible tme
functiau; aor analyses are towdard the eties f the amblef these fumctiom, mt
toward tlxue Cf a sific realization. Ibenw d filter will produce a narba Gauss
muse, imxt Hlily - speially if we are fortunate - with a mor dtailed trum matchisg
reasonbly doly the result C white Guian mmse through the givea filter. In patcular,
the amplitue Cf th rut will cge lttle oe timei short pred to the remprocal Cf
the filter wdth, and wl beai worre over time i als log oarl to the cxral
cd the filte width.

If we look at a stetch C suh a filterd ecrd that prdsconly a few, say 5 to 50, potiom
wxelegth is the al dfth flterwidth,wewlllhave ly apcxidea cf wvaiable- an
the averag - am nger rowa i od Ild be - lho mh p r such a n aud
d wuld ntain Tat is to say, how larg the spectrnum C the GaussiaM prxmws at (an

noa) the frequeicy air filter. And wat we can do whe allowed to bad filter a very
long reard (aud sup act a pec as lngas data) is at least o whastbettr than we can
posibly do when we have only the actl data.

* SPECTRAL PRECISION FOR GAUSSIAN DATA *
Mis lower ba Cd ar ity is easly evaluatd We krwn fricm the S pn erem

(Nyquist 1928), als as the Cardnal em C l y ly (Witt r 1935),
that if we k1w the wbxe Cf a n ba al at eqiad pints, atd by intervals C
1/2W, where Af is the aw id could rc the wAxe narowbd sn by inte-xiatlin.

3
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Ezcqt for Ilekag Cf informaticm"acos the ends df our lcnger narrow bed reccrd (in cue
cirectin cr the other), which is cray igble h, the inforiation in aor narcx b
signal is aed in t e discre pints, cf which thre are, (within ± 1), k = TI(1/2Af)
=2TAf ina erdcfd l ag T.

Tlese k ponts will, if we with a reaizatin cf a Gauianp ss, have a jnt Gaus
distribution. Tly will te us as much as posibleaittbor vi asoiated with the
nrrow~band Gusian prsswhe they are imnq e . If we k at the mum Cf t bisquares,
esstially thb best we cando in this case to estimate the poer m ti narrow its average will
be ko and its wM be 2kd (as a mltiple of dinsqare an kdf fr n). 1e
ratioaf standard deviaticn to man wM be (2k)s, which falls to 1/12 fo k at 300.

1hus, the poer in our rW bed is to be wn to me sigmfwam figure ( eily aki
as stanard deviation average = 1/12) we rqire k 2 300 andhn

T 2 3002W =150/WA

For rh beh, w arely analyze ayting l this m h data. So we rarely kww even
t13 awrage powr, oer nrowish bench, Cf any Gwssian to as ch a wo sgnificat
fgure. Wbln we study p -mmui that are at all Gauss p ses, d to

1) wcrk with dimates Cf average spectra am bmdwidtls that are as great as will be
usdul, and to

2) pla fcr sua al iit n tfie avages, usually affecting the ft sgifi
figu sedarly.

bxse wio mt be xxernad with ra cf Gasisn Ine s - cr with spctra cf can crude
ttios d Gausian ss - have a wery much mcre di}lt tsk thn tb xe with

murpc3itions Cf well., orce m eately-wdl sSaate ds , i rly wn only a quite
sht pao fthed d Citest is available.

113 Jlsdesaibed below aeintd to be eecie when we information abou
sectra Cf mxsoplus-gnl cr purene Fro-amse T13y will wCrk - gving estimata Cf averag
aos bands - fc t any srt f data. Wen we are so f nate - ly dthlw because we
dl with iuas d the metioa Cf h y bodies (eg. the fides) cr d human activity (eg.
rad ar ied to mm ade targets) - as to have mot cf the gY at discrete, wel-separated
fra i, other methods may well beme df:ti icrfr tine use. However, as we w icuss,
the net dscried below are stil likely to be

* WHAT CAN BE ESTIMATED? *

If we have the sum Cf a few perfect db (Cf a-mant ampitude) becdkdoed in a very low-
levld ms, we do ml ned a lot Cf data to reowc the fr i , phases, d amplitues fd the
sanuscich. Thit if the me ght be y i n, te the limitatiam just dised apply at
leat as stry to l g about te roi, ame if it is at a high lvel. Without very lcIg
we will only learn a little about the mse.

If, by nntast, the oss is iam, we can oy le l, sinc the mitaticm just
discsed al un to all f m s. Un we are i fact rr t, w we stalxU
"M g" the re stuaticn ith m dcripti in tems Cf a ma finite number C s,
we will be unabe to do a g app y bter than estimate arages cf the serJ er
bnhds d well-chosen width - ther narrow mgah to make us really happy a out r frequenc
resdution or broad oug to mak us realy hWy abt cm sa ling f tuatio

'l3e geual statements arwe no to theapch to sctrum analysis we discus in tis
paper. No -odurecan do i y bettr,

1) in lg down sa gfl or

4
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2) in avding aragg over apprcriate fr j Lc ags
prvid that tie data is a rizati Cf a stataary ian p s, nce, as is well kmwn, the
realiztia values d its mean d tie quadratic fmctics d its c*sevaticm are a set d esie
statistics

* THE ROLE AND PLACE OF MODELLING *
As statiias, we are i,nod with the real wcrld fram which aor diea's data cnewith al

its i anfctaec aspwt We can - and do - mke use df mads but in the spirit df gidm
ratler thn trus Thb etical study d fied s, in ser ca los, can
be d great lip in sgg wat scrts f alysis to try. It can be a saurce d equay great
danger, if we frget bow teuous ar ital assptias were, and start to treat t fac. In
almst every e, any ie ly e aid has both (i) to be ncally teted to sec m what
ways it fails to be acrect and by how much a f(i) to have tIe thertical es d these
failures at lest crudely ames. After all, no ei ty sim modl isesactly arrect. And
weVtake ar lfe in ar hands if we tus it withaut g realSeasCa.

How are we to test rically o s d uar mids that give a fewasmtant des anipia
f sae spectrum? aily by anayzing real data by tciques tha will wcrk, in usdwl and
~m~stood ways, wEn t de is inadequate. Hower fute we may be in having few
cxutan mdIlds that give wcrldgality aprximati to real situatics we can cnly 1w that
they do this wien we can test tim And thI simplest adequate testis ten te analysis d se
spectra by metahls df geral applica a

WEther cr not they ae able to dsiga and qerate as if sne fewamtant m d were tIe
uth, anycne dply ornn d with spectra who ues few acmtant in um analysis, we
beiee,na ls to be able to dichkx ae C ar imto ese mads give him cr bI. Part
C tbis dEcking s likely to call f more ally appicable e s Cf um analysis.
Often - we woudst alot always - tie will be te sorts Cf preres we are ab to
disus

You may, if you l, rgard ai appcacd as cuplortxry. Ln cn so, hoer, ya wil Eed
to t C loratici as not onmly wat is in the begiing but also what is dcne evey so
Cftm, particlarly to whatever aspc f qality cf arimatia by the currut m d have
bees lEwly recx~nized as a critialim .
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UST OF NYrATnC

f= f mi radianperuit

F - <cNI2pz cnmjugate d x

t

XQ)Y(t) e= ries

ay X - averap C t valued th rar vwiabIeX

c= (u) = fie ftia at lag u d the staay siesX (t)

cxy (u) = Cawaance hmctin f t}c staicnary series X (t) ami
Y (t)

fz&(C) = (2r)-1 CXZ(U) inp{-imu= p %e oqrwU at

f3r coowtl seiesX(t)

fxr(c) - (2r)-1 j cwr(u) -pxi}= p crum the
seriex5(t) Y(t)

R(w) - fxr(Co)/ flw)fb(() - aIm d the series X(t)
mY(t)

JR(c=)12 = I3rItheseiesX) Y(t)
T -1

1-0

lix(w) s (2if )1 4(w,)rpericxcra itlhsample

IL (w) - (2iO )-d1(w)df(w) crs-p c am dthxes.mpc
T leigth d record (uwa tim) mber d data piants

(cisace time)
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A. OPENING
1. VITAL ISSUES

Aml b f isues d to be dsoin nay every appicatin c spectum esimati and
system ieintificn. We be by trating a few ci the mxst itant.
la. NON-ENTANGLEMENT (FREQUENCY NONDISTORTION)

Fr isga thr wde d i tance c wat can be dkxe to signals or noses
withcut dtring the id atties1 the i Cf frbnda ornng thn
tcgether. S tbln can be (1) Oar the sgn r ae is ed and becre it is tted,
(2) b c asso and eczptian, (3) in the ptio p s, and (4) in whlat we do ater the
ia orncse is safely r .

Our atteps surpny cten imfl, to asus the fr y t cf signals o i
dep.xS, in practice, on the psility c SlteIg Cat, retly o i y, pias cf the signal or
muse ass~iated with fr a bd,an d th a bow muh paer (enrgy per mit time,
vaiance) is iadth each band.( r ce t tails ci wrourmptatiu may
not make tbds ces r.) If filten wnld mt eract n f e bndsc th t much
cistubece f othe band., we coald do much less to as the fncya nt sgnals or
mum. And in many p ems, w re fted s are used incidentally, we could
wt sucd as easily or as well.

Ma sinas or reach us trcugh m o mormx la by propagation, be it
dectragec, tical, austc, sunac, cca-srface, etc. If the cantets ct freuey bands
were wt reably separaed daring the prca i pc gaticn, we womld fin it mchharder to
us receid ignals or me to tetl us abcRt (1) Ia litted signals r and (2) the
characteristics ci the prpation medlin.
We formulate bdwow, in Sectia 3, the aitims required for a system" - with ca input and

one otput - to be and timei riant andlmce to leave contents c frncy bane both
umeangled and imclplad For a es nd furthr ssi cf such systems and tir
gmlaizaticm, sc Section 13a and b.
lb. KiNDS OF TIME

We have, tacitly, ss d that time ws either c num ed discrete. Situaticu
whre localzed (atkes or lig ing strdks), coacr at prctable time can be
t beatedbytg m in"m"ie, or - muh m realistically - in fri&grail equal-
ineval discrete tim

Whe, as is so iten the case, the pi enon is in cminu time, but aw ta is in
equispced dsrete time, we face the em d aliasng (see bsection 6a). 1he relatiombip
bet n tlhe iz time i vital for all es c anaysis wig digital - r digitized
data, wlcdh is ng the u want case. We must always
rec,gmze, and disti ngish, the kinds time for the p em xxi for data r ption a ding
and for data anaL Tber differenco can be vital.
ic. NOISE IS IMPORTANT

It is so muh easier to avcid being listic abct mse It is easiest to wnte equatiom as if
there e no s Next after t cs att to cover mses is by addin on an :t) wvich
is, e or les mpidtly, mud to: (1) hae a flt spect , (2) fdlow a (jcnt) Gaia
distributi, (3) nt be lage ecg to cause ric ulties Neith cf these evasive
W adhs wrks for mat mablam

In many important ares - radio or radar bakg n se, ocean waves (tsunai aside),
sei mse and th like - ur forts at sectrum stimti are directed at thesxpcra aimse
likce time functionu And ttah s we have to ictztify syst are itenalikMe inpust
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When ntse dzs dn1 dinate, it is stllusay p t to am n gree That me
that statistical thinking ust beause slng is m sred does mean itis truh
Whebe the inse inserted at thes re, the analysis, in the ver, in themiu ds
mt matter, wh, as is so ctt the ase, what we want to stuy is the noisefree source. We can
rarely do this cirectly. As a e , we are a ot always tying to l beneathar
measura sr recrdinp, to m idown thraogh s inzmber layers c Is

Even in n th the simpleit mancrated sgnals loing thrugh nisc is a c

neesty. Thoe wo asudy sigals carefuly must be s i.

Deit I assu tias - flat -pectrun, Gausia s wn tctal power - a tour
axnning ms apply n m e in studyingsgnals than i tl areaswhre statistical
thiing can beusd l7e ideas d statistical mechanuc usually apply whe there are 10'1 c m e
soucesd rable , nally ei additionusing a able wogts. Ibe
unhapy state d affairs, in sg -iasing as wel as in other catis d statstical thinking
a analysis, is the most axeo wherm ther are 101 to O sorcesC adrablem,
- enough so we cam tt th soce by , too few to let the al imit lbecran
anvey usacross the Styx to the Land alGuin lstributus

Naes makes all Cl us h ; having to be statistical mas ny ; assumed
knowledge dl distributioz5 is usually a bre uch, ante to leave us in true far tooclte
2. THE VITAL DISTINCTION

No distiztias in the whec area touied upa by thissudy ism e vital that am

a) puremue,
b) pure sga,
c) sgal-plus-mse,

While (b) is adinaily Mnealisti there ae h casesa (c) with nearly neigible nase that
thinking abou (b) is ahelpful idealzation, - if it isnot allowed to beused where it should mt.

le vital isimi is thatb (a) ami (b) and it is to tis that the n sci n is
drevted.
2a. NOISE-LIKE PROCESSES

Ih1 tancy cf a isel p doe mt le in the shae d its i&dual tim funtias
(its realizatis). Ths emu may well lie in the friey-content each d its

efinc t, as would be the case fr many istames teir white cr colcred Gs
It might lie i , mce subtle craractsis, a it might be a groer.

Cider, f nte, th ifft Gausian , nt in calc (in frequmy-cantent
prcIe, ffin sectum shape) as wl as in (in v in power). A s which draws
each e re ization fran oed the the, drawin& say, fram the f with bility 104 fran
the with probability 30% ad f the tid with the maining 60% prctaiity, wold be
very nmislike. Different realizatia re likely toap r quite diferet. We will have to draw and
amme many ealizaom bdce we to uedmesand what is goig on.

Many ph na, as ned at theb n of S tio lc, are nasc-like. Yet, as phaena,
wed to treat tm as "signals" to be cature. ir reaizatims may r e on a r
me dosly ha in the ample just gien, but any two will be, far bing idtical.
We usuallyhave a s c -all too onas c ne-ftithsamplesize is the

nmber C stismt rlizats Oar zed is to mak as good infereces as we can to the pqlation
Since we have a sampe, our if Mare nessarily im s We have to think statstically,

treat aor diom - like any statistical cosxoias - with bcuhbuilt-igrain C salta t
the mb ami l eygr d the w C making the, sital
stohastic (prbilistic) s ias that reacg te i i really reqire. (See Sctina
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17 fcr the dst mb n ventina cr cpt geating assumptic and e we realy

It is fcr data zear th iseoss xld df the tim that mot df the s drsC Fourier
methas f um s in this f w criginaly intened, d whe they
are oe ffective.
2b. SIGVAL-LIKE PROCESSES

At the other treme cothe signs re=ded by gw a cr o e m in th
s f odn It mater ttle lth clarge was set cff a

Teday cr Thsday, inmewedne r aat, i th aim or the p.m., so lmg as t13 place d
detcmtim is k c stant. 11 backgrw ndu is weak, the tracng will aar maly the

sam- when the charge wasf
is pro is very "Signal like. Ined cnly is there a singlc source, but the enrgy at the

scxce is mcecentrated - in t aisimtame i time. Cm rtim in frequency also Ct h for
atha df single sazrcs, as does coec-rXa at r near a few - or a few fq ies
or a few timefrae Cy icnl atliuo

Studyg pure signal-lih pces may well be best d&e by quite ciffereat methash thce
t in this papr. We cirect the reads atntim to the other s in this speial issue.
Thi few ses are purely signal-lk. Sane aruptim ih ne Cf variskis, inluding

(bt t limitd to) me on (and, usuafy, digiC tCat or antizatim ime) is the nmm,
nt the eceptim As statisticin, yor asi (1) are ev adas, as to w-hr muse was

in eada sific itae w tchniu re ather ied fran cr manstrated with
signal-mly ans, and (2) lock fuward to the d t chnie apt fcr mixtur Cf signal
and ise, at leat. As , we you shcld be, too.

Tlhe mst bic point is simp what is a goal tedmique fo pure ignal-like p sos is alnost
sure NCT to be a good ique fcr pre a-i p s and vc rsa.
2c. NUMBER OF SOURCES

As we have me, and will noe again, fran time to time, Cf the m why
Irns are isel cther ese gna-like is the ammber d emtarys wavs
are an mfsy-to.uixitand eample. Both swl local suf ive the i a dC efts
fran many individual a e cen incac sead over wide ranges Cf sce and time So
many ilnd , as to have the ral imit lon emure th h wa is vey, nearly
G usian (so lmg as we stay in ep wate, an avoid shallow water nominearities).

Tsumins (dte misalld tidal s") also em the ocean . ey typcaly o
fran e s,wch can dtta be ted as nge s s. As a s tamis are dle to
being purely signail-l. (If %=e were no swell r loal uf in the gr , nis wld
have be ry nearly i-e i .)

R ly, thn,we have the folowing scale d swce multiity and prus daracterizatia:

a sinle y scc: very nl-li

a few danentary saorces: reasmbly scigal-like

nerately many danentary sorca: iselike, but with e istabnui-,
vy many e tay sa : ise- and p ably ar ian in cEstribdiL

In USing t dis iflcasiin we zed tot d t "dintay swrc" as indepede
elmtary owu . The retur d a radar pulsefa a m a divenityC
ray pths, mi ed a di the cr re-tor.r se are n to be as sparate
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elemntary surces as lacg as tbearerrer ta is rigid. (A flimsy crna reflector, heavily
vibrating in ach af Iany mo , wmld retn a iselike signal, involving many ICl sorces c
reflcticm (each slowly canging)). Scatteg by a number f sca s, m tpathtraiwnio,
canAavert a g real srce into several or many vitual c.

Wher we d te wrce and propgatia p we cm usly cumt
dematary sa cs well aigh totdl wh to et mlike or signal-like p es in what
weice or mese, ai ecrd.
2d. STABiLiTY IN THE NOISE-LIKE CASE
We have already, in the intouti, lustrad the siityb1a in the CuI case, and

given the relevantflaL flue rspczl, to

degrees free n(#d datapdnts) (lacldh) (2.1)

in wich the bandwidth is in radiam; whre co degreeffetr n fo ch data pont is spread
uniformly ~om thefe eis (see Sectio 6a) fr =0 to ( = V(data spai). (Awter way
to put it is t e mmb Cf degres c fre is the pro ct baaidt and cservatiao
tie)

If we have a no-ausn aistrbit of data points, as happens so frequently, the variability cd
arspecumn estimas is al always (in practice) e fie also se re whe
air pm-b are no the didleo s that ial" fites would giv us. As a
result, (21) aad its aupamn (mct for any multiple f di-sqare with sefied degres of

varaame - 2(averagp)2/(dgees Cf fre ) (2.2)

are eithr satidsfactoily doe, or give too smll a vaue fcr te true vadiame (whih is th lrgr
tht (22) i ict).

'lire is w way toa any orciay noise-like input (for which a fewparamet form is nt
guarnted), and tain a racbkl estima cf the cundrlying p 's spectr which is more
stablethansugstedby (2.1) aed (22).
S eimes it wi no be poib to do m ap raty this wl withcut re g the

process (as when we divide tha 10&30%60% mCf Section 2a into hree b c , aod
estimate caly the ctum f that sf wvich we hae a rlizatio).

We also have, ticularly in g with oise-like pr sse, to fear the appearce ether cf a
few or many igan deviatica. be may afrae asdv itailstnbtia Cf v the
riginal p ne or frm autio by l flasheocaher lw-duty-cyde igampit

perturbatims. In tha latter case, weare likely to t to estmat the sxpetm Cf the inpt with
the uption I d In the former, we may have to settl for etima f the sctrum
mciated swith forget"ig (aOm s we) the ggantic Val. R st/restant methods C
sectrum analysis have dvep to do . They wil be discussed in Section 19.

'With adeqate u d m sabdvisin ad robustr at analysis we can oably to
bring the c oar S trum estimas down to iic by (2.1) or (22), docsc
aeniagh for umxt dsign caiddaam, fdoth i Cf d a m . (Tr vaialities
150% o 20% t egven by (2.1) or (22) z adD eu)

PhlgJtrstabilty C rum imes c CNLY be attaid for sign-ike pre es - or for
ca whare t hy physcal laws (m r anted I m) antee a few-param
desod
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2e. EXAMPLES OF NON-GAUSSIANITY
We cf. no, briedy, se amples d nmselike es that are nz Gusian, tying to

ilustrate inmividual o f failure, ephasizing as hard as we can that REAL DATA CFTEN
FAIL to be Guan IN MANY WAYS.

Example 1. Each relizatioa can be thmght of as a ralizatin cf Gaussian white wiewith
vanancc (}, but a varis frcm rization to realization.

Example 2. Ead realiza is af the fzm X(t) = a sc*4), with a nmd tp al ramnk,
wbere is umifcrm on [O,2, iepnd Cf a and , which fllcw scme messy joint cistnbution.

Example 3. X(t) is always ather +1 a -1.

Exomple 4. X(t) is the m Cf a rlization cfc fiGed ssan clred a
pq~pering Cf ranr (say Pdiso) values vwid aff t coly a a fraction d the dcbswvtica (the
utrilons Cf this Lpont are dsewhere zero).
Example 5.

X* (t) =X (t) + c[X (t)]3
whereX (t) is a realizaon cfsad e fied Gas colcred mcse.

Example 6.

Xs (t ) [10 + co *t)] X (t )
wbe X(t) is a realization Ccfised Gsn ckraed vse issfied and + is a unif rmly
distributed ra variate.

It is y to be - crb anem-t aussia;it ish dto be-or a GaussaL
(Narrow-n filtration is an cqipt)
3. SUPERPOSITION AND LINEAR TIME INVARIANCE;NON-ENTANGLEMENT

We return now to the qusion C how yrm up.
11 essial requiramfts Cf a timei via,t are:

* timecrigin-shifti, which mins thadlag the i by a Sven ctant delays
the output by that same tsat, and

* superpcaahility, wvich mns that, if the ipt is a et-by-mcmnt sum Cf two inputs, tbe
xitit as t3mstm,-by-manat sim d tha two ccrr-p 2ig ot (Cftas calsled61i~~c " adclitivty).

in mbdic f las read:
* ifx(t)- y(t)t ,foranyradmiscbh,x(t+h) - y(t+h),al
* if x1(t) y1(t) andx2(t) - Y2() thsxI(t)+X2(t) - YI(t)+2(t)
1 ept is m sh sussed in signlprcesang tts, eg. O-nham and Schafer (1975).

Simple ciffer n (fcr disrete I time) ar Jiffe at (fo n s m) shows
that if filSt input is X (t) - aX(at 44) tn it aitpi must be Cf the form C * as(oa +++qo) where
C and * de amto aloa and th exp-vahled functiom Cf frequewy

B(c) =Cc,*

is caled th ansfer function dCth systan This says that sngle-fr si are oaly
ad in atitde a se.

Su piton r tells us both the para esult fo ach cf seval fr ies appied at the
same , andta h ns to each freqefy is maffected by tha e f the ahers
Thus time-invariant systa do& leave dsusifted and u If ee the
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wcrld th gh .udi a lI time-inriant syst we can kuww sonucLhiue g cd what wet in
frax:y terms - at its input. bining and wrng infru y terms can help usdo boththis
a its ual

Formc isusmon a nd6ctlizartime-invarant syst see Sectian 13.
4. TWOATTEMPTS TO ESCAPE REALITY

Both stasticiaam physiaists have shown a maked tendmy to oer-simpificatica, spefi y
by uag thatthe pic) pts f ther data could be dsrbe n tm d a
few parasmters,ad th te pamets a be ireasnablyducan i a way as to be
estimable the a. T last SO yea have seen thess Struggling to free themelves
fran S traight-es, to lop pra es thatwere kiwn to wc respetably c a wide
variety Cf stoastic(pr bilstc) stuas.

Ibs greatireasn realism came it, qte mc petey, through the deveolcpentd so.
wed parm rc ordistian-freemhs and later, in thelast decade o so, mcinmore
con y g the devao e df so-caled rbust/lmstant metl (T mi a variety
C ways in whids raliusm to be sti further ieased,iso that there wM be im tark fcr
the dcades ahed, but it sums liy that the matimptant steps have bea k)

Sace woud say that whe they, or others, "aume" they ar realy ony talking ab
apprimatimo bs is safe fr t hoew uk , but dansrous fr im nt r s. To say
thatb in -a +&r is "theslopedthecurvey -f(x)"is iarliyda guwhenf(x) isuno a
straight li Perp the basic is ufdamiliaity with theidCf alag cas (see
Section 17),and a dbdia that the only place am can start n is a ainmlipton

bTim t unforate a the, sequsen: (a) this might be a good ap imation, (b)
IM "asme" it ad see if it works, (c) 'ah ha", it wrks wa f my p , (d) it
works (well en) it must be thetruth, (e) so I must be estimating the, m, (f) so cther
mehs af scum timation are n goaL In tis s e , (a), (b), ad (c), eept for the

isoce fd the wrd"asme" aref y practic a Cften adeate tble cmaes fran
theilcality cf atbing (d), (e) and (f). (Even (c) fals, if the trial is ximade on maey
real a suien ydie amles.)

flme are two wys in wvich this "ru narrow srwecification" is pr in the
litrature df analysis We a u d to zc both, ai usad whre it is impt
to be n dabout each.
Qm is within the scum frwfor,where it has see natur to scne to t a

byfu2tiaml for i just a few para_mters.
Tme others utside that fra r, where it has bee tlght that it was enugh to k1w the

spetrum, that there was nev any to go furthr. Tis simlistic view is dten put forard
under the sllow al d the assumption that the pr sis Gan and hence that we

dgo no furths the spctr
4a. THE FEW-PARAMETER FUNNHOLE

Tiidea that we can do wa by aung a weific, few-paramet form for the spectrum is
c. But s the eidence t w s ld allow oursev to be ecd?

Tnere are a variety df physical Awich are fairly well est by line (r b
spctra -s (for a sit time inrv), the tide, atonic anx eWar ra, Milankoich's
analysis df the ch df the earth's rbit avr time. Ile have lcalizedparamete desaiptiow
(two or three a er line) but not few-parame i .

For evesy case that kwxw wel, a few-parame ds is only an a wr e am. This
mns that if we fit a fewpavraner mrdal, we ogt, alst ways, to think Cf it as an

mason - to t f wat th pwametas u as avaged informaunm, as beng give by
sitaie aveages oe the sPctrum, or s or fwiio fq . We o to beieve ftat
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the imtetpration Cfths few pramteshas to be C01= sta1t with mcmce diverse an cil
s cf spectra than be repeted ipndty few-j3ranete fams. After all, when we take
the men of sulessive bservats, we need nmt believe in undemlying cxact aiy; when
we fit a str li to (y,) dat,he truedepidwce d y o x is rardy acay a straight Iiz.
(Foc related scussion, se S-tion 17.)

Fran this pt cf v ,m ig fran fewaramter mids to estimates d average over each
cf mxlerate cimber bans is a st rd ity, a stcp fran f ara " to morate
im Cf "prat". ch id h acn, ng fr as Cf n tia lgts

very muh further fcr mslik psses is, Cef like the Lrda, a r to r and
destuctio, ttmgh e do t ocu every me.)
4b. THE GAUSSIAN FUNKNOLE

be view that, n we e only ging to estimate the um, we must asume that ar
procsses, actual and ial, are such that (to with a mean) the um i t us all
alxxut the pr - etlh all there is tokw, if wereally the rum , r all there s to
estimate, if we arewe kig fr dat - is a parall fim l& Again it tries to d& a assume
away all the tail cirsity we have dd, ftn far reas not to try to captre. Again
it is dangums at best.

Agcxl way to maedear why this i oaly afuhde is to sped a littl time on a variety Cf
pro}.es with the sme spectnum. It may as wdl be the simpt spectrum - so let us tur to
white mse'.

4c. G4USSIAN WHITE NOISE
Here a , in thin g f any whitc see,m re co r the relation fd is=e a

catnuzs tme is In crs=ete time, if X(t) is a realization and awe X(t) = p(t) is the
mean acr the proM, we ire

aw{(X(t)- <t))(X (t+)-(t+s))} =0, fc s * 0

where "acw" detes an averge ethedhr both "acrcs the s" (over cifferaet realizatims) and
one t. (Stationrity s a tird f e.) This is a relatively pese toaand to a
sceme sperum which is arly flat over 0 < * < WA, where A is th time ng.

What does it mea to be a white nose in czztn time? To have an ftly flat rum,
prumably, wich mns to have a spectum nzry emgh fiat over a iFently brcader basdi
so ttwhen i to a bl dMnd by rec g in dscrte ime - cr when low-
psed with 8n amtrdy sharp..cutCf filte - the result will have a very nziy flat sectr

Fox the seim e as, it sufi to say, as the ideal, that
av(X(t)) = A fcx al t (4.1)

wr(X(t)) -o, fc allU (4.2)

but that

av((X(t)-p(X(u) 04)0fccall t * u (4.3)
which deribe wstime ite nmse, and that the _stribution Cf X (t), for each t, follows the
Gasi shape. (Vey familiar to th statisanM in his other ts, usually oeridalied.)
4d. ON'-OFF WHITE NOISE

We2conau ine (4.1) to (4.3) with the anition that all zealizatnshave X(t) =0 r
X(t) 1 fcr all t. I reut is ppely colled n-aff wite nose, and in very ifft
&fMes ^
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prob{X(t)=l}0 1j
prob{XQt)=O} l-'

If y = 10O, roUghly one igiizaticz in 10,000 will be unity, the cthes wil be zero (verycdute
singlJedatapt se). If y= 1/2, we have a S that night have aim as 4(Y(t)) whe
Y (t) is Gaimian (an ther symmetrically disti white ant oonly msidem the sgn d
Y (t) -IL

se s - they ar a ar t family - are very ciffer fran white m,se,
yet they, t, re wite, a ft crum n (0, A).

4e. MULTICHIRP WHITE NOISE

Le a(t) be any (grlized) ip, vaishi for t <0 nd decayg d zero as t
(It vi be iftheintgals cft (t)I d(a(t))2 are-fite.)Lt T1, T2...,,N(T) be the
times Cf ae rfadm n , and let

X(t) 'Xa(t -rj)
J

7fln, as iscused in Section 11, the sctrum cf X wil be I4 (w) PS (c) wher A (c) xcds
to a(t) and S (w) is the spectm f the pcint p that gezated thLes'

In discrete time we can mWe that ar chice cf a(t) and S (oD) m atc oaeaer, after
alasag, so that the r um white. Ibe3 rate at wiich rabn ients ac, is now
imptanr. If they ccur oly rardy, t or time hitory (ctin cor dce) sosia p t
chirp, rardy mapping oneaMthr. Suds realizatos too, can be raiza&tiosd white noie.

White es in very many ty - we have anly sbiwn a few.

4f. COLORED NOISES ARE EQUALLY DIERSE

Howev many d f white s may wish to think Cf, we can t m into iay
many ids f ied sw oIu prCib- co by pas than thrg n apprqiate filter.
B OTEH1 BASICS
5. ENLIGHTENING EXAMPLES

Tame sres anlyses have various d aim. l e imlude oy f phax=na,
meding, prpration fo furte im y, reachig occlsios,minast Cf prdcaility and
d varability. Thkey (1980a) pmh on thes in e detal.
Sce studies Zifying te aims will be descibed

5a. AN EXAMPLE: SPECTROSCOPY

In =gMnal tems spectracpiy 'i the study Cf the diaracteistic fr s at whid re nting
tcles Cf mate ab an nit esergy. It is apf tod, fr pring thema r dails

Cf the stmrcture Cf matr. T1 Fourier-tramform palsd-Mdearmagic-resm tique
provds by iaig a sampe with an itmeSCPse cf radio.fre y y for a t tme (1
to 100m cur: ) and Fouier amlyzing the rsuting dectrical gn. Tb intrica C this
Fourier tachiqe resulted in a dra imprt in dection capailiy. (See Becke and
Farran (172) and Levy and Caik (1981).) (Previously the spetra were ded in cu s
ti whth the mag c field or the freay swt slowly.) 1e goal Ct the analysis is to achiev
gocxi readution Cf the inthesect-m Levy a Cralk (1981) provide a mber Cf amples
Cf in interpretation that have resultd fcn the use cf Fourier-tramform mclear magm3tic
resOnMe i dbnistsy and bioly.

In a stuation i ingmatter far f a la atry, mes f Fourier sctccy ConnS
et aL (1967) we able to daed the preeCf HF in atmmhere Cf Vaus (at an8bundm
ratio Cf a few pas per bilioa) and to amstimate its int- ey e further able ( et al.,

14



Sptum Analysis ... Preec cf Nosc

1968) uigthe lz details di the carbo mo de (CO) spcrm(ally uncrtainly deect4d if at
all, by jreic muuamnsto Calcu-1alat tha tesres aitaneratures at which CO eists

It is stagg to der tha resolztio tius ieve. C s and Michl (1974) remark
(ab specra cf sta): wvever, it will n l1ongr be practical to publish the ac data in
atas fm: spectum on t scale d fige 1 (which is ienad t to show lDC prcfles) is 170m
lcng"
5b. AN EXAMPLE: THE NEGATIVE IMPORTANCE OF STATIONARJTY

A striking ampe d the d tio aaiit d um anaysis is given in Munk and
Smxlgrass (1957). Ceanwave spectra were simat frm ata ected by a peu red
sittin on the ocan flor off Gadu Islaiw Spe ra e estimated for tig s faor lxmr
pericxds. A mal pink, at a fr y hat irued as time d, was noed. Thefrequemy cf

thp with as ong i e travel mce quicly. Fran thect iee the
fr y cf peia the se (14J)OOklm) di thestm was able to be esmd Fran th
ampihtude c the spectrum, the wve lght (1 minI) d be dbet-M wave length wa
aporimately 1 . T s ecss pkwa thai i n the ss ci dto rate at which
its fr y chged, to be astom in th lan Qoean.

C y this iscvery cmuld not have bee made if the rd wae prcacs had be
statay. Attimes tatinty is a great ntagc.

5c. AN EXAMPLE: THE WT4-WAVEGUIDE
Waveguides for the ransissioncd widbndl igh fre y radio s have to be d very

tant cascti and to be laid uecinglystrat in crcd that arg lasmt be gret ami
that milem Sntaur. (197ab) ts as ral analysis data cleed by
seining a mecazcl mais through 12 k s d WT4 waegidem s its cuature at
frut ry every centimer.) T d rag t (saial)spctm
case is substantia, UP to 16 decades (160 db).

dealt withthese di es by pyg a high qualitytaper(pdate s dal
fiucxon)a bdbyemplying a i pitag filt. Further dtails are given in in t al

(1979).

In parla this study faun ithat, i te rathw tie mcan a could
fle the lowporio a ve s rum estimate, uelingthat ptio c th true sectrum,
while twosuds aIdi an dliteatin ripp ad thatnot taperng coId reult inovrweminbias.
5d. AN EXAMPLE: CELL MEMBRANE NOISE

Musol c ae selctro ca l d In the prese ci thae chaical acetyldid;ne a
backgauxl electrical mm isproucaed by a c11. Bevan et al (1979) d this me ami
simated its spectn a y c ti.

Phycl g suggested the form I(14(a ) with the parameters a, 0 having pysical
iterrati, 1/0 being the fraction c thatime C-air d ds we qpen,a a beng the
d d aidctnce. 60 Hm was fuxnd to be prest aAm had to be filtod out. Iiially, a
ripple a eared on the sctrum. hs san d uikely to be apzysaia phaaine
Eventualy its cauwe was down a feeciac fro a ci a precode rgaphing thE
seris. W tha e was elimin the rpple v away. 'fe above fwxnital form was
fomxi to be s ece* for m trap r at tha lowfreIw cs.TMI 1Eecf tha
parameters on factos that tha p te alterd wa also studied.
6. TYPES OF FOURIER TRANSFORM

Supixne, for tha , that tha ei i i rest is tssan d rnd for -0< t < 0.
If the peoeX(t), 0S t <T is available for ans t might ainpiteftfte FouriertrUom
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'rime series

f X(tdctt (6.1)
0

Weln, fcr ampe, that X (t) = a cs(or +y), the abdutc value cf this Fourier tandfcrm ill have
mamima at co = ± I (This is the reas that ting tbe Fouer tramr was pra fcr
est1imting hidde periliaties by Stkes my yeas ag.) lhe Foirer tramfrm itsef is ses to be
propcrtiaial to the smp e be the se t cf the seriesX an the series cp(-ia}.

When amly X(t), t =-O.,T -1 is aiable, cne may te the cscrete Fourie tradfcm
rt-1

d,(toX) = 7, X(u)e (6.2)

Fr the cawf X (t) = a c(f +y), the absdute value ft this tramfcrm bas maxima at o= ± p
as bdrea,loarp, at col :y (Aag, $±2ir), ±( t4ow),. . (T3elatter frF xies
are referred to as aliass ( imag) c the fr IaLy) Ihe Fourier tr (62) may also be
cf we in estimating the fr y addital infcmatian will be dto rule cut the
alias. (See thec t Sectia).

(61) and (62) are two ypes cf Foier tramrm th proe f use in Aling with rauxkn
pr~ss data. In the me cf a (2.dimmsiunl) Vsatial Irs, X (ti;2) the f s

Ti T2 Tn- rr-1
f f X(t19t2)C_4(ml1 e:'tIdt29 7, 7 X(0,t2)e ( 9s
0 0 Si *2r-

prove useful. Fcr pont o s, wi reaizatics are s_ us 1 tim ' at whidc soe even
c it place, the trmfom

is relevant. FCr markodpnt pra , pont p es where a value Mj is a aed wit each
timej, akeyt mf is r bvidedby

Osyj.T

In dasmcal Faier alyms it ha bes fud in, my irm ta s to insert
avgefats into th srms, yielding sm such as

jf (1- TX(t)c-'wd
far Campe. (Tbs is a mple cape, t a p ddow.) Sudntfi4dcas d the Faurier
tranom prV essential in the t seiessituatimi as well, md go te nme ct "tpeig
or "windwig". (cp. Blacan & Tky 19599 Kai 1966.)
We nt isas key as-et f nprical Faner tramfms such as tse d above. It is
rwle to add the omtmat g a Fourier tra m dos t re r that a perixlic
Fimuisaxas be presnt- its fulness is muchba.

6a. CONTINUOUS TIME VERSUS DISCRETE TIME:ALIASING
Numus es wbe reliza s can be sees to devdcp cr axiure are best thcaght 1 i

uini time, a fw ar m fcr itetim alac. Vani cu tatioal aspcts
aerare bst delt with in trms d CscrteZ ineIn csequmy it is important that the

effec f sImTw atn t dse (fcr bampey sa thctnu
saies at e t ) be wl umdwsocl.

16



Specrum Analysis ... Presence a Nose

Suppoe mesur s f te tinuus seisC ae mde at aeqaly spad pnts in A
time "units apt. fth samplng intant are t. = n tlA because df the ity p ty
a,s(w+2ir) = a,s() ose that g 2'rr( o+2w) = <em(o) esm thetsampintbeesacs([f+-2]t +) wwld lead to czactly the
Same set d ved values as found by sampling a a (3 '). The frauaies , and , + 2w'A
cat be d hgisd fran tha data. Similarly th fre s, + 2,i*/A, k = ±1,±2,... canxt
be dIsigilEfran IL Furtlb tha fe be s ished fran the friaesy, s
it tc ara s to a wave ef f y In COMeI1=e the fra u es -i+ 2i* /A ae
al in; nguishable, if values cf tha seies are avalable aoly evy A time units frequ alis
± , + 2i*/A, k =O,t 1,± 2r.. arecalled alia Cf e athr. Tre is btt am i thei
[O,'rAJ, it is cald the prnapal alias.

Aliasing a be avoided ttaly in practic; heer it ts can be reduced by
prefiltering tha seies in such a way that vitual y al tha poer abohvet13 higt frdaxyCf
inters is handxng A so mU that one has ; 2 pants (often a 3 and psibly
as many as 7) pe cycle atthisait

113 aliadg Cf f is due to qaan th equi.-spaced da is bad, but withaut it aco
wwld have to spred tha ifrmaa in t data over s c< c, without theasdCf

i what i liased with wht. Ths wold be far wase.
In tha inerpretatic d ra estimated fran equi-spaced data ae mst ne fcrget the

ef-ts Cfd alisg. (Ani it is bestU to fcrget to give thanks fcr aliaings impity.)
Recatly Tukey (1980a) Aniad that prcealues which wcrk with sum squares d

Faorier av duts, a} + b (=d4() dy(w), in the Ix*atiai cf (62) abve, ratlr than with the
aj +ib's (th d4(w)'s) (c tbir real i p ) also alias time separations. In
atlar, two spikes y at tha is d th data sent bng Farier transfomed can yield
the same sequmeCd values a! + bh2 (whee aj + lb1 is the ainje Faorier a ) as two
s lesdose t her. This can be aved by ng aaigh zerds to the data (which still
naech to be fist tap d,sce Sectuos 6d below) befcre c nt tha Fairier rf

6b. CONTINUOUS VERSUS DISCRETE FREQUENCY
b13 preiazs sectu ind ted s Cftd feththat sete t has an analysis and

merpretatico. Frequay may also be dLsate.
113 Farier fm (6.2) may be invt via tha reiatiip

X(t)=1 dX(2d wc . 2'ma (6.3)

t = ,O..,T-1. Ths makes it appear that aily th ete fre ies 2=IT, u =0,..,T;-1 amr
needed far a dipticC the time series. 11u sue hare is h r that, while the discrete
fr (aieos dos to enttha data, they are a over able to repeet he mxnen
unde study. 11 right hand sidc es (63) a fnctic fCr a values fd T. Ibs
funtm is san to have period T, (becuse the frqi es aree. It might carespai to
tha phit wiSer y if that p nmm bhd period T. This is mot unlikely, lx:wever, as
T ws, u y, merely tha imber d cata value colle

11 user ut bwre Fori manipatiou can it prioic artifacts in such a way.
6c. MIXTURES (BETWEEN DATA AND NOISE)

Sup e that the sies is a re d a d intert a e,X(t) = s(t) + <t). As tha
Faurier ta is a ctc, se h

dT(w) a dt(c) + dT (t).

T bing the length d tha time piiaCd eratn. 11e data trmftxm is tha Sum Cf the sigal
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Time Series

tranaform am! the eisc transfam. bis has prCial iicatim.
In many natura tuatim, the sign s enated in speific frequency bandL In thes

rcumstames axco cnaly dealwidt4() forw in thme bands
f the series X is passed thruiigh a m invariant Systei with s fimta A (w) to

itain a seies Y, tn in tms cf Fcurier transfoms a has

4(wo) A (co)dI(w)

A (w)df(w) +A (w)dr (w) .

can sat deermig a filter su that A (w)dr (c) is g y .nal, while A (w)dT(w) is
not, d may succeed.
6d. TAPERING

Su e that X(t) =cmsPt, for =O,19...,T-1 t dzT4(w) - 2 AT(w.) +l.AT(w )2 2
whe

AT(w) = c=iIp(ioiT-1)/2} mnwTI2
t.0 u~~~~~~sn d2

flle functicn sin aTI2 I sin w/2, the lbidm1et l, has d tnilrile and aprc
away frxnC=0. This can c anticamg es f diff
fra ies present in the seres X. In practical amp leakage fran mc fe y toa
can reac oe s tial feu y intevals man caue great difficulty cf intaticn. mm

rdlets the fact that, with a fi;te amount 1 data, on can acly lcxk at partAr
framim with limited rdutia.

An uementary h re, iuly called t ig, wiowing,i ng c geef cr
weigtg, is available for r the ects cf lekge.

Ccsider a functia,hT(t),d as for t <O and t > T - 1 and wlxe Fouriertans(orm,
HI(w) = hr(t)e-m,uis mmtrated ar a=0 !i fraplduy as ( s will,

in anicularebe the case fo mcam hT that are a at the ends, rise tosay 1 in the ct,
th fall to 0, am!a very enowih.) The Faoier ta m Cf the series Y (t) = hr (,)X (t) may be
wntX

f(o) h'(t)X(t)ed T }1 T WJH (w - (6.4)

For a srs X(t) = csPt, 4d(w) - H'(w-0) + 2Hr(W+p) am! leabge is redued to the
tnt tlHatHr hlas bter resolutmia thanAra above.
In pracei, as the dramatiC amples f T (197) and Van SC ld am! Fjlig

(1981) shw, ta ng is esetial m the prlmnry timaticm cf spectra Cf umn fm.
Haris (1978) s quite a Im Cf tapers with graphs f hT and the s ng

Fourier trafcmn Hr. See als Nuttall (1981).
Whil iea (6A) sbows that meculd "taper" afer f g the Fouietransfim (at leat

if all ca atiam wec to lig enag psia), this is c atinaIlyse0sible i many
dracmstamcs. It is ber to multiply by hJ pri to Fourier transming, czept in spcal

In te drect mthhad cf spectrum estimatiao amc soh the perimkam
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19 Spects Analysis ... Prue:e cf Nase

Itr(,,) 12= T12Hr 2(2 dr Tt dJr(T2jtr2> w (6S5)
st1U2 T T(T) dT( )

Ibe result is invariably NCT a -hM vrn d the (umtaperd) idam (27a )-1 kti(@) 2.
Q slmd mt miss the tity to tpr prir to fo g a penui ram in any arcuinstaices
where the sectum is mt KNOWN to be very, wry tardy flat. Priestly (1981) apte 7 is a
further rder5:e
6e. PREFILTERING

In se that the seriesX is statiry with me and mspct f(C),t value cf
the peirid-.pam (65) is

f IHT(-) pf (a)da. (6.6)

INs sew mak it appa t that the moe ay ant the fumctiaa f (-) is, the less biased
the estimate. Nar, if the serifs X is a time.invaiant filter with tramfer
ffuid A the spetrm- 1 the resultig seis is 4()2f(), and the value 1 its
peridcam is

If Vi (w-u) j'14 (a) If (c)drt.
In many u t it is pcsible to detemiu a filter, bly cigl, sud that the funtati
4 (.)) f(.) is m znrly man (has b tially prewhi f() itsel. Thes
remarks suggest the esmae ()1-2f(), whre f(c) is the sptral eimate cf the
prewlitatd series. In eswe c filters the seres df intere-s rior to etimating the ctrum a
t Izzupmsates for what the filter cid.
In practiCe it cam be e ial that sm form 1 piltering be arid aot in trum

eumatind. PIeltuing nalso help in tam d t m s the vafiality d a
spennu estima-te.

6f. QUADRATIC WINDOWING
das d sec estimates the form

(2W) Z w (u)Cr(U)e, uf Wr(W-rz)Ir(a)dt (6.7)

wher, in the mse the sies has 0 mean

cy (u) = T -1
, X(t +u)X (t) ,T -I.

is an es c the xcwaimne fumctix, w (u); u =0,±:1,2,.. is a seque c CnvrgC
factors with Fourier tr m Wr(c) w' (u)p(io }, a w Jrel(G) = (2iG)- Id (a)12
is eft iusdamdtheda Ibe t wr(u), a equivalety, d Wr(w) is calledulSing a
quadratc wic .

The pected value d ft est (6.7) is

(2dr)-1f Cf Wr(wI )I)A dIf(r)dra
with Ar the Faru tramfom d the tr1 length T intrxwl above. This pec has the
sme form as (6.6), im as Cater ad Nuttal (1980) ad Van Schlmd aed Frijing (1981)
renarwk oe cn drive a quadric wiw Sud that the sc timat hs tesm
pet value as any eradte. The c the two estmates, we,a ten but

m always quite cifferest, as are the mpiities to f (ding the uual cdlalaiau).
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Awthe ciffer.fce is the ikrcitsimate, via the uadratic wimdw, cn take cn epgative
values.

6g. VARIANCE CONSIDERATIONS
Ccnpsradtive dscus se estimates not be aned cut in term d p d values

Wao Ibe iques d tapern a pirt n have b advanced as meas d i an
the has If spun estimates Cf cume, if tleirwe the imates les stable cne can ax!
up with a estimate. It is crucial to also dscu thevaiance ci a trum estimate andto
providce an est ct that vanc

Al specu estimes we have cdsdered are quadratic fActam 1 the dataand so can be
repesetedas

T{(t #)X(t)X(u)
g.,

wbose apected value is

f Qor()f (a)da

wEe~~~~~~~~~~~~~~~~~.or (a5 =1 qr t^)(

In the case that the seriesX is Gausian its vanc is
2 f fI QT(a) 12f (a)f ($)dcx do. (6.8)

See f msample Ams (1971), p. 445. (In many cases this wm p id a dce
apprcxiatn as wl.) Epri (6.8) may be aedFi to derive idt preas fr the,
vwariances o the variws spCtrwm estiMates O e al characteristic that p o (6.8) maks
dear is that tbe variance o an estimted c thewihe cse the pq ao
f(4) I case where a um falls df racdly, substanIal leakage the low-power regicx
may be ected to cune frcin cther fraade Tapn ax pefilt g wi be red to
rede the fcs this leakage.
7. COMPLEX-DEMODULATION AND SINGL SIDE BAND TRANSMISSION
mmai ideas hreare: w filteig to allow crtain f ncy t features to

stai! ut mae dearly, aix! f ncy tanlao to slow down (ar, pcsibly up) cdilating

7a. MULTIPLICATION AND SMOOTHING
Cosider a X(t) = cos( ). ahs thetgtric identies

2X(t)cs(ca) = acs([p--wt+) +cs([]p44+)
2X(t)sin(cat) = - sin([ Ap]t") + sin([+w]t+y)

In h case, fcr co a the fli term an the ight-hand side is slowly vayig, while thescu
cidflates more rapidly. When these fdmcticxr1 srec thed in time, the irital primat is
that thi firt terms wil be weltera and the sewnd dima , in ach case for oear ,&

he resuhs d fomig X(t)a ,d a X (t)sn ad than smoocthing Sparaty are the real
and imaginary prt a the e late d the seres X at fruy pe dure may
be se asamcdshiftingthe dfreiacqmin thesiesX w e0 is nar , nto
fr y - L pas filteing w allows c to loodeti Iy at a d ged
frcy a d rr, if thephim under study is wodving i time, stdy I cixxp'
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Sectrum Analysis ... Pree d Nase

delmcxilate may allow the detectimD d that elutiaL 11 spectrulAoks merdy at tle average
behavir aots tim perialct wy.

0a many asions it is ast to display the g ampitude and rather the
retanlar cdinates, l the demnul.p-aying the imtantanos fr pitxy alo Ct

pr1e useu
Ccznpi odulation leads cirwtly to S es s 11 time averagef tie sque dc

therng amite is rpnal to thE po rum at fq ycI
7b. REMODULATION

Ld U(t) V(t) rmilting ic the X(t)oosca, X(t)sinoa
epdely, wiEreo is the ar freqmy iedin the p ildation. The seies

U(t)a as -V(t)smn a

U(t)snat +V(t)csat

tend to fluctuate with frua c (ped) tairmatiom fr X to e series provided
the Mxxlhin is by actly aeuivalent linw filtrs, tmse liar filtrs The s f la
ca pxrnasto mrrow blpass fltei the series r ay , tE secnd to a co_nlinaatin
C( r bdp filterng and Hilbert tram
7c. SSB

If one stted with a series X(t) - cos(o ) Rapi demodulated at frquexy c, nsrm, and
termciulated at frueiency o, as the aboe isaisn slhws, cm wslld be led back to tIE

original seie Sua eW wvrm rAedmodulated at frapiy w, then is led to
cos([-Ajt ) whea A -w - (. If ( l nipred to W, t what has hapnd is that
tOf3rhasyphushbeenpusbedc nby&

lbs is ft down.m ulatio ed SSB tIsacn whaih is r so pouar in CB-radio,
(with SSB up e in the llantter and SSB don-cnvasion in the, ivr).

ealy mm is Weaver (1956).
7d. COMPLEX-DEMODULATION AS AN FT PRECURSOR
13 a ncee fast F(nrer ogra (egDigftal Signal P ing Ccmnittee

(1979)) allowed a drect aprd to tIe axtuction cltmates, d frqueny dain ame
wa lenhy dta t s e avilabe. Fo eamplbe per sctrum acd be estimated by
i) forming e FT, dT(c), ii) f nth am Id" (co)I, iii) sn xlingL3pde
(113 orossIcm (see Sectin 8c) cf two ries X and Y cald be estimated by i)fe
Frs d4(w), 4(w), i) the crmspeiodgm df(w)d(-w), iii) fsmtching the crms-
pmodacpam.)

1i st dir approces (eaier ta thc FT) to beconme ccxnpztaally Mi used
cxmzpiex dadulationad. 113 power spectrum at f y w was sima by ing
U(t)2 + V(t)2 where U(t), V(t) we tft demcdulaes at freailaecy wa (11 arasp was
estimated by hing (Ux*VSiV(i))(Ur (t)iV, ( )).)

Ccxzzpe dulation s a powerfu tcique for spectral esia n in ral ime and fo
the estimato d isger-rder spcra d lthy seies. T i s may be conpted by an
FF when . (See engtam al (1967).) Tley may be sampled at a crude (time)
spadng if thr are age cc ng limiao s.
7c. AN EXAMPLE; FREE OSCaLLATIONS

113 res e cl many d cal systm to an impulse is a cr aIn dl deaying
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£ it}cc(kt46). (7.1)
k-1

l assc d

move di the system are its freeada Formmy physical systan,e.g. th Earth's p to majcr ert it is i crucial intrest to timate t1
ge feeies -M aud the asaiated quaityf OtsAQ =

k/(2%).
In the aftermath ci t}e gret Qilanea ke c May 1960, many s m estmates were

x ated fr seirga, a aes esimated bthe faicm d peaksm thme
spetra (se Tukey (1966).)

B

ause c tbc time vi aacter tbe signal (7.1), e:r, cm ex ulati is asulbaamly mo eful temique fortis staton Bldtand Blillingr (1979) p t the ult
Cf igat a Cil reord for a

umbe ci ees. Tbc lcarithm f thennng
amplitude is seen to fallcff in a hearfahiotbapriatm preson (71). It
is further sem tl deay rate Xdept c on the inyyi a iract fashion.
7f. AN EXAMPLE; EDGE WAVES

Edgc waves are (water) waves movig sideways to the sxme rater rolling onto the shcre.
They are usuly caused by the suapcn iie dnt and refted wave s.T lrir formatio
is a nlinear phAm na ineed if tht fr i tyci the i t wave is , and ations are
favcrable to the formation ci g wvs, thantbc edge waves will have frequcy1y/2, (asubbroi).

(1981) makes tive use ci -ex danodulation to study the growth and decay c edge
gezrated in a wve tan fits tl dcal m to te growthanddcy rates

varioas perimmtal cdticmas. M1 edge w sare allowed to reah a staionary state. beir
fr in this state is estimated bycclslatiao, then thatfMcy is fcr
ncxmdlation ci the in tha gwth and decay perd ( a ng to t tringao and

n Cf cf twe gewat, reely). I 1 mnampitude c the resulting cFdsdemodlateprovides the growthanddy rates intt.

Un fimh that tha ref teio at ci the beach is a crucial peramet in the situation. He
iscvers it istha(amplitude the) r wave that acitesthe edge wanddrives its
growth. Byp tting latesd the edge Wand wave side by side he is able to set

thae mlinear transfer cfenrgy fi the latter to tha fMer.
CcznpleC da latioan p idedan apie tool here, becase tha penenm under studyweslimited to narrowbends (albft essentiall m a) and c g wthtime (for tha udies

cariedact).Tbrcugh cpe u limaiat cf atheadical mecmni
Was Prided, tha s d u assup In determined.

C.V SPE

8. VECTOR CASES

Qwe we have two or moe mannm res, r, if yop a vector valuedseres, can
do

Cethan dmdr tha spr a ci tha ivid seres, whichdescribed wslfergy is
cdistrbuted over frq . We can aso mider hxow the erg shared betwen two senes isstributed o erfreq. Siusharing can be inphas, or in tre o as a cmnina cf
thase, tharesuing crmLs.spectrum has to be C -valued. Sometim we wat to midaier its
vahs in adtes (mapitude ad phe); s imes in etanglar wordinates( a ecran adquachmc). n

lust as, i nom-timseries tiss ia- (based n vriancs well as
vaanes) is a mom poweu adsea h tol tanar e co nts, so toocrssspa hlp
us unlock many o tar a al do mt - an c .
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8a. COSPECTRA
Tables of qarrsquars were aMe widely availabe to allow mzltiplication via the quarter-

square idmtty

UV (u- ..)2_ (i )2

This aescnm s"e to dfi3 axi ine the an two ra vaiabes We can
defiI3, snilarly, the itn r dther fac a rss ficr an etimate a lizat, by

aONpec(xF =V)=-Cc(Xa+x) -4PEc(x -X)

Nice that his iplie
cwpec(x ,,-x,) C-cATpeC(xj r)

so that negative values, alongside pOjisve cnes, ar c .
anal cf least-square fitting d y in term d x wwld be to pm X throgh a linear tme

invariant filter with frfutica B(a) an try toam e the spectrm cf
Y -B[X]

If we restric Ster to be tim-symietric ar zero, thus z soS i with B () real
valued tha sectrum this differec is, with an davis to- fcr the s a a cmr-

fry (a)) 28 (W)fzr (a) + B2(co)fn (w)

whre cur icdoi5, fzr is rea, t is g to the cmpectrum. Tbis is mniiiemd whem
-2fxr(a)) +22(w)fxz(w) 0

that is,wen

B (w) = fxr (w)
fix (a)

in etpc analcy to the vxnvanvmiace pressan r an crdinay least-ses regresc

In mctecrdogy fic zaq#e, te aI ZU f vzcal a intal wind vecities gives the
frauaxy analyis f the Reyndds stresse, whidc mliate the vertl tamferCId mtl
mientum, ctc*. (03 ry c Pa (1967)).
8b. QUADSPECTRA

Wben a bert f rm, H, is muFienly dcaely relizable, the
cospcc(H([X]X ) -cspc(X,FI[Y]) =qadzpec(X X)

('TIE Hilbert tramfrm isthin filter with trafe fuiax -i sgn to, see Brillinger (1981), p. 32.) We
discus ti cclau f quacpectra bdow as p ortCf the cacuation cf ccm-spctrum, whre

cm- tn cutm + i quacpctrum.
8c. CROSS-SPECTRA
We have iy disced estimating a um y sav values

Idr(w) p =dy(w) d4(w)

cf th pi a cf t taerd Y(t) =h(t)X(t). UI Dw Yj (t) =h(t)Xj(t)
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Y (t)) = h(t)X& (t) are the ed fams cf two simlta seies, with Fourier transfms
df(a d!T (a) respectively,wecan form thec rr_mi g a spo am

drTj(w) drrk@
which is ex-vplez.alued, ad thn average (locay in w) to estimate a crmssspectMmm
Sd. REGRESSION COEFFICIENTS

If we return toY -B[X] ad gve u c training ,wefll that thespctrum d this resid
series miz when

B (X) u SPle -uf (w) fTX (W)
spcrun-x (N) fzx (c)

This the mnimin ts mctio, or Winer filter, which we might have apcted to play the
rde d an array df x -valued regressicua ocA , mtcily uesust tht, bt is i in
strict analcU to the usual (n.timeosezies) deiatcd ressi ts.

I'el thinp are imp t to ber:
* each atistical Ipt de-ble by firs a semd ns in a n-me-series sttion has

an amlca deinable by me, sptra, and crau-spetr
* if the lar ept is mnegative, (vaiance, mltiple orra ), the meseries t is a

(nm a.nptive) real-vahued fmcti C f y (ilividual spctra, etc.)
* if the salera can have elther gn, (alct evertig dse) the timseries p is a
cop e.valued ftio Cf e .

fle re armamt n cf lwa.cmet statist has its analcgs, all fti s f f ,
IRly alavlzalhed.
8e. COHERENCE:DEFINITIONS ANDADJUSTMENT

If we ask what frati cf serum (Y) r wh sectn (Y -B [X]) is *mnized, or
what fraction cf sptrum (X) i when rum (X-C[Y]) is m, the answer is a
further fimction d fr uay, 1. the Avrhe,w hrethe core-xe is give by

cdrem (ci) = r.spctrm ys (ci)aus.spectumnn (CO) _ f1& (ci) 12
sctrmz (co)p n () fxz (c)fyy (c)

(This is the mlc C 1-R 2, whre R is the mtiple cirelaticn d sqared as used in
multiple rersuiu studes)

If we try toft y witha x itrdeant to it, we t mimimized wry -bx) to be mal tha
RW y. Similaly, if we estimate the crm.sctra and the two sctra by avera the crms-
pericikram and tet periocranm , al in the sam way, c res ing to imc averages cf m
terms eadi, we will f se estimated a eame whae X is w dly exie Cf to Y.
0 simple adjustmmt

adjusted ab-ur- - sscraxce _ 2

where the lmdwidth cf the spectrumn aass um estimates m cfreedm,
dos firly wel in aig tuble fran tis s . No plot Cf raw eceraice should ce be
without indi the l Mizonal line at "cchrere =V2m

be reation_
a-oih-ay clacl a -yhelb -q

ajles when we&fi a c.Pl.vahued quntt
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* cru sVspectumyx (o)
(Spectm(mx) sP r'())*

that is essially a ialized cm-ssp r Early ml, aumcn bween xeme
ccltremy wa great; st rafraltm MfSBcOIL We fdlo WeVi
(1930) in our use the term.

8f. SPIRALLNG
If Y c5ffem f X by delay cr advm by a timeointeval r, the

a. the Fourier trnsforms ciffer by e*",
b. the spctra are the same, and
c. the cros-ruSsrmnn is imes CtrU a C time the cther.

As a (theoretical) lascy is e but if sr is large eigh, t facto rotates
so fast that averagin over , for detly-vaiable atmfateses ctra a acs-spwtra,
may rmeun 0 o a 0 for the rcspectrm.

itr essetial Ilty is m the crcs-spctn, where anything res bling

(cotq) dr'() + (dI(u))dT(w + +

has a factor
CAtn + CFtl + * -+ cls-n

whose aslutevalueis letsh r equal tom ± m,withEfenftza,wenT is large.
It is easy for the demoits df the craspedigram to sral, and if they dcb ampea
noes p Ce usle rcassspecta This proa rq ires tnt viglance, esp ly ce it

can bei nt ose fr ras in cthersm
Tehciques, based cung phas fran mwing avages f the rms.igram to bring

indiviwdal values df the cr-periodigram dcse to zero phase, aeaging ults, andreng the
pase he ben le by Ceveand and Pm (1975, se AppentirB andSoctia 4).
T1is scn e d wrk for all but the dmematmte alling pre where fitting d rugh
phase d ance may be a itc Greuo Cf the cf this t ique. For other apr hdses sea
that per and its rfer Sane aut cadne to cntral spraUling should be routuiy wus
8g. MULTIPLE REGRESSION

if Y,X1,X2 a...Xa series, we can try to ethe spcu Cf

r -BI[Xj -BAX -*B** [Xk]

Whn we have timat csspectra and tra fci eadc Cf sermfal f y s, we get
essaitially the same equatia, a set for eadc frequy tumi, as we Iwd have for miple
(mzwtime seies) regresmsa Cf y ca xl, z2, ,** x. Ibe poer ra a cs-s a replace
the vaiances and xwaiawes df that case

lit acly imprtant da sarea :
a. the acssspctra are x lvalud
b. the Bc (c) we are to sdve fcr are a exvalued.

8h. AN EXAMPLE: POLARIZED LIGHT
lt dassil analyss d aizledl - into rcaly xariz ly d ai
-mpzarizd-aCpcmtm-Wmspxs in XY-morcinates at 4? to the 1 and ca, to
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ciding
spectrum ( L)sEtrm()

a3pcIml2 (a) )

=UW (OD)
quadspectum- w

for the lypxiaized ccnpcmeints and

spectrm Coeu (w) -qua um2x(w)

for the unpaz ccxa1 lts (A c m scale factor is ctta natural.)
With X, Y miztal a vrtial, te same as c resprxl to right and left rclarly

poarized light ftr thfirst two aunupolized light for the tUd. WVie (1930) ses
y andiyzarni light inse deail.

8i. AN EXAMPLE: TOWER METEOROLOGY

Pazdsky aod MMcCcrzick (1954) discvered wind-e s roig alomg the grm by cryig
out crcss al analyses d riza an vertical qms cl wind velocity at a pnt mn an
dt~servan tower. lby fmd that at the prer height oa the tower, the quapctru had ac
g in the meg ani t cther in the aftron.
lbepiaaonCf what was g wa t es imase i as the day prrm.

If the r pint were in the upper alf cf a roing eddy in themng and the lower half
in the the served switch in wwld occr.

D. OTBER ETSICNS OF SCOPE
9. CEPSTRA: THE AIMS
R i i imei occurs for a variety cf e bt mny in cne cf two ways: (i) single

rtiats, as in an cho, ai (i) aseiscd reitions, as in human sh which is driven
bydhe repeated gthvoWchaxds. Echo ctien and itification has a

varieqt f a caticm in gCeqys. Pitch4etectian, the ideitfiatio f the Spc betw
repetitionf1 cal-dahrd bCUavior,Is cf adable thcaoi. (Fr t latter
application see Ranio and Sf (1978), ad Schafe (1979).)

To detect rlal ition tes edy, we to focus the infomationa thum
that we have in car data. This is not fo in a boafcyhand - a great variety d fraquaxies
may pirticipate n an echo. (We my have, wver, in mc t cases, to be prq red for
ffer min thu seh, h hs ift, and a t time delay with which an ecIapars at

differt frade ) It is mx fo i tim unls the o al as8gna itsef na yf
i time, whl the pr*la may be simpe - mafly, lver, the original sa td ase
cxmdabie its ivery sltaint__iay. (Tame e cf b ior is
m uchlcss mn - radar a cr doplerfeas aside - than f ey dep ce.)

Echo idtification is difeet ffrn the joblems we have so far Ilt with, requires a new
ap chd. Becauef de e may matter it is natural to bewi by going to thu
frsyide, S we shal sly do.

Like thu other Mt ci mp specrum analysis (vetcr s a, uth applied to
ordniy or point ocms), a - when uW is ap re - are much more dfective tha

e strum alysis.

26



27Spectum Analysis ... Prmee d Nise

Ibe crginal efer is Bgert, Healy aixi Tukey (1963); a recnt reiew can be fu in
Oiilc~s et al. (1977). See also B t (1966).
9a. THE CALCULATIONS

IfX (t) has a reas bly ly bdved spectrum f (c) - a caticiai met by chute impulses,
by moderatdly oikred Gaussian mue,amn by many intermciastc proaesc - the remsult d aeching it
with a ril is to c lv the ignalwth a fumctc having two es, an to mutiply
its srum by the mod-square cf the F ier twamdm d the two-spike fwntiaa Ts last is df
the form

a +b cs wr

whre 1 is th time delay, and bla tha strength cf tha eck.
be dta's sectrum is df tha form

(reascuably -naoch functicn cf w) - (a +b xNw)

so t arl t step in isolating T are
a. taking los
b. lng fcr t nripple in lc(a4b mew)

1I bla is large, fi te ripple (pasibly altaled by "rahnics", see below) s d
be easy. If bla is i l

log(a +b ar) m loga + r -2 1(b)
a 2a 3 a

log a _1 2 + { w 3r +
_

( b )2aw2(ka)3ccz 3er +**-

so that wow is the nant term d the ripple, (cxs 2r,Cc3 3wr, etc. are ralmics).
We kw how to f ripples in a series, we just have to look at its scu In t pr t

ase, th senes is a frequency-series (not a timeseries) an its values are lgs d estimatedspectra
(for atdy now i vals), but we look at its umL It is nvent to
maintain the fre y*time stintio, '-cr by saying "c im" ited Cf et
hoer .

Sot u ptenim c

a). calcuating a fine-grained um (but usually nt animscd perzocram),
b). taking los
c). dte, gtig rid Cf at h slowv d engs in the result by iftering" (the anclg cf

'Utering')
d). caating tha e trium frn the realt, just as we wwld calculate a sectumf a ime

To get ifoat a ttIs ze andphae Cf we may do well havin found K
specifc 'r, to fit

a + b coswr + c dnwr

etlh alcm or in un-linati- with thae term, to our filteedilog ctrm
If eking is frqu y kat, we may to civide oz final calcuatic n step, (d) above,

into seprate calaalatim for cifflert fre regia
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9b. OTHER QUESTIONS, OTHER STATISTICS, OTHER APPROACHES
'flu apprash in the last subsection is that 1 the ai (Bogert et al. 1963) i s

focused n g t time delay (cf a single ech, o wn iticiseitin). That
paper also a the usduls - better wrcm there - df the e autocrelati ,
(which cffes fr the rum undng the loArithm bdre the final Forier tramform.)

Whb phaseFare important, it is n ral, a s a aprd, to fi dth tme delay or
delays (quefr.wy or quefeies) fran ther run o auocrdation ad to fit a
al cmnusxd d the i d q

a a(awo)

to the (posibly liftered) log trum, whm the fitted +esimates the phase Cf the ech.
Jus as rs um aaysis has prd more dfectiv tha eneseries-at-a-time sum

analysis in making peas dearly detectable (eg in unpublied wk an m tary series by Milton
Friedman and cne cf the aflxts), is to be tetat crc-tum analysis, in which we
omine Frs d lop cf spectra d two senes (multiplying oe by the znla cugate cf the
cther, rather taig the squared absdute values f either) may wel be in mang ime
ls (quefendes) c-n to both series dearly detectabe. Ti sy ical id e

My n,s r, be yet available.
Fortunately the whIle area cf ired aws, techniques, and apcrhdes have relviewed

by Childers et al. (1977), wIv asze ty in all thre. This r has 86 rfdereia C we
to the interested reseaw. It furthr ses the rdeati bet um analysis and the
wlxle area Cf deccnviution.
9c. APPLICATIONS

dle et al. (1977) stress tr= are d application f t dass ef tecniq sp h, wh
theirst ful autcntic ptc C human spech ame fr sch eclmiqes seismc
measur, and hydroacoustic masranents, wherm,in (1975)
r m sung dqL dista (250 to 700 nauical mil) pk3iws in the ocean to stanrd
deviaticu of < 2%Cf the ctual epth.

Othe i ampes can be fon in the faces given by cilders et al. (1977). We
taut hrsesle with very brief mentii d a few apicatica in cthe areas, Cf which

raie qustians or regeali .
Miles (1975) and Syed at al. (1980), a athesm, rqxrt te use Cf tral techniques to
ect fr gr d i in rrowbad s rameaurnt ts.
Pearsn at al. (1978) dsauss the weu fd tral analyis in cctin-with ESR (Eec Spn

Resme) analysis f Itited triaylaium caatin radclsi Ibcy beliee that wile "the
epsumwn coes D rotidemae inormafioa than the ESR etrum fran wich it is dive, it Is
a used a in the anly f td r ESR spectra.

R er and (1980), appying oatum teciq to able damage studies, fier evidrice
(which is hard to evahlate in the albseCf infmaion a the adeuacy cf tapening in tIr
F -Tmethxad) mntropy sperum anlysis is hepfl at the last stage Cf rum
analySis Cearly a c ination cf prical f ing and th etical insight is need to darify
this estion. Rathe xtslantial effort i likely to be necessary, but may wel be rewarding.

Ran (1975) dscsses the 2dimsialc arum bridly, and ggests its utility with to
imageoblurzing prdibs ( g su by amhr in this cim ). Image im e t is
difilt augh f this suggestion to be th gng and nting
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10. HiGHER-ORDER SPECTRA
Power spetra an csspea, beng basal an seaxl.aer statistics (ani thus naturaly called

se rcnd- , spctral) an cly be ead to revel somh a th situatica It ishwn that
Gawsian sses are characteized apetdy by tircfirrdstarsedd mcmnens, but that is
a very prticuiar situati. 13 icxcti highrcd spctra fllows naturally fn ther a
dsre to m igercrder m s (Cften as cxml) cf a pre r a d to handle Xt

d(ct now-mi3r -ticzns wn the r~s
10a. THE GENERAL PROBLEM

Th3 power specftm f() pidest i

cv{Y(t4u),Y(t)} f eC f(w)dc
u = 0, ± 1,.. Cf thu c fuztiom c thu statiam e series X. 113 hbiectrm, a third.
crd sectum,f ( ,pid thu re at

cwn{X(t4U),Y(t+v),Y(t)} -f f| (w")f (c,v)doIv (10.1)

cf thu thirdcckrde umulant (cr ratmwn) cf thu p ss 1 uculant tru c cder k,
f (wit oak -J9-* o) ides thu esatizan

cum {X (t +" -1,..., (t +U -i) (t)} (10.2)

-f ... p(xi(U1oq + ul Q...J.is..)( 0.... .a.1)da... d4 -1 * (10.2)

lifpt t cumA cu{X. ..,Xi}, Cf a grp Cf ra vables proides a measure cd
that part othirpnt statistical ace which is not chibited by the t bhavir cf any
k -11td m It is a pdy in thu izxlividual dementary m s (avag f mon-i1s)
that is aim Cfde k ca th Iying X. It is the mplst fumcticn cf the dentry
n that vani if any ibgrwp ef wm variables is statisticay i Wdst f the
reminngm bs Cfffwdthe gr 113 almulan spectrum Cdr k, provid a (k -1) fr cy

link f hw ti (tj, ... ,X(t*)} df k vlues f the Ios aovary in a way not
libited by thu d aa cf any k -1 f it has thu dfurthe aracterisc f mesurmg an

impa aspet if how ar to a far fne,nady Gaussian the grp b s, sinc, fcr Gausia
variaes, al aa cf crder grate tha 2 vanishL

Applying a liisr atim to a series with cily nu-ader u i leads to
eaeisf rder highr th2. Sue Cut hs thess

X(t) m atco(pt -*) + o%caB(pt
with ap,, *, . R tan. If i al ware i dt and trbued uniformly a (-,r) then
X will be stat y, have zero man al have tral mass at - an wly at - the fr S
and . Suppcu that the naw s

YQ) X (t) + XQ)(t)2 (103)

is fan. Y(t) Wi tin the sdd d X. It Wi furthe incue tems iM
Is(2St+2 ), c((-t + j-S, c(( ]t + 4i+QI, Wa(2_t+24). Natice that ctain
irrdseralso a lants) d si w s sih as

aw{vcfc* t 4)a*st 44)CO([^2].i.t + 4+IJ}
will vmish, beae Cf th way in which O and k aIIIr. This a ('e) Fwrier analysis f

cum{Y(t+.u),Y(t4v), Y(t)}
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will de an timtkii that a in Ity, as (10.3), may have aicrred
Spectra kfder k, i vgcumlants f crder kg,are prtioulalypertinat to xmzli3art-"I

that are pnymial df crd k -1. ut, jast sectra (ofader 2)are vey helful in d with
moi.Cuasian procea:eata e ot gserated -Ily, spectra d cder k cn be helpful n
deaing with theaeuthrkiids of nacliies thanpdyMaial a

If the series imc mderaticn is vwtcvald j i ant a ovide ic
for n w at fiu. Fr ample the crms4ifrzm rz (W$, Satis

Wum { (t 9u)X (t 44x (t)}

=|f f c'(""fxyz(w,v)ddxfv

lOb. BISPECTRA (INCLUDING CALCULATION)

The amplat highr-cder (cat) sctrum is the luspecrin. It is cccernd with the
depailawe amg triples frqxs 4 m tozO Su e the statzary seiesX has
the rai n

X(t fe,od (to)

fcr Z a scastic measuwe. (See for ampl illingeU (1981).) Then the renaticn (10.1)
ind es that

crm {dZ (co)Z (v)d (-y)l
- f(oog v)dwdidy

with X.) the Dirac deta fAmctia. (Fr c,Y all *0, the msoat hre may be replaced by ave.)
Ibs result sggests how co migst form a imate C thetisectrm and a furtheriratacn
fcr it.

TM series qp{it}dZ() may be viewe as the resut df v nass filtng the seriesX
at frp cy Ibis fact s t a means f timating the is um (peps the ist
estimaticza tedmqu to be ved wetially,s s an et a. (1963)). Qk nar
pa iltes the sines at vaicusfis , azt g a edl cf series X(t w). Then
averages in time the triple pracs X(t)X(t,V)X(t,7) and X(t,u)X(t,v)X(t,t) with
o + v + -0,whemeX' d hesthel tranfcmCfthesenesX. Hee anegatiwvahlef co
refers to te at Iwli, m re filtrstrat + i - alI esIgn C Hilbert traifm
must be ed fc co < 0. (I the tim age is mt to imate zero, the three nw
series ust be behaving in a 1cla t fasw.) TIe raults are sies tfthe real ad im
prts Cf the bis umr e . It is dear that thetium may be estimated aeuivalently

by ttriple prodcs C a du ates
A s taially differet means d g t isum is to prcad by a g a third

crder pei am. The tlird arderp xam Cf th stchX(t); - 0,4;T 1i ded as
IT (1,v) - (2or)-TTdT (c*)dT (v)dTr (+v)

(In th case that the seiesX dost havezerm it isbetter thatthsamemean- ca
more aledtale - be s acted to om dT.) The te aufthis third crdcr
prkicamisgiv by

am Ijr(V)
= (2i)-T1ff (c (a)Ar (ci) S(,v)dc ad
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i wi beDa S (w,v) fr T large sarS nih nr (w,v). Furthe, poravalues
eluated at ciffrat are asympdehitallyi et f mi at. Ths suggest
fwaming tie eftimate

Sr(,) r _2o,v._2 / 2 s

e~~~~~~P

wharethawghtsWr sm to 1 aml are suhtaSraetmt bTas t13pfiltyax

Altermately one migbt rce by noting that pccram values, say Ir (( e,,.
based osdjcn strec3 f sames are Wsmpoial inm%xiLemen. Ibis reakleads to the
estimate

Sr(av)- 1'(o,vr)IL
t-1

It wi have the aty symmetry and pmdcty pkie cry.
lOc. AN EXAMPLE: EQUIPMENT VIBRATION NOISE

T se is usu in m o daical dmvriaes. W th tth Cf two cogwh are

in hi g ceanly, a publ m f rt df the nisc sgnal ed is
X(t) m e cm(Pt") +8cm(21

+0cm(31t)+
with crrtingtth sp hw wich th riving wIed is ng ail ametes
csam. If a rmg estim d th sis cooit the esimat may be ed
tof fluctate b the levi

Q2& 1 T2-12/(2v)2

with T fth lmgth Cf tha time strech oar ich an i-iAv,dual satimatc is amzpitedL
As ft pwe irregularly, th pe a y may be epd- to becane ra and the

lispectnzm 4to becune 0. That was shown in Sato et al. (19).
A poww sprum (Cf rdar 2) is unable to be used as a ciatetic tml hre s te

ao Cd po jr atre mc r ma nably camant as tme pass n. The powcr
sectum ns e infman n the p ales fth feqts Cf a tme
series
lOd. HIGfIER ANALOGS

The aiantrum crder k is pvm by espreso (102). It may be simated in seval
fashimcu Fcr mpe its r part may be estimated by avergig thep t

X(t 4.X(t &)

ime, whe X(tx) is X and flted nsr fr K X, and X4 + ... + . =0, (butm
sibt Cf the, vs ms to 0). Thei pat may be estimated by inlucing a HUbert

Altenaively it may be estmated by r th k th order pi am in dther t r
frajuaE. Ths p-riram is diAnd as

Ir(k-@^-= (2o)-1 'T -,dr (k).dr
whe -)* = A + ... + A& -1. Detailsare givm in Bilinger sndRmbatt (1967).
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Time series

In the case cf a vwtor*valued (multiccoolat) sries, the Fourier values dT may be based an
cifferent Is, deA -ig on the qestiod intet, thus poiding estim dccss
pciyseta.
11. POINT PROXESSES, ETC.

A stodIastic xt p s is a rand etity wIxe h ical rezadtios are dbly inite
sequei~s {s}'1}. Cfpdints along the lne with 'r 5 -r,+i. (Actual relizations involve fiite
sequezs_) e il i) the f a s within a gve regin, ii) the at
which a m fires, mi) thes at whiCh birthscr in sme p atodf int , iv) th times
at which cns arne at a sevice facility d v) the ti f in atmma e
storm It is tmsttos N(t) thbnmbef dTinthieNval[/),thnN(t) is a step
function imeugby 1 wuuan DC sin- has thu symbdC r tresatation-

dt)

with 8) the Dirac delta fmction, swng that a pdnt p s may be dieed a gelized
tim serie.
A marked pnt prs is a acn entity whew hypLtheUical realizaticns areczy infnite

seijs{(Nj,lM,)}7_.,dcf pas (rj)W) with, {tr _ a pcint prosaSS with Mj a mark or
value attached to the j-th point. It may te on discree c s o ymbdic values. Examples
includc i) ai magitudes f , ii) arrival times andwiing t s ricdby
individuals in a que, i) birth t an d bon (twins, triplets, etc.) andiv) l d
trema f a an ution X(t) a a ed tme value It is ims convemit to
poy th c iaon

for a marke pont
Pint psres and marke pint p es may be used to provide descriptions for the

imo dasw d t sies xmtaig bursts d every so Cfta with the pricipal
st~iastic variation cesoadng to the la a th tianty. Oe cano sh
prams as

XMja(t-rj) + <t)

with <) a nmsc series ad a(-) a fied (rpe) fmctin Physical emles in:lde shota: se,
river mn-off (with 'rj thu time df a instam, Mj est s a a(-) d ing the a s
gecraphy and lotion df the guge), a iml sc interferce, as lag d by
ie daristicL

As was thu cae with rdinary ime series, s ining pcint a marked pont sses
may be statiary may involve i e i ant er is led to ems d
semr estimation and system identification.
Ila. THE SPECTRUM

For a stre (N(t), Ost<T) cf pontp data one may c tmiltethu Fozier transfom
dT(oi) Z p(i,}

Osvj<T

for a fer cy fb poe sectrum cf the p-o-s- may nw be -k-lid as
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33 Spectrum Analysis ... Preseise d Nose

S(Z =lm (1 .. ave (co)l co 0Or UT

aby cmtinuity at w = O. Waeraereal {rt1} pei withpiodcT, so rj+ =j + , then
S (w) vuld haw initeppksat fr 2i*/T,k =±1t2rso

In the staticamycae cftmnass (using diffaeal waic)
ov{fdIV(t+u)4V(t)} = [p(u)+q(u)]da dt

with a() the Dirac delta fmcicm, anne Can s

f(w) f e wv{dN(t4u)4N(t)}Idu2w..

2+ fJ c~q(u)du .(11

Here p is the rate, (Prob{d(t)=}ldt) cf the pro aDd q(u) +p2 has the interpatin
Prob{dN (t I )=1 a N(t)=l}dtldu fcr 0.

If cnepessa ta p-s N throgh a filta with tfr furctiosA toitam a sr X,
nthe pr e f X is gne by 4 (to) pf (w), tfha same relaaticsp as am ha fr

crinary time senes.

In tha markd case ca may we tit diniticm

Iim I awZm :j p(iarw} , c*O (112)

fcr thepo at r y U

lib. CROSS-SPECTRA AND COHERENCE

In thcasea that ,ha pin cm N, i.. an d {t}, mad
thir csspum as

fM(o=ranIm av1(I ,V})(ZCor }) .a)* O

w I thrsimm arev iwth0j<TT k with0sTr< T.Wbn i N we
statisticAlly imeu fmm,N(co)r0. If N is a laggd vaso- Cf M, Ti ar +t,
AM}(C) --ibw)S,, ( islasnssgguIuaiman ml eureafr as.

e caspm may also be d as fflows: supeM and N have rates p,, pN
resectively. Sue, fut,

Prob{ptin (t4 +ut, +u +a) aMU pontm(t(,t+b)} -hp (u)ab

fafla,b. Thencneamdset

INN (c) = rwx (u)-wN pM] p(-ian)&

T}u ls two -mm sumg that fi () fistha a tic C tbe p sM and
N atfreq--Iyw.
AstWaed e f aim is prmided by the bha e

(w) j2 VMNM (CO) 12/fNN (C)fMM (w)

33
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bsisatsiesOS (c)IS wth0 in th cased statisticalieeix nt1 hcasecd
1; time invariantd e we.

llc. AN EXAMPLE: ARE EARTHQUAKES PERIODIC?

Kawa (1970) su td that large ath as m the Kmkura regiond Japndisplayed
a period d69 yearsm ll dates 133 Y fran 818 AD to the are kwwn. Veroeau
arni (aki (1982) prese tbehpralam

IT(D dr(w) p2iT

1 t cisdata. It cisplays a sharp peak at = 091 raiam/yar to a period d 69
yeas. However, th per xamIis t o s tal atiscal atatility. VerJocnes and
Ozalidevelop a famal test dlsgniae f the pree d a peiodic dfert. Becaused the
sulbuistantialdlustering th ng ceta turas oct to belag and the cyclc efft
turns act nt to be significamt.
lld. AN EXAMPLE:PARTIAL COHERENCES OFNEURON PROCESSES

Nerve cell splke tmaim are av tl t wth by the tdiquesc int Varimis
analyses are cibe in B ringe, Byant and Sqgunc (1976). dCl thesed cn thret

L 2, L3 ad L 10 d the se (Aplysia fo . Ibe three nira wer dearly
related (substantalx cehareacesbetween al pairs t ain.) It was kwn that L 10 was
the driving oneI , it was no bwn if thenwm wer in series L10 L3- L2, cr
L10-P L2- L3 crifL3aiL2 ndoirect ai ,butL 10- L3a L10- L2 nly.

Partal a ece analysi is a useful fc questiasle in
by A, B, C ely. Th ial ctaim A and B, is dfinedto be the
a_gam, r Caquy, b nth trda A aBB with theliiarmnvaant affets d C
re.mwed. It is give by the duafc paerial cac

R,u -RAcRcA
V(1 -RacRc )(1-RACRCA)

vkare, fcr rrieniacce, depmidence aonc has b p In the casse dted, the ptal
cf L3 aDdL2 with tha effs c L10 re was no cant a cxone is able to

essentially infer that th is n cirecion fraL2 toL3.

lle. HIGHER-ORDER SPECTRA
If a it -bg l i ra may be ted to pve m e useful with point procss data
with finyimsies, S far e fram (3aussiamty.

Tbe dc thepn pr s {rj}Ij may be defirmd as

S(W$ - (2ir)T ave{dT (w)dT(v)dT(+iv)}

for c, v* 0 and by antity dh . Fran tis dtion it is a t that f (a,iv) is
the coarelatiacuip dl the aon CD fdEraE o, and v with that d fr cy

--vmin thces (agan tbc coelatibp d tree sng to zero)
Alternatiy it may be ke via tha Fouier arimcf th Pr ty

p(u,v) - lim Probprin (t+u+4vu4a) ain(ti+vn4i+v+b) andmin (t,t*+)}/ac
suda it is torelatetoth fasoninwichtinples ints fall spifiedpatte
Sup~xue for eample that th se X results input afth pcint procss N to a li time

inant filte with ar futionA 9
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35Spectrum Analysis ... Pru e cf Ncise

X(t) =f a(t-u)dN(u)

a(X) beig the impilse -pe f the filter. Tflln ac has

f1 (w9v) =A (w)A (vA (O*v)INNN (a4v)-

If fcr mmple N is Psan f rate p, then fNNN(o) =p/(2'n)2 ami so
f1 (cov) =A (w)A (v)A (vpI(2ir)2. This Wsumill gally be nzero.

l3re are irt tia Cf idea to s a f cder k a to -alued p m.
xtecicm to marked pdint p ses ar also im iate as in aruson (112).

12. HIGHER THAN UNIDIMENSIONAL TIME"
lse days many data sets indvlve futiand Cd seeal variables, X(t1,i2,..4). e might have

a pictue with t1 and t2 the ligth width axites a X(tIsthei2t ity d lght at the
laatian (r1,t2). Qe might lhave X(t1/t2/t) with t1, t2 the cclnates C the lCatioC leds am a
subj's skUll, t and X(tl,t2/) th EEG volagldd at te t at lOaa (tl;2).
With the m cf aray rs amn dever qtical prss (see Tur1in (1981)) it turs aot
that me an with d this qute ctivdy an many accamoin

Saz now t aiparise inteecz sta L 1os iclu: alternate fom stadtiaity,
al te frms f lasn pl they,marnalizaas, and irrular c a Cf casvatca.

12a. FORMALISM
Suppcte dataX(tir..tz), tt = 0,T&l4- 19k 11..,kise vallable It is ofte i to

form the Fzrier tansfom

Tt1 tk-1d'(e) = > @ (l..)(itl..*)

with"=(w,..,.o*). Te itudeCtfdis sem to be lap for na (S9.4.") wheX (tir..tz)
cixituin conpcmItCd the faom cm(tI + * + tg4'). The transfrm itsef is sen to be
eqivalat to a tl transfcm applied a fr eadc Cfdth arpmts d X.

Mm fdling limit, when it ists, may be rug to be the power qtrum at wave vwctr U,

*M Lave', r Idr (a) 12

~may wrte

dr (0 p = (IC 'rI X (t+)>(t)gE-0

with t m(ti...,tx),Uc(aa....a), (ss) ' U1 +..+ c sig tht is ctu wi be
ap-rqriate when one has the statanasity adti: c (a) =cov{X(t4U),X(t)} =
cw{Y(X), X(O)} for all t. (Qier w is Priestly (1981), Capter 9.)

In scne mtazcthe a c an UF +u?+...+ 4 alone, when thep* s is
sad to be istropMc.The axints t must be an smilar scales, bdore io a puiably be a
phyicaly reascable smpo.

F statimy bir p e data (X (t)y (t)) one can C the ccr function
cjy (a) cWV{X(t+),Y(t)} , (12.1)

the amspectrum
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fxy (co) = (2iT) - (mg)}Cry (u), (12.2)

athe MA c (a)(2 =I y(2Lf( /fxz (*)fn (c). he providemf-essdthedeed
lizar time invariant reiatibip betw the two dacta pois In the case d (12.1), (122) aen
has the a

. 9
, (u) = f Jf (i(u)}fz(r)da-4*12.3)

1Ie gezic farm df a ia timeinaiat filtenm 1tcim cl time has the farm
Y (t) aa(t-)X (a)

with a(-) the i e sc and
A (a) - > a(u)ep-i()}

the
tra fer fumcticn. If t

ses X hs per spctrum f(), tetatcf Y will be
^ (a) Ffzz (a), redidng t ual ratiozmip in theme = 1.
Suppce that e d the "me coainates are f in a shuy cf the bivaate series

(X(t)Y (t)). It is d intert to mderstandthe ri hip betwe thepectra d the full srie
and tlxo fr h a tim siC . ra h is appre:ntfa(123). Ilfxed
cvcimt arrespcziD to = 0 in (123). In ae the craspeum t red ser
is swe tohave farm

f J .ffx(u)dw,4o@g
if o , ...o1 apcr d to th me cad es fed

12b. SPATIAL PROBLEMS
'l case d a atil array X(zv), with zy ng , es an

impartt yet drect, the imesi cse Stan&ng (r fn) waves
, +y ) i d lding ame d arrays tiaf the Foner arc A tis

lding eample, iderX made up d a finte munb dinfeg sa (cs en) wa
X(x jY) c'cM( yxv,yA,) + cse

We are naturally ite in estimating the wammbrs *, -yj d the imivdual waves the
xrrupxxing pvers a?/2. flf Fouie tramfarm is a bedc t far Here the direct
tafarm is by say

r-1 r-1

I X(xy).p(I,+W)}
-0

+ 1 (A p)AT( 6k+)2 zat^b(+*v( X

wth AT(Q) -MZ np-i)tI} a e rlier. Tbe itu d tafcm wm peak ar the wve
vetms (0j,j) as desi It is dew wb se d Appdr the will
be leakcage ac ) ad IL As in the -m oM cs Mwill nee to taper, f far
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Spectum Analysis ... Preseice cf Nose

crzmple
dTQh) (,vZhr (x y)Xp(xH (Xx+w)}

ax'V

with hT (x y) a suoc*h fwti vanishing vwyw e Actide the ckain cf bervation c the
array. Qe will wt its Fourier tramfrm

HT(' hT(x jy) W (h+i y)}

to be =ated (0,0)a)i to dieciraOf d1y as IXI, IALI imrem.
In the cos that the arTay X is staticariywth zero mnan dctrumf (,1) acm has,

fcr dT above,

ave1IdT(Xi)F =f fwcRr(KX Pg Ir I r (X3ajk0 Pf(L)dad0
suggesting that ame migh base an estimate o IdT 12. It fuh suggests the esil d f
tar in the se S () is natarly cmt=a.

Suppose xt that the i cs array X iS iso Ic, C(U,V) =C0(X(-+Uj-v)x(x)}
depasiing ci2 + alcm 113 tlanCf is that tr X iXs
X2 + i i Spe&any, if C(U ,V) 2(+v

fNO fJo(r V )g2+rg(r)dr2o 0

wih Jo a B usdfwtic. T1e trmsfcrmastic bee is a Hankd tIasoIatfi . his rewlt leads to
anit r the 2-dimmmiu in our alility toem sch an i r
spectrum. (See &ilhinger (1970)).
12c. MIXED (SPATIAL-TEMPORAL) PROBLEMS

lIe are a vady d mdic stal roes, in which a o i emn may be
wepsented asX (x vy ),whre x aresptial irdtes alt istime. For ezample

et u$ -frey +&t-kt)

may be viewed as a wave m gin cirecticim -7/ with velcity 18V Vf Ihe first two
xrdinatest x xy, h e have quite diff t diaract an the r ni es t. (In some stuatiom

it may be able to u the giin x ady,but th t and(x2+y2 arbiy
inoledthrr~.)
Ifae has but asingltime slice, say t 0, d pthfl th sitatiens thefr9m d

the previous stio On the other hand, in many ntuatiom me wi have much lnger ds
terms i thethan for the x "V cdcnate. In terms mp it may pove
rcaable to tisagethe largest dnerad t-value t to b,hu this may net be s Mible for x
asd y. ( with t and a ingle x where this is reluant haveb amdee by Betherto and
McWiiams (1980).)

Ihe Faoier tramfom that me might te fran such a data se w d be

dr (kpp) 7- hT(x yJ)X(x ;,t)inp{-i (4 +y4w)}

with hr a t g fumcti vanshing oif the ain di derlva The power ctru f(NW)
might be estimatda by aveaging IdT 2. R fes arise A ning the spay ftresuclting
estimatef ( ) as a hmctic 1 3 variables.
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spes um algletimesIic say X(x y,0) is give by

J f(Xw)d

i.e. if amly a single slice is availabe, it shwld be remeinbered thatts truma has estimated is
a marginal (nt a axdticnal) versia Cf thea e p sc tm. Im ant detail in the fil
sectn may aot be available in a marginal M

12d. AN EXAMPLE: SWOP (STEREO WAVE OBSER VATION PROJECT)
At 1700 (NIT en 25, 1954 stea cto t iqs weemployed to meamse the state

Cf the in the Atlantic at abm 39°N, 63.5W. Baiy, two Fictures c the sea s c we
tk imtanltwuy at kwwn altitudes ad Eta rt. Frcm te pictes the water heights

at seleted points were . AD tdd 5400 er s wr mae, with x a y s ng Cf
30' over a 2700' by 1800' ectangle. 113 data wa creted for =ds by least squares fitting d a
pane 1be autcr was stimated at each e-nbination d 90 la in the X-cireticm and 60
lags in the YdrectiraL Ibs was Forier trasfomed and the tranom n by an tiam
d the a ing he atedshoed a m pea zing to the lcally
ges aedsea and adg tose swel.

By sical r g (that wave mergeated is driven f lerwd) the auhors (Cote et al
(1960)) were able to igiuish the drectin eruUpnag to a peak fron its antipcxl (which
wwld have,ated the same rum).
12e. AN EXAMPLE:MOVINGEARTHQUAKE SOURCES

Bdt et at (1982) e en ds ptial s t analyse C seveal mr etqkes
recorded by an array d 2 as nd three icirdesa( thirc m
Cter). Spaal tra are ti edfor eari time e s f th asmams and s al
(temporal) freque6 . P s, to the cirectia Cf the asouce the
vdaty cf the wves are fou in the a.
13 laticm Cf thep for f the evns is foaud to shift with the ime gment analyzed

Ibis shift may pride the first nental measurntCiw a sa s slatin moves along
a rutrn fault.

12f. AN EXAMPLE: EVIDENCE FOR SCATTERING OF SEISMIC ENERGY
Spatial spectra have bes used to pridestradae for bacrkcattering Cf ergy duing the

passage Cf fsarc waves. Ald aud n (1975) p an simate Cf the tial ctnrm for
the intial grp Cf r waves (in thefre21020 Hetz) a g after an plio
11= data we the e i Corded at the Larc Aperature S iumc Array (LASA) in Mantana.
l3 estimate shows a il p caC rgy in the cirectica Cf the blast, g at an
apprqriate velocty, and little dse Aid and 3t aet t a timate Cf the spatial
sctrum ft lter arrmng waves (the axih)isne shews Uy aving frxn al
cirecticus with sod sufce ciis. e aga s um analysis d ra
secments has tispaed res an i atsacstifF x

L SYSTEM )UETICA1ION
We cscuss ln&er system identificatin this pt.

13. INPUTS AND OTPUITS
n many a o time series are subjectd, naturally or arificially, to qperatiom Thes

ceratns may be physial or a tai l. te the t f the trsformato is a t series
itself. In this case t nesas th input and the tra dsei as the
output. 1be ac m d (input, qei, oz} is r d to as a system 1e p cf
system identificatn is that Cfde mg a uf di for the cpeatc gv strces Cf
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39Spe,rum Analysis ... Praenxe cf Ncse

t and awrczxing ottpl.
13a. ONE OF EACH. NO NOISE

in the rimvlest cse a linear timinriaht syst has a sng1ci and a ringle que tpt.
Eaples iclude:

Y(t) = [X(t +1) +X (t) +X (-1)]/3

YQ() -X(t+1) -X(t)

Y(t) - j fX(t-) , with 0 < p< 1.
.4

As tios in Secia 3, archt re tyically dcaractaizal by a ingle fuxti cf
fr y, Itr fncticx i seres is X (t) - piat}, thentI cxaM

iaut seresis Y(t) B(wo) ip{iL}, with B tE tansafer mctia Far tIe rnm s aboveB(w)

[1+2 acm Y3

1/[1-p p(i*]

repciey.
7bl value B(w) itI dange in ampitudeai p has ethat tI eato ects the

;pit at frq ac w ais tude ID(wo) is s ca1aI tIE gan eae gB(w)}, is

In 1actic, liar ieCften dbed by the fcrm cf B(w); fcr
cm an ide (urealle) band-pan filtw at fr y ) withvltdwidth A is sifiea by

3(w)-K fcr w-AI<A/2
=0

fcr K camtat cow 2 0.
13b. ONE OF EACH, NOISE;IMPORTANCE OF COHERENCE

Many c the ytM a red in piacdice do nt have an utp Ietdy dr by
tIE ipt, as (indungfcr mn, rouxkn ) am at sa stage. In a impe cuse,
h asa B, asseries, anld sta;utagnw by

Y(t) -B[X](t) + <t) (13.1)

r Y - BX +. UIe i"mlarity ci tlis last ratip to the tnadital ec1 regraisn is dear.
TIE taf fjmct- B,Bcrresopma to thE stan, i as inedm 8d, a natural analcg I thI
r y hearregressi IIot,b d tay s c It is is d by bg

awnplez-vahlud and a functio fr c.
If Y(t, X(t,w), <t,) tatetIresut a rw bandsp filtering the seres Y , X, a at

frex) recivy if tIE seies X md a wreasatistcfy i ,t the rai p
(13.1) leach to

E Y(t ) I- B3(wX(t P)
Xtbrgresiaa is e. (Th irer tIE filtn qied, tIE bet the
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a,rwaimatia&)
T'f det al the rrer n -iem d a V e y on a variate x by tbe

p esion b - cov{y Y}Ir x has the natural al

B )=cov {Y(t w),Y(t,)w = fT(W) (132)
5(w) = iarX(t a) fxz(w)

in the premt dazrmtazxs The meas ent I thecprootion d the vrwiation d y -plined
through the (lia) a I x by the AicZ&eft Id r y} i
the natural ac

IR (w0)12 r CO

fzz ()rfn (w)

with J (w)12 the a d the sies Y with the seies x at fecg w IR (C)12 s here a
mnxe Ithe deg a uine ip the ses Y and the seres X at
frequa:y w. Spedficaly, the power sewIt series that is thxe differae betwen the serMes
Y aI the best (mm sared er) fit to Y by the outpt I l time invarant systm with
input X9 is [1-IR(CO) 1 ]fn(4)

(CO) pal lays an im at rc in the flas fcr the samlnftao d the results
oI a sytem idetican via a crc al anasis the datity (13.2). If

BT(w) =frz (c*)1f x (w)
aed ctral ma e ch a g cfm pei m es, t

var B(w) [I(1-AR() ]fyy(w)Ifxz(CO) . (13.3)

For dll I wats both R1 near 1 and n larp. With the data at h1 a carnmt
cd R ,bt cm canc d m.

13c. MORE THAN ONE
In many practical iati, a systendme study has morne aon, input ai moe ta cg

cutjt. 'Iboinput seie, xI am the cltpUt sris, Y, are vwcrmlued. this case the trasfer
functian 3(), d the syst i mai-waed. Th ime series analcg I the tractanal mltple

yrerbsxlo+ +nxm+e

is
Y (t) = *-Xd(t)+ +B,XP]NO + t)

with th B5 suge.inpt neutut syst a! with aae seelt vwtor B(w) may be
estimated by

I (w) - fii (w)fiz (w)1
nceetimfatesf th ned p adcrssta had be f

Ibe multiple ence ma be di! as IR (w) 12-1 -f0()/fn (w) in thise It pvsC a

usiul jaramet in practice.
14. CHOICE OF INPUTS

Exprmiczas (132) and (133) are hell in queim c ning the dce I
an input er c I o (132) C see at aon wtnts s at
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which an etsmat d B(w) is edir. Wben an estimate d the impillse re-ome fimcticn b(t),
xrrup!ng to B, is wane, the input must be rich in all e u. Ersson (133) gives
iiai f how sam ld drome the input, if this is in fact a pcBsibility, in rder to have a
1aide an the saming fluctuaticas d the estimate Br (43. It mas it nr t me want an
input with the input power at f m ,fr (CO), high
14a. QUASI-GAUSSIAN INPUTS

By a quaasisianp ism t me shaes the eGausia p cfdin
realizatims n liking at all identical, f nt being rqitive and cf rgza eoevs not

inating walizatiL Natual ipuats have draracteistics Cn many cxcasim In ce
impcrtant case the series X, is a series df i eiept idtically cistnbuted rand v ls
Thn mce has f = a/2ir, where oP is the dX (t). Frcn essim (133), me sees that
it is able to have aZlarge. (In practico a c t be tkn to be arbit y large fcr mcxt
SYt.) In this atuatixo the imlsC ramse, b, may be uimatedd ctly via

wv{Yr(t ),X (t)} b(u) ww X(t) (14.1)

fcr aUl t,u.

Ibe are results (Lein (1960), Mehra (1974), Brllinr (1981), gc 220) sug g that, if
a smgle input is to be used, mc wans to aragI fr fz,(c) to beczry tanta , if pusable, in
crdertohave eit estimate If the input,m bebcmbed, x(t)I s C, for soaefite C,then
it wMill be mit effective, in tems i agesampe varnae, to t X (t) = C,ray. an
instantanos mity is t if quadatic a ighridr terms aWm in the wtt it
wil be usefu to takeX to be Gaua (Wir (1958) Billinger (1977)).
14b. AN EXAMPLE: SPEED SPECTRUM RADAR

Ibe an cf ating a nose like inpu mgnal to ify a syste i intrest red
amazingly early an. In 1938 Q Ca la filed a t fcr a dsecorrdatiac radar in which the
radated sgDal is a Ited aer wae. TM retunng agna is ated an,
fotowing (14.1), ca-rdated with the trminied se to esimate t im s re e.

J. Wue.tr had a in the wly fifties Sanm c the histcry is gven in Sc&Iz (1982).
14c. SINUSOIDAL INPUTS
A direct m d dezm g B(w), the t f fcim at frgy w, fcr the systm B is

totakeX(t) x as as i mpt.heoitu is then

2@(sD)e*+ 2B() 1(W)aISco(O- ))1

whre O(w) arg{B (w)} and B(c) I a 4(w) may be Iy.n the case that the
systan wtprt is juturbed by ae, me wi the cutput en the input to esiacB (4).
Ths proc2chze has the bstamial adnte d leacng to an eimate dB coaly at a ngle

fr fy w at a . It will be a xcepeate thn that teI dby crs- tal
analyss (having arian i y tical to the read length rats than t number Cf
ism- averad); er it i4 o inrati n the wibe fumticia B.
Anit r ts frcn g

XQ(t) p C(w.t )+++Po...t )

hor the pcaitive integer Q must be lrge betcre the cm e of the funxtion B (w) can be well
bte If th 4 here ar r thX will be a Gaussian fc large Q and moe
return to the input di the prvus osetim.
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14d. PULSE PROBING
U X(t) -K for t 0 a X(t) =0 O wewis, theni the aput tliat ime-invaant

sstanB is " timal to its implse recme fuwctim b(t). If th sytan cutput ais r d by
r ewlhaveto input a scse sp,wgf fr theE et cf ch pulse todic i. By

stacing a averagig the vari s tan t res oe may estimate the impulse respms b(t).
1be transfe fwxtiu 5(w) is th Fourier transfrm af b(t). It may be estimatd by Fouriw
t fming ( ), in e factrs in the s

In Ir cccmiI b K I to be as Iageasposble
0 alty with tls a d is inhwing when the tazsiet has cled cff. Amther is that

this pulse frm Cf i may in fact be far ram ed the typ cf i the bo ully
periaices, so that the bx may be thrown into an atormal reiDCf qirtn.

14e. COMPARISON AND COMBINATION
113 inputs desalbed above have qute iffe diaractes wr usl in ciffert types d

mtuatio If little is wn the systan, t ian input has su ntial dangeL If a
fewf is are f ticuarim (Coif me i laldg for pisible iearites) thi an
input that is the sumd a few smis is usdl. If the r d greatest interest is the impulse
sp e,am if the systat at es imMes, a puses, than pulse problng may

be ee. 1 the a able Sze d the input is limited, IX(t)I s C, tha ps
binazy-ise may be a g inut to anploy.

If the system is in fact su beb( ) the might w ani seies that is a hybrid
cf the tke tyesdc above.

For ituaties in wlich me wishes to have a lrgp output, d time, as -ped to
spectrum anlysis, it is df to we an input nblig (i time) t timr edi
respouse. 'This o=ami daramd smc aploatia, for esample
14f. DIFFICULTIES WITH NATURAL INPUTS

113 bes d r to be in is that df being able to input any dd series (igp an
erperimait). 3Ire are w many io t shuaio wh eith input is mot the
researches a d. As h in the mse of multiple regressima this lea to ral dildes In
urticular, near aiIar m the input leads to s with ntial
lIe are (iffi ies in tati of the inividual vales f the impls ree functi

m C the aris vid m in the mtiple iput c IffX (c) 0° for c

nowk thn will nit beabletodimatoB () o JR(A) p inay usel sae.
Further, as the analysi is crrdaI in d -aract, ae will nt be able to mak infers

dctiom cf sti the li. If me is tzying to mde a m s
cm pov a sutia cifdity.

Brifly, ali the woes d rgr (seeM e am Tukey (1977), alapter 13) may be
apected to arise a smsoe nwes n il.
15. IMPORTANT DIFFICU9'IES

113 aiei sectim mtitie swocifflis in the interpetatzan dCthe result Cf a crms
spctral anlyss. re ae Imp ttImical CiiFties as wil
15a. FEEDBACK

Sup~ne that tet systan under study is desaibed by:
y =B[X-U]

U -C(Y]
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wll&reU is fed l toeter a a parwithX. Tsfr fu ten frnX to Y is
]1~ ~dC (whenB is lwge)1-BC

su-spectral analysis n estimate this tramfer fuxtion, but what we learn may rfer almost
aitirely to the feedba pth.

in racice, suc a systen mnt be dealt with by e sIe catie nmsc ito the
feabnd~ lop or,a hapr , by in the systnm m greater detail (e.g. the filtes are to be
realzable.) Qrosstal analyis alcne is notiet to dserve the r wrkings 1 a system
Two rfeI s are Akalke (1967) and Prestl (1969).
lSb. ERRORS INCLUDED IN INPUTS

Sup en, t, that ne has the system
V -B[U]

Y =V +#.

X =U +-q

with., nses, and rewmds d X, Y alce avwilable. (Thbse uaioom may be seen to have the
form d the Kalman stat-space system B is nt zws sarily realizable hee thouagb) no w has
the mbl ctmm rrz in the input sies Asm g eand t l to eada other
amitoU,V,mehas

frn () fvu(c) BB(w)suu(c)

fs (C) =fwu() +IN (CO)

or

fzz(10) *-v(u) w(CO)+ m(O

etermingan esm ate if()If() wll Da pC)de a raable estimate cf B (c), e the
RU error onuse attamatn-

3 elegant melns hamingtdhis btai, which -nodnimes w , is v ntratal
series. Ths is an de be series, W, that is at l to the m 6m, but mt to U and V.

then has

frw(c) =nfvw(c) B(w)fw(c)

fzw(C) fuw()

leaing to a ideration frw(w)/fiw(c) as an estimat d B(4). A hysical eampefc tlis
pro ere vwill be 1e mtedin Se 16c belo.
15c. AtLASING

AMume that the seis X(t), Y(t) areand forcucn timen -e < t < h,and ave
secoand.rder sIectra fxz (t), fry (w) In (w) c*. Supxe that the samed sies are
alable with t -0,2A4 Ion arelasuch as

frx(a) -£fin G_2^
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fcr -/ < 5sid It may be that fn (ao)/fxz (a) the eired tsfet fmction er,t
will n be g by B (c) fyz (a))/fxz (a)) aiy. Ncr will the e

LIX (a)) |tFI[h (a))fyr (w)J gerally by given by JR (w) 12 = f (c) PI ()f (3]
In the case f the coherece, aliasing camuses the r ctra to be tlhe uwards; erthe

crcmq-ectm fletuate in sign and so, an many casau, the d the sa led es Wi
teed to be s than that cf the iginal sen

In racicc mce will to filter the scries pi sampt i and to slect a el gh e
dtAtoredw~etheacmcfdaaiasing.
15d. THE EFFECTS OF BIAS

Tapering and refilteing e etial if cne is to be able to with power spctra that are
rapdly falling (in a) er have hi Mnpoimts- Ths is lkwis the situaton in the systam-
ideifimticamuse fle cd Wve ff ()(COhy has thea, c fom,

f Wl(w-u)frz (a)dam f W1(a-rz)B (a)fzz (cz)da

fcr weitfidmctio W1. Liewis

aw(fTz(a))) f WO(-u)f;z(ca)da .

For ffx (a)) fixw(a)) to be B(a)) one will wt the wo WI to be a1tratd r
0. Ths desie may be a d by tap the idi and by dce f thewi
aied to the quatmic in thed iau It is furth dear fran the aboveezsp, the mec
nwdy cim-tant are the fumcticm fyn .fn .the less as may be e in e c when

ble am s d eflterte sernes X and Y to make the se -order ctra me neaiy
altant. tis cn be dawith the sam fiter for X d Y, atn ains the tanf fumcticm
crectly, no camsatic fr ilteig is (In lar, it help to make the phse of
t craspumme y at.)

If, fr eample, B(a) des Cff apdly with e,an might ctlthis r e through having
ed a pc fl taring erati, cg. using a olate aphercidal fuctiaa (see T1insm

(1977), for tampli) Suscio n ar , frfin the series Y might
be eaphasized by uitably eilte it, pior to the xaptatacn d a furthe spctral estimate.
Tim &fet d this fl may th be "cawxded ot" by di its az fu antion the
t-Us fmc estimated by crcssectal ansiL
16. EXAMPLES

Ctws.spectral analysis hs, by nw, bes usd in many may syta intfifalicm studes. Ibe
cf the sStues have saMe be the det iam cf a pese estimate C the tranfer

furetic., sam~imes simpy to Se if the X in fact affet the sies Y, sometim a
search for interesting ,as smedmis to design ad systams.
16a. AN EXAPLE: FEEDBACK IN A NEUROSENSORY SYSTEM

Marmadis aed Marmdis (1978), page 128, de an ne t o the retnal systm et a
catffihwith input a light stimulus aed output intraJlular e C a cell. There is dvsce that
for this systn fdck ccurs at igh mn t levels, while the feedback loop is i ative low
mean levds. H the sytanWA be d oth ad ded loop.

Ie systn aia , ith fwdbac,are, as we saw in i Sa
Y =BX+J

U -C[Y]

with U deg the feemck a nt. With thi f ck loop active, the ts fuci ,
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frn X to Y i, ag, Bl(l-BC). This may be estimated by cmspectra aysis. Further, B
itsef may be estimated by g the peiimat in qpen1cp i Hence the fd,ck
traaferfrmctio C may be estimated by cmabining the resuts the twoim ts.

16b. AN EXAMPLE: INSTRUMENTAL SERIES IN MAQvETOTELLURICS
In gts c_u Ultanwa ae m Cf m c and eletric fSids at

I-ati af intrest. ( interest is the cx i (a t futii)raing
UnfCrtumatdy the series ed r all subetto btandwl error. Wcrkes in
fte f oudnmd that tramfer funton estimates doet y dirt acs. tal analysis were
Imstable, rying substantially ith r s Lp .

Gambe t al. (1979) tooks made t a second loctiasin tumetal and
wee able to dain an accable mesurnant cf theiane futia f int (see Sectiac
15b).
16c. AN EXAMPLE: ON-LINE SPECTRAL CONTROL

Rating drwlar s widdy wed b d in many difs t c Sh as
rlar saws a cm ter y ie via ide f a r dsc to

tranaverse snatahility, can cau n ate ttig in a ar saw and Ieadtracking errm in a
m pter dec driv Rahind (1982) cmides the ae df a cirlrawin ar. He es
that d saw in a imnt hs certain naurl f i, that the blability
depxs ca the relati f e fr to certain ical is and that the al
friaxieaas be, sbift by t (using say an infrared lamp.) Wrk lcad vriataix
can have a saw ating ith natural re es r the ic l f, leing to
irtatility. r is affected as foll bladet-e dsp t ismewed, current blade
naturaflfreueie are estirmaed,hse are mzue to fth cti'c-al values^n hfe by hetng
(r aing as -esay. This is all in raltim making we Cf a cigital Imr. Rahima
pes several met Cf natural frq xy qsewn esdmaticn, iuing drit Fourier

estimates, estimatebasedc1 finite zram mos d timates otd i ig
dservable to the systen in them r f iSa u Id algcritm a nually t to
rede the cifferaee betwaM aqaWUm feqay a a faeyased c the natural-
fr Ies. an cample, Rah fis -ia a tude to 10% Cf the
unaiatrled vahwh

F. JIADINGC IN DATA ANALYSIS
17. LEADING-CASE PHILOSOPHY

Fcrmal statistical try, lice d al mn i wrk with ldnag cas Cr leaing stuatiom
(where these wwrch are used as they are in the law). No omnc-ains abct usi the mecharacs
Cf pdnt mass to desaibe the motio Cf paza arc the Sim, althag few Cf us d t*
atlw the Earth upter was amIly a jxzt Yet sila oversi a i stastical thwy
dto be ic sed as sallure dCmumpti.m
It is nt easy to be sure why t Osdff e ar and s maintained. Peraabecause

statistics mt wl th ity - with umnfCtably large tis - its thcists
and tmaas felt a straCge urgp cr certanty. Peiha bbcaus e st-cehastc (b iic)
aumptiam are always hrI r to d k- sin trae subtle thn functial
(deter ic) es Perhap b se statisticl y wh m dhd analysis - and it may
be very difficult to 1si uc mts d analysis that would lead to apry
differt reaults in amtroierial imtaCe. Pp bwause C a felt for a c nt body Cf
deductiw thecry that aId be t ba by vcce Cr written werd.

Wheater therhasahe gn far too usd to the da us id that:
1. methcxs sh-ald hae - realistically d to have - "deivaiC"
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2. what happas when the onAnvenional assumBpiam do mnt hold does wt desrve much

3. a metlid withcut an cptimalitythecrn is apa relation.
Yet nw thse ally apply in practice. I stattia ideas are to carry aot their fuic,
which is topicd, IW rt, and adt theanalsis cf data, wemistl at t quite ciffaitly.
17a. LEADING SITUATIONS. YES:HYPOTHESES. NO

Statistical into bing in ise ways, - scm_mes, ena, by "ivation7. They
earn masf thir legit frn sme limitedbw dg how they perform in seal caso.
Smeime tis kwedp is quite, wek; we may s tami only that they give aroiate
a aw san the avage". Ocaiammly, it is quite strong; we may w that within a rasably
restricted family d p dures and to an aprtly eamble citerio tis proe
performs "bes at least in very nar crcus (e last is more the cqnipotau n the

In reality,t, the bst we can do is to start with a leading sitation r evna th three leacing
situatiora, and learn what we can a pr es p formanc - or the rative
pefomce f sevesal p dures - i eh cf thee. We do h bette inm cmtag and
ac4parmg procedure, learntng mc details aout peforac in the tdd leading stuaticu,
but rtw by l somethin abou their pfmn in w leng ituatiom.

As George Kimball bal 1958 ce pt it in an t 'here is a
furher l with the d bt"sbu6iWs. AR too when a nsution to a
prolem has b foul, c a lo a still ette souia am yby pnting cut
the eds d a hitherto insptct vrable. In my ipimce when a m ately good saluticn
to a pctlem has bean foxi, it is sel&u worthwhile to a m t trying to
the bst' s icn. ' i is better sain real r trying to finthe vwariables
which have bea aed" (or In trying to find a still better s ui imply by ideing
c al leaig cas" (cp. Tukey 1961)). As co dius put it r y ( ey, 1980b) "In

pracice, methodologk heh asosuptions andddiv n cmaides." They hane m ass ti ,
only stuatic where they pe-fom better and thers whre they pefom s well.
i7b. WHAT THEN?

If Mr have no yp what that do they have? Hw is our e g cf
their behavicr to be descIbled?

As a aiza Cf an umua within a um a. Hekre th are at least 3 su sivd y
lar rean, iy:

1. An m or e C pr quality (usualy quite u aically v) whre w ca prove -
ad have proved - c either by famanA tion mah c r by
mimericaland peimentl sam n matics - or by

2. A middl;aie reo Cf murtancg, whr e have a a ble grasp an aw tque's
perforance, where we kgoemray what is ping o, but whe we may no (yet?) be abl
to be sure cf dealls.

3. A third region, cftet very muc large th the ohr two, in which the tdmique will be usai
(Sametim this region dp ao the ii l ce someimes the is raabIC
AlareenInt an= a ity tiserus wth peic )

We have to antiepte three tli gce, t ftvery diffra sze, fr any tecimique Cf da
analysis, be it atistcal or not.

Since the tachni cisased in ti scamznt ae cward an asaitially stistical
po wem, mist try to d thea in tem f c regi, rat h in terms Cf nar
hypotheses and assiated derivations.
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17c. SPECTRUM DEFINITION AND ESTIMATION; IN KNOWLEDGE, IN
UNDERSTANDINGAND IN USE

Let us apply these ideas to the cn df a spctu
What are the m mt leang siatiom, where bwledge is dear? Surely

* imlvidual realizaticas that are sactly mma of a few 0sne, whre al wold be dear that
cutribticas to the vaiance (power, atry) are a dto tese few (anWar) frupaie,

* psoes all cf wI reralizatiom are Cf sch a fam, invlvn, in total, coly a few (angular)
frex :esifr all the realizatio cf asine

Hre no reascmablc (taizd) pe cam be in what a spectrumn
And no c can give a real-wcrld cmple that r y ts into su a picture. tides

dlwe, but stoms perturb the n seres f pe thry (and tidal foces slowly change the=15sdistm). Ibe frequandes that aparn the cages in the ecdentzicty, etc.d the earth's
cbit, (Miankvitch 1930, 1941) are a better ample, but there are ireular perturtsts here,
to.) In th dchacter ationd laboratuy std c atis ( , c.) 1phasis s imply
chgd fm the study f the grc s um to the study f th em f te frequency
fkituatiws.

Ibs naw region d u etc and itvitable umdsa g cf a pctrwn is anbakied in a
larger leacing situation,ansting d prcsems fr which ther is a dear de"tiond what aprcxs

spctrum is ant this, it wols - cf at what a trum fcr a realizan shoud be pCning.
(We return in a mcNnmt toscxe quesctio about this.)

Ths largr leangsituation wM, m c,bdt, be cmmade up df 'stationary" with fmite
variance. Ibis will mt be be the ron Cf VW f the Cf a spectrum is dvDd to
stanry pr , but coly ca saipary cmss are easier tothink about.

For many p s, ine, we a t a reced leaing statioa whee we have no coly
fmite c and statioazity, but also a anum e m (In the real wrld, c ampetrbations always se= to mae any scrum nua ). So W wk th a leading
situation which dcs nt incdets t with whichw started (only a few frequlies) am!
for which we bestu -stad the mit Cf a spectr. bihs perbaps mpm ra iil, but is
realistic and in deling with cther op tantather p dures cf data analysis.

By gScng to this ieredate lendi e, we have imuchd intans vAich da e
tlxmght. Aproces, eachd we r z isCfcthe form X(t) a c (ot ), fcr snm a
and a ckpaing on theralization, with 4 bothind t Cf caodwand inifram on (2or) is

y staony, can have a tin spctm. f we have only oe lizaion, we
oly kw abit , ad - ulm we hae a lo C side info at - a abl spectr
slimate wialptalld th simatedrumat-a veryd to-angle a. In this case, the

process can be tuht Cf as amitue Cf ubpc es m foreach a, stim"ati fom ae
realization leacs oaly to an etimate for the iWithout sidc infrat we camt
simate thingp to whoe amsequezMs we have nt bes pd l

If we leave asdc isues - always i tant in indnple, and omtm negligbl in
pracdce - we can say that we understand a s ble abt tihapt Cf a sctruman d
a ut mspectu etima forstatnary s with cm sra. As a result, it is only to
be that we will use the , and se r rstaningcft crum smtes far
outsidetlis repon Cfi rstandn, often hlpflly. Wewm uwe for m, (a) in nmn.
statnydtuaticm, botht e where tatiityis a mild imita tinand te where
staticuranty is reason why we can le yting ipfl (eg Munk andSmxlgrass 1957, see
Sectin 5b) and (b) ca n ana g ti s ich we find hard (o perhaa imx3sible) to
-der as reizatis Cf dearly ed (In the s ses, having a

would rir anensebie paralel wolkd.)
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Growth a seeding lea g case, where all is dear, to the dnain Cf umcsstag arni the

ck- ain f use has her, as so idte dsewher, invdved both
1. growth by a wider cniti a- fare rmulation - Cf what is esti d, a
2. growth by usng bh a pt and a pre re in wider aras th te in whida they have

be preisely U fmaly a justified.
17d. AND ELSEWHERE?

11 sssia C the lst sedct was eaturally finu-ed am the t f sectrum and mo
procedues (f spctnum eiatim . 1 ae fcr two ie (a) because this ItIamt
hes ar vital to ts tir OC , am (b) as a ample Cf how, in a istical
aezt, we have to tlink, to a greatw c lessr e, abtau thecq xcsatall th
that arise. 1be scrtsf sptum estima we ae gcssnalg are al iA rdessaly
nisi hda and hve to be siaghtlly. Similar pictures invcSving

1. ier stuticm were all is dear,
2. sized satuaticum where we have reasonable n8adersa (am! wich may iot lude

the imer stuatitcm), a
3. still larger utuatican whre we use theprbceura s am Mpts in Cf help (usaly

uly)
are to be p fc all the other a nr we c
17.. THE SPECTRUM AS A VAGUE CONCEPT

Mast i t statstical i, as wel as tIse in many other fidds, are ted in vague
pts(e.g. M_tler am! Tukey 1977, pigs 17ff). Iber qapson in preise terim is always to

be tste ag eir vague sm, with any ciserqpamy to be by r 8Edeig the
prnasuvermcm

It fdlows that we ar not likely tb f a ingle precse facnmation that applies in pet
gcmalty, thmixg we may have a s&iuee (Cl tree) cf different pre:se fanms whidc walk
satasfActrily Over b and Iadr dases fstuadsc-
We all kww-, as nted above, what a pctrwn i fc an able prs, hac Cf whae

realizations is a finite am Cf cd a few frequcxie mon to all. 11 s ial case
where 50% a the ralization ar pan 60 Hertz, 49% are pre 400 Hertz, am 1% are pew 23x60
herz may, however, bother me C us.

If acr pras, nrw gemal, can - ply at lest - be cetded to
< t < am! its sed t s are statioaay," te there is no cqtual 5uty in

defining its Spectrw, alth-gbMh realizatiomn may am try to tell us ab tthe w e Cf the
sectrum (as just ilustrated for a very simpifm! case). Mcrov, sin actual rizatsa Wim be
finite, th will in practice always be freq resdution, with suiastly dcze frequalie
being dfecziivdy indistmingishable. (Ibis is dea fcr adsle dta; would be cfals c rfctly
mesured 'g _nlik" data, sonething wich will n be dataiid am! is tue a , psily oly
for mus f s olution, fc 'gn&l.li" data ed with errs, as al real da s)

In tem Cf data, th, we catm saenibly "the um inaailWe ahere
to the rcw lling vague wls we hin - awm k wth- averas ani,
tmtondsae ctorer fte fr ii ra

17f. STATIONARITY.
To go futhr alog these is, we have to think me depy abot 'tationaity" than is

custcay. It long ao became dear that any sid defition Cf staaity ad to apply to
Ireoe,Mn ralizations. But it is still cx to pint to a traand say it is cAwisly
m* staimy.".
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All we kow d the world is cwus;tent with the idea that aU events are oific with adrcx 1O10
years. And a procm md d all displats d a perilic umm with imifrrm
probebility - is a statioay Thlus anything we find in the wvrld ld, with thisdrfition,
awne fran a statn po

Wlzn sectrum ideas ar used, we Cfte have nly a few ralizatiom, Chaps ol oc. Boh
tglhtss d inference and the imti: Cf p m s andt alikc lead us to prfe working
with a e sa" I prCm, fran wich our realizatn(s) might have cne, rather than a moc
galizi cne. Nw, theme sWV zs ao may faDl to be stationay, and we aoght to ask both
(a) is it too narow?, and (b) eve if it istatiay, may it be thwhil to te the
i cf a sectrum - as alwas, averaged era suitably rrw fr acy regiom - to it? 1i
ample cf Munk and Sm rss (1957), qWed above (sectio 5b) shows that the aswer to the

secaid question can be "deite?y yes!. So statioarity is ct a essty fcr usl ecum
analysis.

To many, it's not sta a" i iely to me It be s as thaigh the level (as hinte at by
local means, perhaps) 'is ot cistant." A ss-tmatic treld cmuld be a property cf the relevant
asauble, odrmere the casual slt cf a relativy lar amaumt d anrgy at very lowfrades.
For the pcie f analysis, these mc are likely to be indishinishable. It is likly to be hepfl,
if any other bnd Cf fruaes i to be samixd, to elimnte the "t " - etlwrb filtig the
data to largly a only low frr sIuI g a utable slwly Changing fimctio fram
it-beforecaing to the main analys.

If the vai al a time.yig mean is statioay, thee is no farmal cdflulty in
definig a um, and ewpra ityin estimating the r - pt for very low
frruais wher in raton might well be at best t. And, as we saw above (Munk an
Snodgrass, (1937)) v is m h f stioarity myDt be med for usfl resutL

App tk cit statityin thedata is No a re to give upei thtideaCfa
spectrwn, cr the pe cf usl results in estimating (avergs ae) thatSc It is a rems to
be careful ational pracce (dse leak ma y buy t infmatidn thamight have
hdFddyw).
17g. CONFIRMATORY OR EXPLORATORY?

Today, statisticiansec a dear cistict betwn plcratcy and cmfiaty data
analys. In the forme analyms, air fist and pimpala is to s what the data is saying -

tiugih we may s y wa to at a rough staard error (is thre any ldnd) for
geual guid e. In the later we ar reaUly trying to cnfirm - o dconrm -apr-eialy
i:ntfied indica , y ddg th an fresh data. F al stastics basize the
laet. Intelliget statistical acties hey an the former.

In ac al spectrum aalysi is pratWy. r i be sinwhe
c fomal caladatim appeared to be niodd to dal with "ckbting Tbins" (Cf one sign r
th other), but these arealy the mzctions that prove the nle. In this strum amlysi is like
the analys f WrIance.

G SOME STAMIlCALINI(U
18. FOLLOW-UP WITH NON-LUNEAR LEAST SQUARES

T!hr ae a b cf in sting smif ituat in wmhic sal y l to a D
in wich a fews fc ra s play an tiarole. As an amp, a d the aler
wdblbc iL X(t), Y(t) demle the lAtion at ti t df the Earth's ais r an as it cut's the
Earth's u fac nr the nrth pdce. I Z (t) =X(t) + s] (t). 'hen Munk andMacDald
(1960), i de&i e the equatio d on
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dZ(t)

with e(t) theescataio prpa:sanda- +fy. Here ,andydrefspetal in t.
detrmi sthe rate of p C an eitatiamd ' the dcyf datia. in practice a
wwld lik estim d ,ad y, tceher with esimated a to go with e stimats.
)8a. COSINUSOIDS IN NOISE

Phrca t1ary I cr a periram alys may suggest that a pure
c isnax t spesait in a tet A farmal mod that czld be

asidered thn is
X(t) = CE oKpt") + c(t) (81

were c(t) is a saimy seies with pmw IItrum fee(w). It intest to dvdop pfic
estmates Cf the pr s a, Y

As has en mtie lr the jnuxkam of the seres X may be Iad to have a pk
in the zigh l Cf te f acy w -is sgga the dalue,, that
maxmzm tperithram IT() as simate C Sdauste (1894) o tlis
etimate many yeas ago. Wlittle (1952) devealped the large sample cisuia Cf , HE found
thatTWuwasa with mean d varia0e 48 rf.(0)Ir. A varme
deimesn as T- is ua in statitics. Ibat the vriance is bae p tl to the er
spectinn, dimrsy l to the ad-s a td mred ism ing.

Altantively am mightader an estimate dit bAdby thismaf sqres
T-1
7. Pr (t))-aaR )K (18.2)
,zo

with respet to a, i.s estirmate turw cut to have the same asympc dsribution as that d
Schutrs metho.

It iis to der the form that per (18.1) in tems cffreqina
uantities. By Parseval's fla, it may bh wrtta

T - Ya dT(.3I±) 4 ( - A}12 c-.-T (L2= + 0)/2 (18.2)

'fl terms in AT wM have thi larst magtu for 27w1T nar ± ,. Exprasim (182) maes
mse de if imprbed imatm t behatid by weghting the tems in it cifferaially.
Hannan (1971) awst nohing is gained, fr large T, by dung tis. It may be wcrcthwe

the data priorto fominag the FT in ordr to im e fr c esdutim ee.
Amie tasi cf the (181) is

X(t) = X s(t ') +c()-
k-t

is ww led to esti te th by the lami cf the K greatest relative mma C the
siodcpam or by lust qres. he estim ts f tur out to bh asymptotilyi a

to have the asymptic clistributic as in the case K = 1. her refece is Priestly
(1962).
18b. DAMPED COSINUSOIDS IN NOISE

ji al cmamti s lead to the d-0 . 0Ina vmicm d cu
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X(t) = £ C*u t O 4tj +e(t)
k-I

t 0, ie. fr uiaaes , are t, (aftw time 0), I er tir sthh deays as time jasue
As idcated in Sectiia 7e, -expl unati si a t t fr deting su decaying
acidfati5 andbtaning estmates PcAt .
Qe cixild iemp drectly to a d-aam cfltseaes esimates; lwer, it is haps me

imtructiv to poad u foflows.
beFrFitI3nte

T -1
d#T(c) yd e(t) cgp{id}g

fran wait hs bcr, may be to bec a im ly as a cmpl ss
with mn 0 2fff(c). Furtln estimate at cifferet my be
Wptd to be apprzmately iment It fis that thae istribIo et a b of FIT
alues, sy d() fr may be by ez
mm

a* aqgi'Y& MT'(4 -N )/2

and vawane 2UF f,(0). flb ztgative l-clpiehi d ct e vaes is
Wst, +1 ldzRX(4 & Y) -* i )AT(4 4416)/2F/ f"( )

with the wnmatin over j xthat &, isznr 0. (Onemigz te =2'j/T say.) QOe is led
to estimate the paramters by least sas in sadcted fr ievalL asymptic
istlibutionaftboeest imati pv in gr ad Bdt (1979).
1&. OrHER FEW-PARAMETER APPROACHES

lbre are othbr stuatim in which a filute dA a parameter stan h cat as c sial
intt. (Boz and Jenins (1970) iscaert rfer).
Exnple 1. (ARMAm s. Supe t ses X satisfies tm ra ip

X(t) + a(1)Z (t -1) + + a(p)X (t-p)

e(t) + b(I)c(t-1) + * + b(q)e(t -q)
wlmre p, q are flite e c(t) is a white nmse series di vaiaee . X is tn called an
autcregressive mcwmg average (ARtMA) process It is cf interest to estimate O=(a(1),...,a(p),
b(1)r..,b(q)) for prMUmS c freastinad descriiaL
ExwnplI 2. (ARMAX ). Su e acm has a sies(X) satiing t
relaticethip

Y(t) +a(1)Y (t -1) + * * * +a )r (t p)

=b(0)X(t) +b()X(t-1) + * - +b(q)X(t-q) +e(t)

e(t) is a se si is an ARMA pr so= kwwn crder. One wM be interested
in the e"stiau d thm pwrmers d tie p a tme a's and b's, gwen the data strodrc
(x(t) ( ) 9 t =0"T-1)*
FAWMspIw 3. TIpbzialis tim co wsd mx cf Secti i& andlgb. SupIe

x(t) =s (tO + e(t)
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whaee s(t$) is a sgl f w fucti fcrm involving the imknwn fmiite inensicnal
perametan 0 med where e is a statary nse pQ wold like to est e 0 give
Eampkle 4. In s a gm have a t dmez1anamodel Cf a bli
Iran to an Sue his impulse mpe ai ,0).ae might have data mi the
re w Y to anerqke X. 13u might be mo ed as

Y(t) az(u0)X(t u) + e( )

with e a ncse proes. (Qke cfe isMcVery (1980).) The seies Y being a delayedvrn C
X wwld be am,ther campe Cf this fam

b13 ge al poIperties f Fs f stai y prces imicated erer lead to a rl way of
estimating the parameter 0 in ee amples and to apjrcimate staistical ries Cf the
estimate. The oe e will be imcated for Eample 4. The FT is df(wa), c th se may be
treated as if they we empe mma wi me 0 aUd varime 2T S.,(). Fls at ferent
fra_ua-ie may ten be teated as if tey are sticaly im nt. Cidr a numbe C
fraqueies Pt sttred along the interval [o,iJ, say cf the form 2i*/K. adra, Cf
frequi a*, j--1.4. rear . 1be1 ngative lcg-llkihhwd Cf the d4(w) is y cf
th form

~ant + Z{I Id!(ws)-A( l,0)df( ) 12}/2ia S. (,)
hi

with A (w,0) the tser futi cf the impue re a(t,). 0 ae the S.(X) may be
simated bym ing tlis SiesmL Qe might ruct estimates wi i S., in
the riteriaL Tbey wil be x stmt bt zt r (a picll) cnt.

In p i this fa , it is no nw_ay t the s be (kumian T1
estimates may be eacted to be mxe ciat in the Ga u case, b.( y wawd fail
&smally if the d"'s followed very str,ched tail d bitib , bnt this ds C=emvery lily.)
184. AN EXAMPLE: VARIANCE COMPONENTS AND TREND ANALYSIS

tCf e ; p e Cf\ th analyis Cfv ?? is to iec the sity
mmz1ngful quantItIestracted frczn structured data 11 quemy-side anlys ides am Cf
dolng this, even when the data is aut ated in time.

Blownafield et al. (1980) are a with wiheher there is in fact a tred in atmperc
ceore ~ntration. Monthly mm values are available for station in seveal regios a y
year period. An aminat ft datalsuggests the cfesw C a mt,cf a
gioal p and pasby a tral. Sutive lledp suggested a rialar form for the

treed futi. 113 p em was to estite tbis tred fuucti's tpiby0) mupler and the
t tfan ima

1ere easts a friencyd ann anaIcIy Cfh effaects awrins ?? (with

warviats). Deails re given in the above rot. The aprc is based up the app ae
iedn m mmality Cf the icre Fourier tansform value C stat y time series 11
probian Cf Blnxrnfield et at. alsoivd t f milinear estimation
19. ROBUSTIRESISTANT APPROACHES

113 lastwdec cr te has the dCi ict are resistant in the
SWtht a senD poageCf enic vaus, no matt o treme, have ltlc influae on the
relt. Amg thse ristant are rdbust Cf emecy, rwiding highly ent
ults (i.e, result may as stable as e) in a Cf a wriay Cf me or less rlistic

situation. Sine it is Vs"d that all t chfni that are igly robst Cf Aeny are also
rtat, it is natural to cal tbemrst tat.
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It may help to motivate the scsn if we dstinish thase 1) thc whre the
bservatiml ise is iitrmially la4 and idet f the being stucled (fcr
eampe# ry lighning strikes C power ima imci t e), 2) langtailed distibutiom
caused by thepsudy, but painable (fcr ampae asd by dipjg C p
CZtraues Cr "clic" Rmd " ice (1963)), 3) case we the etic vahu i
iOn;matm (for Ca e the earthqake am a 24 w s am)

If we are s i sU YIYV2rzJ Of t e th ,emn y siS esstamt,

innce diangig any nc vWalue will dc ge ay am t desird 1 ean y, the mdSile value
the y's dered by trvalu is usually re_istaIL If you dung. caly (eve sample

size) Cr two (okidsample sze) y's in any way, the mat yu an do is to rpace the iginal m
by nac or th tC the vluehcd the Y Is y 'tely adccat to that Ciginal m ian. 11eiiezxy Cf the median is ely modeately bigh fcr Gsan sme (igher fCr sampe fron
distributiaM that e mae freq mt ic vlue). We an res the rest an d ove
the PMny (a) bt, by c 8 to thiem;idmne y*, the man d the ddlealf the
CrCduW y's, cr (b) derably futher, by to me ubtle etimates, as the Ca
step liTkge (Ma and Ibky (1977)) cr (c) ahat uth still gng to two (Cr few)
satuianIamIcs Cf Pitman etimas (Pitmna (1939), Prpba & Tukey (1981).)

Since we will want to mmtim Mais, st Cr mti-step, cf the am.stp biwaights, we will
def the latter here. To ne Y1J2Y into the step liweigt imate cf lacati, we
tae the se estimae S - lf the dffce betw the ings (Cr quiles) Cf the crdered

diservaticz; c - a camt, Cfta betwe 6 and 9; To - dtb y cr (sigy ber) y*. We then
dcfi the encticity by

Y-To,
the (lisqua) wighs by

wI (1_ua)2 fCr u?2s 1

-0, ds

mud the amstep sestimate ( es sfied as the wc-biweight wher c is replaced by
the iical value Cf c us) by

Yb,.,Ybh = 0 *

(In gezr atias Cf this p , it may be well to wrte T1 for y mud thn repeat the
calalan replacin To in turn by T1,T2,..)
19a. THE NEEDS

It is far fron req t to el with data in which a smll fraction cf the dse im ave
b heavily arsuedm way. We r to an eZ e Cf dst in a weguide slly. Low
dUtycyl imalse nmse, eg. ligbtnin strces, a other it is easy, either oeadll, cr in
- restricted fruey ybad, for the au as to invdve mae mgy tn the ignal (which
may weI be i) t we WIt stud. the spectrum d t a ed sgn
hels us not at all in s mat c ely a e rum.
We mutltkh the imp . We an do this dtl by u istt su sri Cf the

data am the way to esimates d the umEciruptul spectrum, Cr we am the d atias in
aids a way tha 1m cf the tiasisICd
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19b. ONE APPROACH.
113 latter pcac has bad eped by Kein,M a T (1979) to

the pxit wher, as we have se in an q ample (Sectiao Sc), it can hvadle y trea=e au ams.
' basici areimpe:

(1) We mont itrae ar mdi&zoas a udour secrum e
(2) aven a ecrum s e, we cam f st eacd vauu frcn the (c i)

diservatia9 bdore it ( e m).

(3) We trm tthet cieCs eIxwsctw vatioa andien a r /rstant
wY,ac allcfitw fitis all,btnw dftwhitislar

(4) We can the a bl pat d the differece to the precicti a to ctain n
adjuste value.

For dtil see MIer et al. (1979).
See mbswtica Sc for an trume mWample; stimaing dIractersI af a WT4 we guid that

woul have beenw l ue w t restt teliqae
20. MISSING VALUES
Mlsg va p e dta to soe d thr fr y cf ccurrwce

varis widely. What to be absAdtem alo vare wdely, but frting is rarely
4desiable. This is pariclaly tru in tieseries werk, wher cumsza Cf pan is ams
always impotat. are,lmet ver, always mchlas truc s td or r values,

tharece (i. ir a ae) is aly mstakae.
bte d ve parmetens f importace e (i) lv freqmtly g? and (ii)

iiviially or in blo Cf what length?
20a. INTERPOLATiON
Wbn i vals are ed, ing mainly al, r in pairs, the solutioi df

i Sterplaticn, ssay betwen adjacen pairs f i-ssing vWalues, is ten reacmsably satifctory.
Since we woald jre to interpolat in a wlitencise (a flt-s rum sees), c way to proceed

is as foillws:
(1) interpolate in the nl seies,

(2) fil a good it filter for the result (alwys eiivalent to the errr cf a gcxl

(3) form the itad series, delete the values intpated in step (1), and qePnt
tlen in the ulting seies (psibly hasig th interoaticx am the two r three values
al ed sid dft gap)

(4) if neay, aly the irse Cf the pre tenn fiter.
Ndce ,if we are gong oa to mst fam f erum ays, we neodmltake t (4), sie
we can usually do bett an t pwita d sries, patig for the prewbiing at a

stag
20b. APPROA CHES USING ROBUST TECHNIQUES

1e details Cf a robust tcqu for dealing with m values have x daed by
Schatzchld (1979) in Uls Ptrn PhD. is, a y t in ees that t ites. A
les satisactoy apF rch woald be to it rtrb ad value values e g a
tlaply the robust teclmiq scicused in the last sec00a- (ismighs be attractive when the
rbast oe is alrendy imemntei)

54



5Sctrum Analysis ... Pr eCd Ncse

H DIVRSiTYIN SPECRUM ANALYSI
21. THREE MAIN BRANCHES

Tfl present ac haucentbated os t13 main tbra whare the data are "nose-like"
whare a 'rqtia wwld man a rerd with ar willyg dbacteistics hut a quite
ciffert amrance - wre, as wehiav pdnteda it, thi g a t as may be a
very usdul gde (but ofte not one to rely n in da - whee what we can easily be
rathar C vaablet fr a truy GaUS atuati).

Many cf the cthr s in this isue cisw t second main wlh,wre th data is
sgnal-ie" and a reptim will ciffer may in anMlary ndm nt Ase. A we have
already stresed, t is quite a diffe p , so we shaild no be srprised by quite diffe

Fialy, thre is a third bramh,b oe to wlich tha amitatics Cf tch data have fcrced many,
pmrialarly statistin Here weuy lack an tha pweful tols that hlp us cthrise. Our
reccsck are not lcng The aerae d ar a disti tive. Our m are mlnarroly

icted by riablesubjct-matter kwledp. And aeuivaIent do mldok alike. All in
all, a hirid fate.

With almot g to wmk with, it is vary hard to do a gmchmae th fiting a few
aiutants. So we go the AR, MA, ARMA, dc. (AR - autcre ve, MA = miming average)
route. Statistia ho face such ufilt situatiom (i) e usly fmliar with the boc y Bcx
aw Jenkins, and (u) are mot vfta manwith adjsting their data befc applying statistical
procedures wlxue leaing cases a fcr unclated dbsviatis. This ap shm to wcrk
rather a lct bewtr thn might be feared, ie local ua in the sectrum - iitable when
a rel, very m waestly c ez9, um is "whiteed' by fitting a few cants - turn cat ml
tobo many C te stistical tedmiques sicadly.

Sames, thxmgh nt as geuwally as cft s d, se cf the tnt fitted in third
lbauxh are m ngfl (cp. Sectica Sd, 20 al 20c). Usf1 cf the third branch, boweva, mot
cften mes fran ratioa fcrfh anysis
35. THREE ASPECTS

Tme series analysis, whet r
--sefcl y basd spcrum eimao, c ciffer in at

leat three majcr ways: in ai, in reveaed bebavicr, an in diaracter cf ata. Tse refer,
reptidy, to us, towhat canbese in thedata,amtowhat d be see ifwe had gh
sepeitis Cf the data. ch cf the isttwo aspects esi m e t half a a fas; we
have repeAtedly stred an at least two-fold at n( . "signal-lk frcaracter.
urnu thre are at least 100
We cant p to have 100 c t is f time ries nalysis at hand at co time, so we

mut lock toward aidaable uiat x Part D Cf Tuky (1980a) can be c ted
for suggestions cf what a uf poeure might be like, especialy in its itative, grahic, aw
aized nature We cdt Ases here with two aIxImeddu'ipticm d civersity. one Cf

diffaent kinch Caiimd anl cm Cf difft s cf realed bicr.
23. DIVERSITY OF AIMS

We can easily put a half k dsCf a me

(1) Icery C pseam - d istinctivetatare rather islated - in fr cy, in
tie, , as we may sim m see, in andfacmecinmd.

(2) Mcxkling" - Cft pealet a thcse wa see an abstract go in idetifyig a few.
wamtnt re that is at last Mt pWerflly airaicted by the data (evw tlh, as
fr tly ha s, this s re is t at all rea intail).
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(3) Prqzratixn fcrf y - a practically very im tant am for help in Wg which
Tukey (1980a) lists 8 dames d tques (ShaM be cmted as two or me aims.)

(4) R ding lusicm in statistical terms - as when we desire stat abxt statisical
signifiCe or about fi e ials

(5) Assessment of ptabllity - hRm wel an it be dmne fcr Rim for into the futue (usaly
auivalmt to fii a dure that mit the data, an the sin these witmnd data
values as ait rsi ).

(6) Deariptm cf riability, at least r "my (mat usdul in ctr tems) - whre we must
be knly aware cf the iiable wtaies cf variaility asm t for ndlhike data.

All are practised a all are haps 'modding). No aie can be replaed by
(unless in te iti whee ding s used, bit "descriptioa d variaility is

mean).
24. DIVERSITY OF BEHAVIOR

When we axmder behavior, the issue is alny phl a. It helps to ibe s cf
phe-xnmma acciding to a imber c o to:

(1) Whae? - time o f c(o perhaps bh toVher).
(2) How strcxg? -tly ssified as "dull," nteresting," dstinctive" or

tLnsaksable."
(3) HEw smple? - w many cutant des it tae to gie a usdul (but inplete)

(4) HwA nant? - to wht etent wiMl the eults Cf cm ansis, unles we take eal
steps, refer manly ttois km !Cl fFt h

Notie that pzW aacan be lstItive without bWng mnant. It may to be sharp i
time frcy. leimlude the "pdc tide (Haubriha Munk 1959) and isoated peals
f thi.
Tcether, thse nats easily describe moc tha a half-den im ant teS f

behavior.
25. PARSIMONY VS. FULL eND FLEXBLE INQUIRY

1: ul apprd iscused c ky 1980a) might work with 300 relant data
pnt, is more likely to work with 10aO,\am!hs a goal i ame d wring with 3,00 or 10,000 but
will o always. What if we have fewth 300?

As it is put in there ated:
"(a) We have flte dat - am! fac ite pcsmilities."
"(b) Hiow h can we AFFORD TO TRY tol?"

iec is notraC djest intisstta t We all iwwhat we wwd thinkc f asurveyorwtho
used 27 urd agles to late even 28 iorcnates Cf ctlzwis lunmeasred ponts (to say
mthing Cf 280). If, for mother am ,we to the average spctrum cf an
dectraeaqhalogram b 10 am! 11 Hetz usig 30 seax d data, we ued to be keenly
aware tha have cnly the eqivlft C 30 re at data If the subjct's brin waves are
l3arly Gaussian we can oiy g th power to half asg cant ogue(cp. it icti),
am! dare m*tn Cf akg nsticua t 0.1-Htz bnhds, for with 30 e fdata
we wIld cily have 3 indqemSct k*s at the specm for eadc.

FoW t he I mt deal with "nds-leW data, the aaifle
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(1). the es d AND
(2) air deires f rtailed amswu

fict bewe frequency resouti and cniabitysat pr m is cialy czample d a
wvder coM-ict)
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1. DIS'IIUD ONS OF FOUREER hANSFORMS
la. FOURIER TRANSFORMS OFNEAR-GAUSSIANPROCESSES

Directly cr indirectly, nmtimas d the sot we are dscussng are custmcted fran
Fourier tramsfos. Fr G ian se, the ares ing tramfrm s s wre smply sn
mcdy ba For jrm that are iuly Gaussan, tramfrm css behavior is wly simple
anewly iac We to lrstand a littleme dailtuit in the t xt n
too =

lb. THE GAUSSIAN CASE
If tist dscrete, and we foacs ar a fmite s fc it (as data always nut), the resulung

fiite tsts fiite realizatiom {X (0) . . ,X (T -1)} crr n g to faitetransforms
0X(0);(1) ..(T -1)} rat by

A T-'1
X(p) S z X(t)-i2ptIT}

.4

p = r0..,T1-I
T-1

X(t) T-1 X(p) p(i2wp/T}
p.0

Thus, te rlatica lia, if ether th X -vect r the I -vct is variate Gaussi
so too is the cthh.

If the variance i i the X-vector are statimly, (cov{X(t+u),X(t)} =c(u)),

T-1 up{2pu/T)c(u) (Xp(i2%q-p)t1T})/T
"-4 +1

with the im sum aer t sausyin Os ,tr- s T-1. For largp T, the imer am will be
isally 1 if p q and esstaly 0 if p 0 q. Tainy note d the defiiiucan d the per
poactrn we swe that the traucm vaus isy



rTn sies2

aw{ (p) X(q)}IT -2 ( T3 if p =q

- O if p*q

tisdzxt values cf t13 ta arvmfcrmdrinat me o a vrtiaar lue
is jropcxticzial to tha powar rum at it Secy. TIb basc requirmte hre is that the
qern dcangs mly dowly or te frequ.y ges relvat to ngJe tramfcrms (say ci width
2,4 cr 6 ts 2wT). Ite cstribuam oithe values is further (xxnpl) Gausian.

Sudc r at ity (resing to nario nx in tit Cmian case) is mte ci t
-SCSit i iten imer to joeui in the freuaecy
O can study th dails tbis a ty m two qute diffeart ways: (i) making

asympotic calculatica, (ii) wrg with esact a im and tn making a xm atid m
suggested by eaily establishad jeties We s do mly te fist lhe cpt for ce illustrative
fdrmula at the dcle ci the obsnti-n.

If the Fouri transfimis evahuated at a arbitrry fr c a,
rt-t

d'(w) = X(t) p(-iot}

hu~~~~~~~~~u

awv.{dT()4d ($}- 2"T((W-v)S () (1.1)

vith
r-i

9.0

Being a lir fwacticuat th X(t), valus ci ddr hae a Gaussian dstributic Fcrw am! vwot too
dse, (uldo 2w), apcimte crt lmlity c dT(O) am d($ Idcis, w t usal
audticus.

In Ut tapered cae, whbe
dT (CO) X X(t)hT (t) sp(id}

th values ci dT Cumnue to hav a Cusisia cistibuicm am! cne n has
wV dT(w)4T(v)}-2wH (c-¶)S (w) (1.2)

with

HI (w) = TX (t)2ep(-ics}.

By schce cf h', x ta Hr des ff rapiXcy, the value dT(W) a dT(v) may be made me
strczy taMal.

( al lsohas the (asm ic) rlt, Mustrative of Ut other cadh,
WV t(dT ,r(V)} =I jH(W-)HT(V) S(a)da (1.3)
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HT (W) =£ hrT(t)CqgiQj
I

('11 c esria iicated above are din pt 4 Biingr (1981).
Ic. NON-GAUSSIAN CASES:LARGE T

lbese impi ticzis, d p mti i Gausaty for the Fouia vaue,
mnue to lxId, to a a ty atm, fr a brad dam Cf in-Gausan mr-ies, as

wel. Tis ap mmiate CawaiMity has 1gbeeM part Cf g ng wledge in te guise cf a
flk them - nrow s filtered ise i sian - fcr te seies

real t (T-1dT(t)cat})

t =O,... myI be viewed as the mtpz Cf a nw ster oe at f y (See
Bfiger (1981), pge 97).

TIe natural owl tims vwho th f elkthchn may be deived mathnatically are
stataaity mni mixin Cf the ps X. Ming in t13 that wdl.seprated value fdthe
peo~s are at nt weakly depailuat in a statistical un. Mixing typically ac esnie
mitinixms spertra (Cfd lU crn nlt just d 2 crder). (In the b c ergodic
~z~cnaats f the are lely to have Fourier values with a czimate ii e eand
(asuiaty.)

11t Lbes to be 8Wvm a airmately, by mirs (1.1) and (12) in the
untapered and t d cases, respectively. The tramrm value dT ((), w * 0O, Ca be shown to be
asymptotically cKmiplex an with vWriane pr ial to the poer spectrw S (w) ani th
tramfcrm values dT(4 dT (V) Can be shoWn to be asymptoSially i4 aents fcr clistit
frmis w mi v. It turm c that amlaIy are tha values at distinct f eis arimately
iinIqiein£nt, but so too ame valus cf the Fcxris trfamfcxm at the samm freqecy that are based m
cistint Estrecbe Cf data.

1e nzFte stnsbuti icnated le are u l in suggesting acmacm to the
cEstributi~ Cf variaas time.series satistics i fcr suggesting sdUtai to saimtim pctlms Cf
intest. Fc eampe, in the untapered ae te -riclram-fis gvnby

T(CO) = (2f)1 IdT())12

with dTX),T ) *0,apO imately cimplz Gaussian having me an d e 2NS (4). T1e
-squared af a zex san has an p istribution (a dci-square cistributicn with 2

ef frecn). Hncm is led to cmimate te distribution Cf IT() by that Cf an
excmzztial v bratehving S () - a mzringy uul ap mation. (It must be
remembered Ivw1'er, that if there is an apeae dynamic range m the ppulatcan ,
lakage may ccir, and the mean may be far fran S (4))

'1e ap mate nrmality f Fourier tra rm valus is a form Cf Ctral imit er
rest. 113 aprcivmtia may be spected to Ireak down in stuatims where te Cetra limit
lbTran is ikely to brea &n, ecg. lg rW statistcal dp ce in the s loxw crder

either fai alyf to .

Id. IDEAL DEGREES OF FREEDOM
'113 greceding discusscm suggtsd a diec estimate Cf a power trum, and an armidam

to tha distrbution Ct tmate. 1 ta is

i(w) 5-1 II(*)
'ml

ware thea are dstian fre marw,say Cf the ferm 2i(int)/T. '11 mn Cf the

3



Time Series

apyrxiinating cistribution as S (C), the VWiame is S (W)2/L. n aplronmate 100 0% d
i alisgavmboy

2L 2 2< s(c) < 2L l(w)/XL( 2

ug6esting that it will be tr to graph 1 S* (w) rather tan to lcx at S (W) itsef. (Here Xf(y)
the 100 'y%pcint df xe amf degrm cf fro)

This last = son s gidanc 1cw to dcxh Ut value df L if e has scme idca fti
iedjre- fcr 1c S(w) It mmt be that it has b m e that Uth

frequeies a used in th atruchn cf Uth stimate are ar , in th sace that all S (os) are
S(4). in pactice this imits th d L, fcr, as sa get ed fran ok t estimate

gets mc biased.
le. PRACTICAL DEGREES OF FREEDOM

It is eld hat the uirect estimate will be fmed in sch an dem tary fashion as in the
prewis sectian. In th W have th pe am alus will be
averaged with igLtt If pei am alusbVal d on (ffntstrchs C t data are
averaged, the be oeda (and a shingled etimate frmed).

In tu c iicated cases,at the lbuton Ct timate by S (co)XjI/f
remains usdul, l~er, tha degree Cf frdeckmn may not be dterinod by impleamig. If
() d -es teimate, thn e way to dtritanf is to qate the larg sample vriance d

do estim-ate- to tht fUt aprzmtngcsrbtOn, i.e. to tk

f-2 S(w)2/wrw (w).

(S (w) wd drcp out d the ght ddhreflarg T.)

Many estimates may be writt out as quadratic form
Y, q (tu)X(t)X(u)

in Ut data, with t qg v i with the taing arnd wghting empTed. As indicated in Section
6g th variancef such an msa is, in the mussan case,

2 J JrIQ'(4F) pS (a)S (A)da d

Q(IT() =jqT(tU) Pitf)}

This on leads to thre on, if S (a) isndy aob amstnt,

f - /Jf f IQT(a)Fda do

= 1/(2'r)2 qT(t$u)S
up

fcr the degrees Cf frsdn
For Uth amltetimates if the halfwidth (frequew:y rsuto)Cf QIT(gA) UtwiM with

which the stmate loI at the, inpectn (su Sectin 6gagain), is 8 m if Utre are N data points
fw ffic fFo~a-- f

eciwpaced by A, so that N d f frm are eally qcod frcn 0 to A (hnce at a rate cf
1 NysNA),

4



Spectrum Analysis ... Pree d Ncise

&( NA) = (&½r)(NA) (18.4)

degrees cfnm t to faUll in each estimate. Eulessi (18A) is tl the ct d 3tctal
ds tn t ri i

Aually we are kely to get uy to 50% fewer - perhs lbewise the ierlying mncamlni
cotazt axMI- cr 50%mc - becau t13 tails ci aor bwndcis tribue mme batility. Ibus
(18A) with a large grain salt (±25%m ±S0%pehps) isciti arecaablcc basis cassesr g
dere c freeckn.
If. RESULTS FOR VECTOR CASE

Suppce the seies et i t Xt), t =0, * 1,... isridy vectcr-ued, staticy,
with v ariance aicar nctie

c(u) = ave{fXtu) - AXQ) - WWI
wre "T" iictes twt a matrix, anwh ral dimty matri

S(c)u.(2ff)1 c(u)p-ia}.

11 Fourier hra mcf the data strch X(t), t = 0..XT lzunievy
T-1

dr(c) I NOal) all
s-0

atisfies ctal lmit r ts anlcs to t dxec the univaiate case Bdcreiedcating tse, we
dei tw dcstributicas that are bic to the d istics in the vectcr case.

A ra variate d the fcrm Y =U + iV is d to be mltivariate cmp mal d
amemcx r with mean0 snad ariance matrix £ if [U,]' is crwy mtivanate mal

withmn 0 a

ayeUU', aVe -1= Re2

ae UV, =-Im£2

Ibe averages d matrices are m the matris d mg averag bhas aw YY' = Z
aye TY =-0. Are ariatcithefcrm

W Yjrk
i-1

is sad to be ez Wishart afdmiax r with degrees ci fredcn an ameter I if
Y... ,Y, are imem t mtivariate ez ms withm O and cariance matrix X.
(Note that tlseare c d ns d frmcm, each r ing to th real s cf

Msedeficiticm having ma e a w state arec Uft cntral limit relts fcr ( . If
ftt ries X is staticary ad suitably (see I8b), tn (), fir w 0O, is toticaly
miltivariate dex m with m 0 and ariauce ix 2'f S (co). It faows drwtly that
the m t i ckam

F (cu) = (2o)-I r (,) r (w)'

is m tly ccin-e What with degees cdfcn am prameter S (co).

5
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Fcuier tramsfrm values E at dstiwt frequncis (eg. ef the form 2 e)1IT are
uymg*otically imwpm t. Thi last taig

()= L-1 Yd IT(w
f-0

with the * cistit nd ar wo an estmte cf S (). It futhe s acimating the
dtribution of the etimate by L times a xmpex Whart with cfrree cf fredcin L a
perater S (c)

MIls of th largesc ctributim f vauis statistics based an i(c), eg.a m, an
C the crtructic cm intervals wel as weare giu i Bzillinger (1981)
aptw 7.

1g. RESULTS FOR CEPSTRA
Fm the an cae, se Bertana (1966).

lh. RES ULTS FOR BISPECTRA
aIa cf the Id der exiam is vmby

T
Va IT (C4V) 4grSNO)WVS (W+V)

fcr 0 < w< V< . Peri am vaues at istit bifewiare asy oicaly umaerdat
Hxe if a lisum etimate is bteby aver L dstint pFicxam values, th

_T
var S (wv)- 4,t, S ()S (V)S (Wf)

Ths last am is Cf mpcatac, both in kIaing to SW if a na-zero bist aumm to be
demcmtrable in a staoat band and in the tting C fi c intvals atmd a a td

113 aostributim f the esti may be furthher sln to be aymptotically , e
Brilinge ai Reatt (1967).

In s s s it tunr out to be me DiCet and arqriate to estimate the
vari8ne by the qwemmi

(YJ -Y)/n(n -1)
I-1

with the Yj estimateS basedl m ais - rl etim fric ams (s H nd et at. (1977).)
Ii. FOURIER TRANSFORMS OF POINT PROCESSES, ETC.

can Fzie amf a n ftn many otherm tatica, the
Fcurier tamcm r--ent aUnn indicite time ai al nyt in cmnus, tim
Fran what we have sm in the case ef crnay time sies, the we Cf a Fourier tanfa m notsS
imply that the are perii a (ahOg there may be). Seaing me ladly, the
impcm Cf the FT is mt a Jeq e Cf the nature Cf the dt r, ather it is lazed mi
the e Cf li-time iriat lte in mny stuati f interest.

As mggsted above, ct cana rytbrgb etrum edmaticu andsystn i iat by
frequaxy hals fan razn -ssesafdoaract liffat frn tle Cf adiy time series.
Samn details will no be e.
lj. POINT PROCESSES

Ibefiite Fourier fm f the stretch s s ... s Nmr)ct point pr data ispvmby

6



7 Spectrum Analyss ... Pree d Ncse

Supc th this tmmfri is Imnpzted fcr a pont F N, that is statimay with rate p and
p~ spectrum S (W), a his ( is, that value d te1 far ap ime are
nt stragly dependxt statisticaly). For te tra imdIf(- ) tdhas

aw dT(oX) =pU(w)
I

da' = f JI(m)PS(a)oda

where tbe fwmticn
T

0

has its mass rated in the oioghbch cd a =0 . 1b men an riance d the staixiardized
tram!f m(2itf)112d"(o),wO ,may besawtotedto 0a S (W) r eccvdy.as
This suggests basDg an estimate ef S (co) an the pITilc/a (C() = (2T)-1 dT()1. In the
hbx cf c=O, pt q valuec dT is mtogoto withT. his gets that the,
3esarily yt,ry. fr (cruddy "dc.") leakage wIwd be reduced by basing an

estimate mi the memn-cwacred FT dT(cD) -pF(w) w1re , =N(T)IT. Further, te earlier
clsaassica c th key role c tapering suggets t the Fr

dT(CO =N) hT(t) -i wrj PH r (to)
1-1

we
HT (w) = f hr(t) Mp(-i}dt

with the sua ct cf h" a r ng to the Am ain c bsationaf the ps. For lsrge T me
, fcr this Fourier tram! m,

ae id I I'(ca-)I2S(a)da (2.1)

SW(s) Hr (a) pda

fai all w
In the caw that well-separated values c the pr are nt strgly dpendt, a al mit

dect s t. For large T the cistribatiaWn d the Fr is imatelymal (with men 0 and
mae (2.1)). Further, and tis is pfchaps ing, fa and v ratdy f aprt, the valus

dT(ca) addT (v) areay oy i.
Ths dscisicn hec to therxiaticua c

s()-I IdT(Cq /fW (et) pdag

as an esimatci S (w*) for w...,"ou*isit fr6 ic.1Tbsa1ssisa furtarmiggests that
the distributicn d g() may be emt by S(w)XjZI(2k) with X2 a di-squared variate.
Ibis is the sam cistributian as was qriate in the riay Me es cas.

7
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Exsim (21) i es that if S () is far frmn mutant, jrwhitingmy be is i. s
is pmible Sin the e stuatdm at the pe ci erting data pint prss to
rc y time series. Spedflally, mX me farms the rcnary series

X(t) = a(tr-)
I

for a fuzctim a(-), ie. cm inputs the pc s to the %"espxg flter with implse me
a(t). 1en te SWrm afX wmll be I4(BSj(4 iicuschidce dtecSttrlt-rone may have
4 (-) pS (-) ncarly cstant aed c e me's ails over has in its estmiat 7Ie ctrwn
sdtimatim prdare, with jrewhteang, is,tla, first pessta piont jrss thrugh a irw filter
to dtain an criary eqN isp im seies with rlativly fat tum, ten simate that
spectrum, than take this result ims 1 () 1-2 a fla pipp m If
r,x -eds via this rute, an PPr may be used in the cuzauaticu.

As rmnarked alxe,Fr values at cistimt frqalxis are sytcicyicapy dt when thE
-Ssia ma7g. It may als be shn, (see BlMirger (1974) for emx e), tht, umda these

hypcthes FTs evaluated at the fsequ cy, bIut fcr sjint stretches d data, arm
asymptotically i;edmw t ant CusiaSn Tbus etmates Cif ra may ve be fammed by
aver g th peri amsbsed m differeat semts ci the data.
1k. MARKED PROESSES

Fcr thE maed pDim ps ((r ,)},. s
X(t) = M,

i.e. X(t) is the ac anulatim cd the marks frcm ime 0 to time t. Were the Ti eartkjuake
wnd Mj the energy d the j-th quake, t X (t) wxld rejeae the tctal alrgy r d ron ime
Ototmet. heFT7c a strech d this eis gvenby

T

dr(c) = Mjp-iwr} =f ezp(-utI}dk(t).
OSy,.T 0

If the ss X is stiay, thE {dX(t)} at cov{dX(t4u)4X(t)}, fcr r cmple, wil not
dp mt. ThsecI-ithapf csay bedeflmdas

s(n)=((2i)1 J 2p(-iow}v{dX(t4u)4X(t)}Idt.
U ~-

As in the previots sctim, thi may be e ed bymur lztn dT (w) 2, U yet
.socthing the mxodsquared ci a m ccrtd tared (c Z-value) FT. The FT will be
aYsy mal aid that wdlsesated se ctstchec ar ly weakly
depaxtat estatisiall;y.Ths mc again lea to a dci-squared atim fr the csributimn of

Pwwhit=xng may be carred cut,f

Y(t) =f a(t--)X(u) =YMja(t--lj)

pri to specrumentimatim, if dsrd Euwsatially, this recwes the prcdem to amecd the
esmatiml c th qtrum d a nary ime series, rmded the is Cgh data tha thE inital
ralwet in thE filteringt ha ded away.
713 crr bisptrum, S(,, a , fcr ample, as

8



9Strn Analysis ... Presee d Nose

Jim 2 ) ave (dr (c)dr (vdr (W+V

,vO O,asit dfrfthe fiancrdcnyaiywe.
I. PROCESSES WITH STATIONARY INCREMENTS

It may be te e that a sis, X(), is mt staticaary; bxvveaer that differncs
AX(t) -X(t+4) -X(t) are statiomay. (For cample see Imdsy Chic (1976).) Sudi a
sercs has a tme-sde eatat

X(t) -a +f <u)du
S

with a a statiaary sies, and a freqeny-side rqir-statco

X(t)=f [- llz(dw)

wereZZ(do) is a ra inmwe with thei wv{Z(d)Z(dv)} = w-v)S(w)dwdv (se
Yaglcn (1958).) An estimate Mtbe pcrwn S (w) may be basu ace the Fr

T

f p-ib}dX(t) .
o

In te cte timec one wcidd evaluate the FT t e cifferewed series,
T-2
d qgi t[X(t+1)-x(01

8-0

flle qration d cifferang plays an matial role in t se lyses of sdiy time sries data
de incx mi Jenkins (1970), for ample. Its ue cn be ht f as seeking ut
qeatiocs to aply to a rnmiatauy scries, to one i pre peiocicites (sea

Its) to make it merenly statimary with a-d-th inn

2. PIANNINGfDESIGN
We plan to review aily the ax cial i in csignin data cloaticm (pasibly eva«

lani~ng perimnts) to cdl:t data fci later analysis Mud m led cideratim
ci me civee iun is liely to be very ari.

Crdul thcgt about na am tnies is always very iatcn par ar, what is
wtled is useful mom s f m a r s Lemited frcmy range (wich may
eDver many oc , but may not). .f y irecxeuidet13cdired e y rn iS
a diswHvantage, lcing to aan irci ti,ca, to mcmaily tUlltime imervals in
gi aeies It may be cthwhile to uify tbe mmurig deice to make its frequency

reqcwue poorer! Ad if we camot do ts, we may wat to put a tablefiltr as dose to tbe
dvce a is l

Cardul tlglt aixt the daacthr d the measuring device's eri may be very helpful. Even
isialtanus mninmen with two deis may be Vcrthwbe, ether because they wi have
reascubly immqtdeot et (wlu the 4pedrum i t bedm to the
c tIr iith c thir speetsr will be) er because they have ifflert frequ
re~es (wlu we can ether n i cut in dffet freqmy M e, men, do a caredu
job cf tInigthi r Ctpu into a snglc, bond t).

Bsidsid ehu frc-ye and miep-nde dc nuenMet erICs , it is iten
istam to face to qstedi dyIIiic H.H large a ratio, cf Irgst urabc value

9
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to least cSffa~en that zkto be masure, must we be lrWedq far? Cnwe reduc ti ratio a
)i by careuly distrting (linear filtariig) t3 frc y rs cf tl meag dei, thr by
daxi it o put a Slter dose to it? (Differecitica integrataio befcre dtzaiatu are juSt
qocal oma.) Sd deratim can aso be vital.

It is bly bt to thin d all measi devices as imluding an atthad filter, carefully
linar, dchma to met th real not to gi a flat r e.

In vey cm, we d at least thin a m ing th frepcny rse- in amplitude
and Fsse - cf wr nmowiW devis; cften this wi beim t, nd aaly to think abt, but to
do. (Ihi is dearly a mtter of sstan identificatia, set E amdK)

If, as is so Cfte the case, we plan to mgitze th tu fru the mels g device, we ned to
aso also the qalty et the ge in r m ! in beckgr For
caa nea might take a slow ramp as input.
2a. DESIGN FOR SIMPLE SPECTRA.

Here, besides th g liu jus _saised th i iues ae measuremint
(relvant) remd length, both cadered in r cataim to aliasng, resdutim, andieasic estimate.
2b. ALIASING.

Reditxi cf ag urrems rv r t esst m carefu dimratiac Realisn
a!xxt the higs frequeay that matters. Effcrts to filt cut (recing to im lels) all
frequaits miuch hi,gr the cf time interval fcr igzatiaL A these
dsevca att at Al mt fit toahetr.
2c. PRECISION AND RESOLUTION

For ssoie inputs, ies Cf scnaverage asmmit a!nd Cf bancds
averaged over arm antithetical in nature. We have to buy the prduct Cf predsicm am resdutiac by
how many data pxits we collt (see aor introadctimn fcr the sime farmas). Cots d n B
am! ~rc~ss ng, tlhogh still faling rapdly, can stil xmtd. Tme, cluaticms reqred can Cften try
to ow to uma eqtalelIagths. udj na god ii at this point is ercial.
2d. PLANNED UNEQUAL SPAIaNG
WAn aorcn is with time am (1 d al) spce tcgather - c, if yolik, with tra

am! ac-ectra fcr s alg a li - cft have to o=upy each pcint frc whida we te
data with a rat measu . Epme and et may dramatically limit the a Cf
cecuped pcints We may be able to u wht fo a hcrtage d pcints by taing
recos~~ for ztreme dhraticu In a me, unifrm is uaay far frcn desirable, am! th
dffxulties f pal alian, tlugh fcxmidable, may have to be faced. Brethertcn a
McWiiam (1980) have t this Idzl wi inderabic care.

Oasically, in sudh camad timespace analyse, we cansxCesffulNy wclect data fr ciffent
qsdngs at at time Trying to do this is usually the mark f the etnal qtimist, Munk

dal. (1964) have skn me i c whe it workL
2e. DESIGN FOR VECTOR SPECTRA ANDSrSTEMS

As 1mg as we wcked with inge inputs, mstmy Cf time ws time's cw vtalavi ct.
jttr, as in time cf gitizatim, fer eampe, wld be cial, but ab5dute tim wod a aily
osy be y. c we go to tW U me iputs, we must add to all tf ige iput

deratics a very real care bifts bet n iuts, both stematic ying. n
very surcef wAt isliely lecanbe vital.

If we e, timsifs batwU lteuly r ed. erptsdinpu (a) ms be
acuately k n am! (b) can sca-- sbe Iipful. In sudying tsn cr±aunated uar East
Asia, fer examp dlelt rectrcW fr the dsates m n at Hawaii am! La Jdla wold be
sily. TIe mauga trav e Cf the wames is we1l kn. We ought to displace our crilectim

10



Srwn Analysis ... Preme cf Ndse

intervals suxrcingly. s both mrnwls (xi3 at the Su wave traids at both site and reicsm
tedmiwi cifailtes with araling his ha naurally fcr larwg t akes, when strcmg.
amil aei trigr o the f sitarval of the .

we d t use the sme filters a all inputs, bt we z to k the pfonmance cf each
misring devicfilte ir, both in ampitude and in puez

If delys - dtgn group delays g y f i rather overall delay times are

lmkmtn, we wi dwwl to allow for CrpM leity m etalded collwtion intervals, so that
Isa fa rain (recall b 8f) i me t avaabl

Frequency i is Hly to retain its im. Predsiam f ctra may n its
fecfive antithesis, bt e cis Cf -ar may take over fr it. The antithsis a the
frequzed fcr mc data than dsmiable (or evm bearable) r

All the other ccnmderatisa for sigle inputs ther ownoimpances.

2f DESIGV FOR CEPSTRA
If we that ptra wm elp us, mr fust tx shxld pbably be abxr iaixg. 'Tfe

ripple moated with an elD rightn am na , thraogh the fdding frequewy detid by
the gitiati intval. Thbs, if sbntial azs above the fddEng frequmcy, its ripples
wi be folded n top Cf jndpal alias pples$, and ccllati may wel ccur. 7I best cure her
-e= to be caruul hanciminng Cf the input data to iginzatic. The prcedre is thea

(a) czreul analog filtratica, with cutting-ff atedd-= 2 (^) am!

=(2 -
2

i) 3~ ~ ~ ~ ~ 3

(b) folcedbygtizatam at intvalA

(c) followd by fmgrnd Ictrum allatcFm

(d) folowed by Ecrcn e stimates f 3 A)
(e) followed by taig ls,
(f) followd by lmd-stp liftering,
(g) follwed by a zcalculti.

We, are m rw really w mingin fe & ain, so te resdutnmcwidth)spreciac
atithes is t asdear. We do lor,the abllity to use a finar.grain (altematively, me
jreose) irtau sect-hmn when we wllu:mt m data, am! tbs can be vital fe a dean, well-
iterpetable cejstn. The antithes may be waled, but is almot always there.

A futhrans arises. Wlile many echoes are sharp, many are

cEspwsed. delay is fr 5y at, it may be ur t to rate two ca mc frequency
bck fc spwaate ianalys. In ay & , c rng t very-lowest-f0 cyp f the
itial trum, and patiwell into ce above th actal atcff, is Mlely to be i t.

2g. DESIGV FOR BISPECTRA
Varis pactical cmderatics ase in the estimatido C a liMp m lse imu : samping

inrval, i , filteoing ting bit a thu tlin All the cd questicu am!
eties d the sacid-order ce arise andm! now can aswl.

2k. ALIASING
SuWcae that the series X hs bisptum S( . Sut e that the vale X (t),

t - O,1,. will be i s ctm f X a a im ies relates to the acontimans
waevia

11
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S (kW ==I S(+2j, A.+2o*) (2.1)
JA

Furtha anplicatao u arise tbcaume S hasb t1 senry jrperties

1 fm al ainovewich s to be imated reduces to the triangle with etrise
(OP), ('r,O), t(2W3;,J3). Al other bifreuces are r d into ticbainz

Eqricn (2.1) mak it dear that oane to take the sam g interal ui y
that mo m b ectral mm lies tside the fum ental main aed that, wAre pcsible, one
wants to lowpass filter X to e litral mass outsde that dnai prix to smpligItt ies
2i. PREWHITENINGAND TAPERING

fthesenesX has zeromen if
dr (0) X2 (t)hr (t) -io }

des te FT tapredvalues,th
wav {dT (w)d' ($dr (-w-$}

= f f H(ct()NT$)H(ff -m-( )S (w-cmH )dca d . (2.2)

Tis last sopmn mak it dear that ta MY be used to i te srdumon c a
lispectral estimate (ckcrease tha interfere b igbb g es). if ft bismtzum
has su tial fall-ff, may be al3dutdy esntial.

Prewlitaing may also be c tigrm. If the seres X is passed thr lngha lin filter
with trae fumtica A , tn e t the rsulting series is pvm by

A (*)A (vA (-u-v)S (wav) .

If this last limsm is mcrcny ctant (wite) than S (w,v) itslf, tha esson (22) may
be CatI to be mce nealy r to it. Aftr ecting fcr the tcfectd ltng, i.e.
cdig t estimat f thle tnm c thebfild ies y A (a)A (v)A ( ), a less biased
esimate may be pectsd to ve ben dnaine
2j. BIOCOHERENCY AND XIOCOHERENCE

In 6lingr with the s un it i citsctet to der tha bicd3resy
S (w,v)I vS (a)S (vS( ) (2.3)

wIxe magnitude is nt altered by fter awich may be est d by
t(",v)lvg(@w(v)§(v) * ~~~~(2.4)

1lh largc sa c varie dc tha estimatc (2.4) is gvn by T14m if g(cov is cnstr in the
Ime ci Sectiao 18g and if th per al simates re fmed with tha same blndwidth,

2iIT, a S(w,v. (In ceque t s ity is much greater.) 1 i m T14uL may be
ued to dedcl a valesf T ad L.

festimate (2.4) is further cunpcslez (kim with mn (23) ad the indicatd vr e. In
the cas that (23) is 0, tha moda d (2A), (the smple biccterem I), will be ap imately
mpiitntal with n T14oiL. This remit may be md to a the giflc ichere

12



S um Analysis ... Pr eeCf Nase

2k. DESIGN FOR POINT PROXESSES
In dra nistzs cm has sce amtrdova the cdilwtim of p ntp data. inmay

be able to select tb leth ef te tim period, T ovr wi the data i aollected,antlhyave
soe det an N(T) the rm Cf pcints vd. Qe may be able to ie edase the
rate of te ms, whidvals affects the Cf points d V. In ituatiom ame may
cm be abe to dcax the p iflr , eg. Pdssam, awhch inputs to a systm are

21. THE POWER SPECTRUM CASE

SupWiae tha e ereQoct-ru, S (a), Cf te pint 1N isetiated by: (1) tapdng t1e
da with hT(t) -h((T), (2) Fouier t fmn , (3) famng the p pam, and (4)
muxlhing the ri ram with WT(r*) =3 (1W( a)r. (where W(a) is a wght fmctinaon
57 is a tzndwidth pmamser). Fcv tis sm mc h

NWr S (D-(5r)-12wrf WQ()2dzf h(t)4di (f h(t)2du) S(a)2

(See Bige (1972)). Thsreaticibip is te same as tbe cm fcr ry seies. It makes
it dear what me wvas: T largc, and both W ad A rly 0stant an tbdr p. Frcmn bis
xmdseratioame kww that ome wants ,t soctrn SBrne tmant, 5 all,aU ! W tmd th
Forer tranfcrm ef h dying df raidly.
2m. THE BIVARIATE CASE

Supse thlat moe has th bivariate pint I(AlV} ad iter: N is the oltput Cf a inear
systa withit M armeis intereste in actingithe _s N frthe jr M in a linear
fashion. F bothC eme is lad to de the Cs AN() =4AI(o)ISXN (()
Cf tre fe functimA(w) S, (4)/SN, (4). Ifstmates are unstnted as in the revioas
sectihte ay c variuce CfA (w) is

(BrT) 12rf W(a)dc f h(t)4dt h(t)2dt (1-I (C) F)S5NN(w)IM,I (a) -

It is dewr that ti behavies i td as deirae for B5, T, W, h in the previous sectimra
abte ire. It is further ruent that me ws: the aseream 0 p to be ner 1, SNN (c) to be

siall, and m (to) to be larp.
Ibese cim atim d to th estimation cf A at a ingle f . If ce umders the
I=cutCf atetmation cf the wie wue d the functim A, th wre argwmts

suggesting that ma a g fcr Ut input ume to be ctant (at as large a value as is
pciaable) This is the cae fcr aP n put.

0lmmlreaaarkrelatestoa fthelasitoIftye N is a Pd vancfprcxfMt, as
was t cae wvth a time sies, it beab te nials tha tw data streclhs be
reali Ot ise the esimatc SN n be attema to 0by the sralling.

3.UMUTAIION
Tee a and t isis u little if they are ot ac y evaluated in
ara±~a~s Cf interest. I-le dys M wnly lar eznpe data sts are coiwted
rrindy. In it may be y to wcrk in ral time. Cm tl
auderaticu an be very i .
3a. THE FF's

In oh wat has efbre, te Fr
Tr-1
Z x(t) e-ia,
'U.

13



Tre Seies

has bee Nic. Typically its values are required at freqa ofac the form w = 2onu IU, u =0.*U-l
vAthUan iritegerT. IfIX(t) issaequalto0fort=Tv..4- 1,thenwhat is bigs lgt is
tha cetc~Fcuner tramform

dXQ() mp-i27wt/U} (3.1)

u =0.O IgrKrT thea q trcis rqnurd to 5alhUte tha cmpex mpznl the crrct
valatamt ci (3.1) require multiplicaticu If U is Irge, tbis Wquire muh C ng
time. Further, rudff aerr maylneA substantial. (entleman Sae (1966)).

Luklcly, fast Farier tramfcIm algorithms mist to redte tha mnbet cf WatiansrIn
tihmst dten qe cse, U - 2' wd the required m er tpicam is
O(nU) - O(U lcu2U). algorithm for ai this result is give in Ccey an Tukey
(1965). See also m and Saine (1966). More tly algoitms leaig t2heFFTs
symmtri have d tht iole ciy O(U) picaticB, se Wuxgrad (1978),
Magera (1980).

Ibe muidmezl case invavs rqeted Fouzier afmg with t to the variaxs
time rpints Ibis may be dme via repted nimmia algeritbms. Opical syst may
mimes be used to vNtage Turpim (1981) iinlcates hoxw a lag uzidmem l trarm
(10 or 107 points) may be t with a mest qptical system by stackng succssive segts Cf
tha sereL

Tapeing a data set merdy invlves rlaci the value ci X(t) by hT(t)X(t) in tha Un.
cEmeraml cas This dnnn't inmuch i the way of cmnatatu. 1 t c hT
xrespcs to th domain ci dfervatic1. If ts in s irgulu, as citen happe in tha spatial
co, hT haIea tIE Ity quite wirdtly, if i taf amn be kept manageable. Ibe FT may
tha be unoztedoer a regular rec, with h' eqal 0 whre no datum is ailable
3b. FILTERING AND COMPLEX DEMODULATION

Filtered seris in pIar r, xe ates may citen be usefully i via an
PFT. Suppcneme hs a stretch cd a aciesX. Suppmc me wishs the series Y r ng to
pa5sung X tair anine tme invaiant filter with trasmfer fimctia A . If dT(w) dene tI FT
ciX,tfYtatYwill bea a ty A((w)dIT(w). hs suggestsdtiigY(t) as

U ia2wulU}A(s d S (3.2)

with U to be uiaently larg that aliasing cSiiltes do nt arise. TIe FT values
dT(2rIU) may be muaedby an T,Thavingd dthe strehX(t)cX, t =0,...,T-1 with U -T
woes. Ibe invee ramfr Id (32) may be mluated via an FTT. (S G eman and Sanie
(1966).) Pr may be fuln mgitaD Siga ng Cmitte (1979).

Suppcae me wAslu tIe exxmplez v2late ci the series X at frL ty Let A (c) be mea 1
forwcear X nmr 0 dsewhere. TE te is then , ap imiately by essim (3.2)
times inp(-iAt}. Being slowly it wil n ed to be forery value cf :, eg. am
migbt axatc it for t 04 A, (J-1)&A. invese traEfomin (32) cntherefe be arrged
tobedc zUlJ oiy.
3c. THE POINT PROCESS CASE

le tpm FT is
(3.3)

J-i

In sm r atmait- is to mF by t an ornary dce

14
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x (eA), Ied,1,...,wereAismlland X(eh) =1 foetr ethei wrt fj/Aa6
X (eA) -0 *herwise. Thas seies will be m0 cft teim. ilt is that rnw a tramfrm
of k1gth at l TI ais rqirdiandi may be very lar. In uee one is chosaing to
mialze the senesX(eA) -N((e - At (e + 1

7be point N may be r d by crcEauy seris in *her ways swell. Frednand
Hdicn (1971) utf

x(t) =[sin 0 --TS)]/<At-t})

att 0,1,...ps FF maytt nbe, apceL
Yet awther apchda wmd j d an faIlms: et

-rj =mjh 1+8 (28.1)

with mj inteal h181 s kl2. Thn may be witta

aqpHoin,h}(1 + i&,- JI/2+ *)

-= ec<'ko(m) +iw eck1*(m)
U U

2e>'82(M) + (28.2)

where
ko(m)i m

k2(m) 1
U-._kl(M) = 7, I
Ojos

Eqrsa (282) may w be ilat by FFT
I we wan to we ws up to A,x md e to apmmate =p(i4 to 1%tl we an use

tha fist two tami fer
ka s1,Axh22 514

Tomt the same tith tha fist three ta ld reur

*hl2 s 39

713 ratio of manbers of intas is 391.14 - 2.7 wAich is greate th ratio Cf amnbs of
FFTs, zmnelv 135, so gmg an far a the trd tam may esily be thwlie. Simi
calaalatku IVc

1S



Tme Series

max ratio
term = FFI's kaI ratio

2 14 14
3 .39 7
4 .7 5.7
5 1 5

Suggsut it may py to gp to 4 c 5 tnum.

If we we thearcmatio
e'*= 9994 + 9567i - .4853

whch is gotolto| crI S1 fcr-hs 0 s A imtead th leaing terms f the Taylorsies,
we can use the first two ter aover 4 the interval. IRmWiing (see eg. Airamon tz
ud Steg& 1964, p. 791) the h r-c a cimawtic ero wla intervas wi allow

It will be m shmtly that, in the point trcss case, it may be c Fifatiwe to &o c
(x11*atcim ca the timesdc, befre to the f I dain.
3d. THE SECOND-ORDER CASE
Cidu the jma1 fdrMEz stmates d povwer am cas-sa, tramf fctim and

aEmMe fc dary seris antpainst
3e. THE POWER SPECTRUM OFAN ORDINARY TIME SERIES

Tbc step in an pe rum timatim crwt hseiu:
1. aalys (e. t a , ilg, smplig,Irhiing
2. g.
3. vkizgwith zec,
4. Fonui tranfmatiai,
5. sdar- (to utain the i a),
6. smhiDg (the periclcam), ( time

c frajxy).
'11 estimate at frequeny w = 2wIU may be witten

S( W)£4 IjT (w+2) (3.1)

where the W. are to 1, wher the ha pmlA by ading U-T zerci,

2
IT(W) = eZ hT(tQ)Xtt) 12¶rYhT(t)2 (3.2)

is the cram, am!we X' is the sries after P with zercs plays
seval rdes. It allows FF7 r iig lixite U to be apled, it avnidk the
uni sry rlarizatia 1 the dtta with the aliasng(s ed at the and d
Sectcia 6a), amd it l4 the ri 1pa vaus be a finly Wa

In samrdrnae step 6. my ePl by:

16



S Itrum Analysis ... Prmae cf Nose

6'. iwe l m
7'. iply by lag Wi
8'. Ua=cm

for an indit timatiam eduzre. Ibis maks thes thg dcc a iim - rather than
frupxy - & jdy eie (1 cinxuptatacm may to be din double pjasi.)

As am hs the rdatidzuh45
1 T-p4-letv) =T Xttf)X t)

S..

U

2 Ui r(2/U) i2"w/U}
med

Ir(w)i,Z (v)uP(iw}

pediz in the last fasha is largdy a matter cic e.
113 ait (3.1) is Cs d1the iakrWam ci the vlxic data strech, as a

functian fr=p y. l13re71 we hda it is e uscil to Pa by ing
th ITWa1T (4f) d the e.th _t cf the data as afuicd e, to fcrm an itimate

L-1 d IT(4e)
*-1

If the s cdap, this called a ied intimate. In s r s it may be
amwuiet to wib the e nts ally.

Ws last imate hs tf form of the p fiteaS d entimate c cd the cicpex-
Iatcfinate te. If dT(4t) cinxtes the FT of the e-th sctem, then p(iol}dT (t4) fo t in

the e.th se ics a ban&d ltered (atfoiyw) via aC fte sais.
In sme drmtance on willsh pe azm fin both te timaed emy ain
Each c the above timats ae quadratic f ±im cf thed arvatiau E oying an FFT can

rece cul2ltatic timadrul kU arrc.

3f. THE CROSS-SPECTRUM
Su~ae thestretch {X(t)X,(t)}, t0..-1 cf bivaiate iis av-lable. 113 umectn

intimate anakglsto (3.1) - (32) isgwO by

*.(", [s sohT(t)Xt e,| h8h()t|/2,W 't)where - ()xoJ-

X ' am! Y' ke theresults ci ynnlnyzq the menes (ruMz trex, jpwiteuing, remaligning,
:c.) DIerffait tape may be plyed fc v a Yd'. (Ntice the empl cipuat impied y
-i in the fil p.) It is dr tt a FT may ve sd.

As in t vi , it may mak e to fam a mate by hing te rs
paricxlcpams ci s ci the weie,

17
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-1i

Ose tEff es mate =i lzr4 r Ore avalatc, estmates ci tIc trfr ftic,
Mx re.ial q trm may be famed. 13i e e may be esmatd by an essain c
the fcrm

a() =r-p > i2=p1iP}4(2qpIP)kP(p)

vith k (p) a wind functicam! P a pc3tve iteger. Wben the basic series inlved are
inucs i tme, im tim a suitable winw fuxtim can be cial.A e again an FF1

ge~afly poms ul.
38. THE POWER SPECTRUM OF A SPATIAL PROXESS

dTQ()X=q p(kr)}hT(x y)X(xZ )
,,

e tIe FT ca a piece ci tIe tial array X, with ta iierted. 113 piram cf this
(taped dataisgvenby

IT - dT(S,4 )/2irV hT (x , )2 .

To d,tainmtsmatecf tIE por crn cf tE seies X, me simply h this periam
n a fimctin d XI The data m have d ei to ipt tIE (reted) FT.

Naturally, in an citaa used alterate a h, pid raII might be cunpued fcr (t
sgen tf the data athese ir aver tcther. Ilis mgt be , fr oc ,
if ew a vy lge vdume ci data.

In theisotric ase, the pow seetrun is a fucticdc2 + IO ly. llsm that a
further y be ried thrb, with a cusquent inmse in stability. Spefically,
peieda vahs at fra Xies uwith value di f2 + i my be averged tcgh.Qe e
interesting fect that aiws is that estimates with larger 2 + ? are e stable, rlativdy,
bomuse mer peidcram values may be averad tcgther. iller (1970) pides a proc d
this lsst.
3h. THE POWER SPECTRUM OFA POINT PRXESS

'113 power smectn d a inpt may be estimed at frequawy co * Oby inzxthg the
periaWram\

Ir()- (21T)-il F=}2

Alteratively it may be etimated by tcgcther periadcgram based a diffaet stretches ci

,-~~~~~~~~~~~~~~~~~~~~~-Ina ecf ait tu out to be faster toftm tem in an ir
fashion, fdlcinvg (11.1). Spafiwlly oe esimates p(u) =Prob{dN(t4U) =1 aI
dNQ() = 1) by

j5 (u) = Y,r#(Tj-Ja < P121 (3-3)
Jo&

for tiuwidth I II= me cunptes

18



19 Spec-nn Analysis ... Preee d Nase

1(w) 2-r @+21r di WTU0) U0) (3

wre , -N(T)IT is an etimate d ti nte cf the mdm ie wT is a lig w;.
1I emate (33) may be cc ted rpicly, a it amply incM mtin Eqmios (3A) may
beaiudviaanFF-
3i. THE HIGIER-ORDER CASES

In ea ldglt-mde a, a the bi- a tri sPecirum, Cmptatiaaati cxdmderati
can bexc meral.
3j. THE BISPECTRUM

Set
dT(w) - p(-it}hT (t)X (t)

wh3en X xt) a~U fti ealyd vahuuL 113 tlrd-crder j~a mIs pv.i by
IT(46)= dT (w)dT (vdT' _1$(2ir) hT(t )

11nlspctumMY be est by abc ts fucti In out this avergig, the
p_ricalidty and 'ymzry qtie d be d.113se ihxle

IT,Qj(v) * I'( -)
IT(w,v) = IT (42W,v) IT (4,pv+2,W)

I'T(wD,) - jT(.j,.)

Alwavely, the sum wybe estimated by aeaging twrdcrd ri r umuaed
at the s ebi (wv, btbuted s f re s d te data a y a
X(t )X (t,AX(t, a f actnao ci t wlre XQ.w) es the reult Cf zss
fteng tXe ere X at r y f (This be ad through by ex
dilaticna danP FTif']r
3k. SPECTRA OF ORDER K

Suw tht a stretch i m J Mr-valud series {Xj(t) -i,..j} is iablec fCr ana.yiL Set

(wT) -z upit}T(t)X,(t)

vt X th j.th sarieL 113 jthkbe ofi crdar,K rrcm n to
caoits ael.. .ac (std fr 1 ) is uvabyw

sdaTI(ok *-aT*(,(/(2s-v) 1hT(t)K

It is t to ma is b4iby etm a dlnmy argmt (ft pvaa by
t makes thesd taticaml awl tand out me dely.

113ccuqxOiis mawtedby teby
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2=iw 213:Wal...8KIT (* + U ' '*9 + U

whare the wdgts sum to 1, vadsh if any u" -0, waeare ic i g. . . . . (i.(t is e
m ad that th u have th ferm 2n(inga)/U a n dtads FT's Cf lth U have bea
fxmd.) abis dvs tt etimate rtoe tty pAiclity p t

timates the aWIag C baud an rate stretcs basd n
ow baau series ar o availae. Biifgaer (1965) anBrifinger ad Rmnblatt

(1967) we revait s

4. >ENTmCA1cn OF NON1INEARSYS BY ENCY METHO16
.Sectin D hot1 lir time i ant st aild be m by specrumhIs.

Tis secticm 0mde sm rIiitw, but timinvariant, stas.
4a. INSTANTANEOUS NONLINEARITY

Cider a systm d.aibed by
U(t) a(t -)X(u)

r(t) s[U(t)J +e(t)

with e a nsc seies a() th ipse Cf an ti miniant filter d wth () a
funtiu d aaingle riate. A in t, fit wted by azg (1952) fcr tU case df
pdyn i,is that if the inpt X is C an statiy,

a,. (c) 5 cA (w)sa (c)
with c a Mutant. In other wrdsb if aie les tha system, by cspctrsaral yss, as if it
we 1 , tl tha transfer fumcp d*ained is t xivml to tht d the 1;w d thE
stan K nbieg (1973) cm to amider the casefrda fitrs ad veral
imtmutazs n^la C Brilier (19) m statistical detai s al

t u e df tlet is that if a systa is idntified by caoa-ectral analysis wvith ion
iut, th the reltin transfe ftucn can have a smple intopretatia in a much rInader daB
Cf i s tn ac might have an1ti.
4b. QUADRATIC SYSTEmS
A izaixacf n 1w tim ariant systan is an bn time-invarint ys,

a ystan ith two ibyu tht ctys Ml tiam in ach input sparatdy. Sud a systan is
Wiwl,n1 , at can behave i nm-linewr ways, ailarly wI we ac t the same X(t)
to both liputs treltin quadratic time-invaiant stn, with a ipt andac wtpt, c
be c1zl aitxty by tha y C[X+Y - C[X-rY is a biw system with inputs X ad

. f hi di fcr a X(t) ad r(), C is a quadr timeinmaiant systaa wil have
mdc Cf the rqresntatim fa . Let us tu to t caSee that

r(t) b(t-u--v)X(u)X(v) +e(t) (4.1)

with ee. Lv
B() Z -(cow)}b(u,v)

aI

l U btru futia. Suwe that X is zeo mn, im, statiay with Pame

20



21Spectrwn Analysis ... Pr5em d N sc

sectn S,, (4). 7ben tU aas-um cf Y with X saifis

Szxr (wiv3 m 2B (--#-)S= (c*)Ssx (v) *(4.2)

Ts rit W biz xki (1961).
An dim c 3 mybc fcntd at S., a S,,, ve

a
cxti .eTt

bi-qmpdse rup- fuiicu b, may be t by Foxriff traI f B, usig g e
ftcrs n y.

If the y (41) is ext to cain a lizterm, a taQ-u)X(u), the reladiubip (4.2)
nins to dIe tans fuzcticu A may be sintiated by ac pwtral yss.
Hng et at (1979) ettMn fit t mcad drme kms cf t lman pyillary stam

by this tque.
4c. COSINUSOIDAL INPUT

An irmatiw diqe fcr Ut examiastion cit syit s to tale a pure nLud
a us(f +) as iipt. If tit systam is liar timainvim, tlt frequai al will awear
th outpt. If is qadratic timanvaiant, thn t freq is 2wawi ar. If it is tiM&
invariant ~x~ymm2ial crder L, then frqe %in§, 20 ... . pwIllaw r.

on cxsios mba i 2, Pf3, my a ar, as with th edp waves in Section 7f. Ibis is
an iictim c a le aimple sxt et nm i Further infmatm thenigt ystanmay
be f !by ting a pslir cc(pit +1) + cu(06t +12) ci dsaa input. Subctn inatna
frpa ss(W+S0 isn,2n-2,...; iA= :t: 1,± 2,.. will be iiced by sane (nmi
pdyia) neiar systms. lie icati p ci Pt amd to th natural freqa fies thUt
systan very impnat ire.
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