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1. Introduction

During the last few years investigators in many countries have made advances
in the higher order asymptotic ontimality theory of statistical procedures.
Perhaps the central contribution has been the discovery by Pfanzagl (1978a), 1979)
and Chibisov (1974) that, under various regularity conditions, for smooth parametric
models in the i.i.d. case first order efficiency of tests (and estihates)imp]ies

-]/2) and the discovery by Pfanzagl (1978b)),

second order efficiency (to order n
Takeuchi and Akahira (1976), Ghosh and Subramanyam (1974) and Efron (1975)

that maximum likelihood estimates are at least as good to third order (n']) as

any competitors with the same bias to third order (n-]). The last phenomenon is
called, depending on the writer, second or third order efficiency. Presentations
of these results have in general involved Edgeworth expansion and/or cumulant
expansions, and it has not been clear to what extent the stringent conditions

on the models and on the classes of procedures studied are needed for the validity
of the results. In a previous paper, Bickel, Chibisov, and van Zwet (1981), we
arqued that the first order efficiency implies second order efficiency result

for tests is a consequence of the Neyman-Pearson Lemma and the structure of the
likelihood functions of the experiments considered. In this paper we study the

third order property of maximum likelihood like estimates and again deduce it as

a general feature of smooth likelihood functions. Our approach was suggested

]This research was supported in part by Office of Naval Research Contract

N00014-80-C-0163.
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by the discussion of L. Le Cam on Berkson (1980). The program we follow is to
show:

1) That for a given loss function W and suitable priors 1 the Bayes

b(én)

estimate is to third order of the form @n-+ where én is maximum 1ike-
lihood (1like).
2) It is possible to define a perturbed version wn of W such that
a) 6n is itself third order Bayes with respect to W
b) For estimates with the same bi;s to third order as én’ the Bayes
risk under wn coincides with that under W.

From this it is easy to deduce the property. We illustrate this idea by apply-
ing it to the estimation of the mean 6 of a normal distribution with variance
1 with quadratic loss and the usual notion of bias. In this context the idea
corresponds to a Bayesian argument for the U.M.V.U. property of X. Suppose
g ~ N(u,‘rz).

Define a new loss function by
A
L(8,a) = (8-a)7 + {E5{o-u) (6-a)

where A = (n12+1)']. The posterior density of 6 s N(Au+(1-1)X, ATZ) o)

that the Bayes estimate of 6 wunder L 1is just
-1 - -1 -
(1-2)E(B[X) - A(1-X) T = X .

But then, for any estimate T,

E0L(6,T)) = E(1-0)7 + B [(e-n)e, (o-T)m(o)ao

where 7w is the prior density and for unbiased estimates

E(L(8,T)} = E(T-8)°

The optimality of X with respect to quadratic loss follows from the Bayesian



optimality. We can oroceed to derive optimality at individual 6 by taking

U =6 and letting 12-—»0. Note that this is essentially a Lagrange multiplier argument.
Our results are very close save for the more general setting to those of

Ghosh, Sinha and Joshi (1982). They also obtain an expansion and apply it to

the third order efficiency of maximum likelihood estimates. However their

method still leaves them with limitations on the class of competitors to maximum

likelihood that are being considered as well as their self-imposed restriction

to quadratic loss functions. Their expansion and necessarily their application

is also restricted to the case of independent identically distributed observa-

tions. Related results can be found in Takeuchi (1982).

2. The main results

Here are basic assumptions and notation.

Model: We observe X("), a random element taking values in Xn. The possible

(n) are P(n), 6 € 0, an open interval. Suppose

distributions of X 5

(n) (n)

Pg ' <M , o finite. Let

(2.1)
£,(8) £ Tog £ (+,0) .

We will typically drop the superscript n for expectations and probabilities.

We postulate an expansion for 2n(e+hn']/2) around 6 in powers of

hn~1/2

with coefficients which we can think of as derivatives of ln and a
remainder. Our further assumptions on the model are framed in terms of stability

conditions on the coefficients and bounds on the remainder. We write
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(2.2)  gpe+mn™V/?) = n (0) + V21T (@0 + 32 (o)1
. i+2 .
1120 42) ) N 5(8,m)n3*3

+ (i+2)]

nes-1aG

i=1
; REY
§(1) can be thought of as n ]'g—rl (8).
n sl M
We postulate also non random functions Ai: © —R which approximate the

E£1) and write

(8)

E'(]i)(e) = (8) + B

1

The 1; can be thought of as approximations to Eeiﬁi)(e).

Loss Function: We are given a symmetric bowl-shaped function W: R-—>R+,

which is bounded and satisfies

(2.3) W(t) = W(-t) , Vvt

(2.4) W(|t]) non decreasing, non constant .
Define the risk of an estimate Tn: X, —R

(2.5) R,(8,T ) = EH(n'/2(T -0)) .

Prior Distributions: We will consider prior distributions I on © with den-

sities 7w which are smooth.

Convention: Given random variables Rn(e), 8 €0

R, S ola b ) « PogtIRn(8g)l 22p€] = o(by)

Ve > 0, wuniformly for 8y € K compact. Note that R = o(an,bn) *®

3en¢ 0> P60[|Rn(80)| z_enan]=o(bn) uniformly for 6, € K.



)

Rn é 0(an’bn) < Peo[an(eo)liancn] B 0(bn

for all cn-+w uniformly for eo € K compact.

Bias: We define bias side conditions as in Pfanzagl and Wefelmeyer (1978) through
a function d: R—R which is assumed bounded, increasing and non constant.

Define the d bias of Tn
_ /2,1 _
B(Tn,e) = Eed(n (Tn 8)) .
We say Tn’ Sn have the same d bias to third order if
(2.6) B(T,»8) = B(S,,0) + o(n™"/?) .

In particular if d 1is the identity (which we exclude!) (2.6) says that the

biases of T ~and S agree up to o(n-]).

Estimate: We will distinguish an estimate 6n which can be thought of as the

maximum likelihood estimate but will be specified by its asymptotic properties.

Assumptions:
]

Cj: For some 0 < § < 5(3+1) Chtes € 0,

(1) Sup{IAnj(eo+nn']/2,h)|: Inl_icnnd, |h|.5cnn6}, considered as a process
-j/2,n-J/2).

~ -1/2y,.

(2)  Supt|ay; (6g+nm )

= o(n-e,n-J/z),

(3) (a) -xz(e) = I(6) >0, V6

in 6y, = o(n
Inllgcnné}, considered as a process in 8,

2 < i< j+2,

(b) Ai(-), 2 < i< j*¥2 are continuous.

Clearly C2 = C] = CO.



Note that we can replace "cn‘rw" by "every fixed c¢" and also that without loss

of generality we can take ¢, = o(n ), ¥ >o0.
For & as in assumption Cj,

E.:
J . .
(1) %@ ) = o(n7I/278,073/2),
(2) (a) n‘/zlén-eq| = 0(1,1)
(b) = o(n®,n73/%).

(considered as a process in 90).

Condition (1) says that @n behaves 1ike a root of the likelihood equation
to order j. Condition (2a) corresponds to vn consistency and (2b) to the
usual bound for probabilities of intermediate deviations.

Our main result is
Theorem 1. (a) If C.l and E] hold, then

. 1/2
(2.7) Tim suple_e n {Rw(e,Tn)-R

ol<e

Yo, €0, € > 0.

0
(b) Suppose C, and E, hold and also that },, Ay are contimiously

differentiable. Then if Tn and ©_ have the same d bias (in the sense of

n
(2.6))
(2.8) 1im SUple-eolsﬁ n{Rw(e,Tn)-Rw(e,en)} >0
Ve, €0, € > 0.

0

The corresponding statement for j = 0 s a version of the Hajek-Le Cam

minimax theorem.



Corollary 1. Suppose for both Sn = Tn and Sn = en

o -1/2 -i/2
(2.9) Ry(8s>S.) = 1_i]ri(e)n +o(n ")

uniformly on compacts where ry are continuous functions which depend on

{Sn}n>] but not on N. Then under the hypotheses of Theorem 1
(2.10) Tim n3/2(R, (6,7 )-R, (8,8 )} > 0
for j =1, 2 as appropriate.

This corollary for j = 1 corresponds:to the usual assertion of second
order efficiency for the M.L.E. while j =2 corresponds to the usual assertion

of third order efficiency after equating biases.

Conditions Cj’ Ej and (2.9) follow from the assumptions of Pfanzagl (1976),
Pfanzagl and Wefelmeyer (1978), Ghosh and Subramanyam (1974), Ghosh, Sinha and
Wieand (1980) so that the conclusions of these authors can be subsumed under
Theorem 1.

The theorem follows from a study of the structure of Bayes solutions. The
priors I that we consider have densities m. Let y = log m, and suppose the

following assumption holds.

Pj: I has compact support. For & and e as in assumption Cj and

:
0<B<3Gay -8 B<es
(2.11) mee: Sup{lY(1)(9+tn-]/z)|: It|,iCﬁn5} > 1P = o(n73/2)

1 <4 <+, ch t+ as given in assumption Cj. Here Y(i)(e) is the ith
derivative of y for 6 in the interior of the support of 1 and Y(i)(e) = o

otherwise.

A class of examples of I satisfying Pj are those with (j+1) times con-
. ) . ey 2
tinuously differentiable densities and v(J+])(t) ~ c(t-b)m, m > J(%;l+
- J

- (j+2) for b a boundary point of support.



Theorem 1(a) follows immediately from

Theorem 2. If I satisfies P-I and C], E1 hold, then

(2.12) JRw(e,én)H(de) - Infy JRN(G,TH)H(dB) + o(n”1/2y

Let nn(-lx) be the posterior density of n]/z(e-én) given X(

f
(2.13) ro(8,x) = Jw(t-A)nn(tlx)dt ,
. . . . A -1/2
the posterior risk incurred by action en-+An , and
(2.14) rn(x) = Inf, rn(A,x)

the Bayes posterior risk. So, (2.12) is equivalent to

e (r (0,x{M) < v (x(0)y) < o(n71/2)

correspond to computation under (P(n)H(de).

where EH’ P 176

I
for n(@n) > 0,

(2.15) Tog 7 (t|x) = ¢ (8 +tn”'/2

n
- v(6,.) - Tog N_(x)

where

(2.16) N, (x) &

We need an Edgeworth expansion on the posterior. Define a set Bn c X

by: x € Bn if and only if,

. A _ 8 -j/2
(1) sup{]a ;(8,,t)|: [t]<c n”} < en

(i) 18(@) > -a, a0,
(i) n213{08 )| < e n73/2-8

(iv) |i£i+2)(§n) '>‘1'+2(6n)I 5-en

n) _ X,

Now,we can write,

) - 2,(8,) + (B +tn71 /%)

L, (BT [£,00,8 w0 /208 wen et

(n)



(v) suptly (@ +tn 2] el <en®y < nf, 1 <<y,

where en-¥0. Define for x € Bn

2
N'](x) exp{iﬁz)(én)%?J

(2.17) nno(tlx) n

3
(2.18) n(e1x) = 1ot (140772 @36 )y (3 1))

More generally let

(2.19) ms(E10) = mo(el0 (0 + 1y 07 2 (e,00)
where Ai are defined as the coefficient of n-i/2 in the formal expansion.
=(i+2),2 (1),
(2.20) exp Z?=] {E317¢§;?ﬂz-ti+2-+z__?§gﬂiti]n-i/2
=1+ Z?=] Ai(t,x)n'i/2 .

Define i = 0 otherwise.
Lemma 1. If Cj-’ Ej’ Pj hold, then
(2.21) En[jiw(tlx(n)) -nnj(tlx(n))ldt] - o(n7372y
Proof. For x€B., [t < cnn<S write

nn(t|x) = nno(tlx)exp{zg=] Qi(t,x)n'i/z

RYCRUIM GNERD

(§n+xtn']/2)(1-k)jdx + n]/zié])(én)t + An.(én,t)

J! Ji J
where 0
=(i+42),2 (i),a
(2.22) Q.(t,x) = “n On) £ z——q—(Eﬂlt1
’ v i+2)1! !

By construction of Bn the last three terms in the exponent are o(n'J/z) and

for n sufficiently large,



uniformly for (x,t)

(2.23) wn(tlx) =

as

o0, (t,x)] <1

above. Therefore

n o(tIx)exp(d_ 0 (tn™ /4 (1+0(n7372))

But, by standard arguments,

(2.24) w (tIx)lexp(Id_, 0, (t,0n7 4 - (14 I A(t,0n71E))

_(J+1) Rkl

n (e300 2 max jo,(t,x)] 1)

=OUHO

uniformly as above.

Therefore

(2.25)

uniformly as above.

(t|x)n'j/2max{n

nn(tlx) = nnj(t[x) + nno(tlx)o(n

;
-pis2) (s ;—*(BHG N

i

‘j/z)

By the same expansion (j=0), for x € B>

(2.26)

and

(2.27)

independent of x, n.

(2.28)

2
Nn(x) E_Jexp{-a %fw+o(1)}ds >e >0

By

12

]
Jnno(tlx)dt <M

(2.25), (2.26) and (2.27) the lemma follows if

~ 6 -Jj 2
80 >cn’1 + P (XM 1 = 0(nI/?)

10



1R
f (n) _ n.mi/2
2.29 E At xV)dt = of ) .
( ) HJ{|t|>cnn6} s | o(n
But

II[ ]/2|6 ) | >cpn %] < supy Pe[n]/zle-énl >cnn6]
PLLX n)€§Bn] < sup, P,LX ")¢Bn] .
Therefore if we take (say)
a = -5 inf A,(6)

it is easy to see that Cj, Pj imply the existence of €, such that (2.28)

holds. A direct calculation yields (2.29) and the lemma. O
Lemma 2. For W as specified, let ¢ be the standard normal density,
2 10
A(c™) = I (t) (- ¢( ~)dt
o
Then A(Oz) > 0 and continuous.

Proof. W is symmetric. W(|t|) and (tz-oz) are both nondecreasing in |t|.

By Chebyshev's theorem,
oMo > Ty [uersrae [(PoDedree = o
o
with strict inequality unless W 1is constant. The lemma follows. O

Proof of Theorem 2. By Lemma 1

(2.30) En(rn(O,X(n))-rn(X(n)))

1/2

= EH(JrW(t)TTn](th(n))dt-ian(J[W(t-A)Trn](th(n))dt)) +o(n %) .

Moreover,



jw(t-A)nn](tIX(n))dt
3
= Iw(t-A)nnO(t|X(n))dt + jw(t-A)nno(tlx("))n']/z{i§3)(én)%;~+y(])(én)t}dt.

The integrand of the last integral is odd for A = 0 and therefore this integral

is O(n']/2'+B|A|) as well as 0(n']/2'*8) B,- Since Jw(t-A)nno(tlx(n))dt

¢
is increasing in |A| by Anderson's lemma, we see that Jw(t‘A)"n](tIX(n))dt
can't assume its minimum as a function of A outside any fixed neighborhood of
zero for sufficiently large n. If A =o0(1) as n—«, however, we have
( (n)
JW(t-A)nnO(t|X )dt
- (n)
= Jw(t)nno(t+A|X )dt ,
. (n) A f +(2) s 2,5(2) 5 1y2 (n)
= JN(t)wnO(tIX )dt + 7?jw(t){zn (8,) + (2,7 (8,)) m o (£[X*7/)dt

+o(]a®) .

The coefficient of A2 in the second term is positive and bounded away from

zero by Lemma 2, say > o > 0. Hence, for A = o(1),

uce-ym g e1x™at = Juce-aym (e 1xMar + o2 *Ela))

> [ueerm (e 1x™Mat + aa? + 00”2 Bla] + o)

and for sufficiently large C > 0, no minima of [w(t-A)ﬂn](tIX(n))dt can

J
occur for |A| Z_Cn']/2'+8. But for |A] < cn /2B e have
( -
Juce-ayn w1xMyat = fweyn  (£1x(Myat + o(n7172)
nl J n0
as 1-28 > %u The theorem follows by (2.30). a

To deal with third order efficiency we extend Theorem 2 as follows.

Suppose d defines bias as in (2.6).

12
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Let c: ©—R. Define

(2.31) W (6,a) W(n2(6-a)) + h(n""2c(6))d(n1/%(6-a))

where h(t) = t, |t]

IA

1 and 0 otherwise. wn is an asymmetric perturbation

of W. Assume

Q: (1) c¢ 1is differentiable on © and

(2) mn[e: sup{lc(i)(e+tn']/2)lz |t|5_c§n6} <n% = 1<-o(n']), 0<i<?2

. . . . 1 .
for a prior I, & as in CZ’ < 4 given in C2’ a < é--ZB, B as in P2.

Define
(2.32) b, (8) = v(e)A (17 (8))
where
ve) = (v (e)1(e) -x3ie))js2w<s>¢(s,1"(e)>ds
‘ w [stutsos,17(e1)as - vV @) [us)os, 17 e))as)

and ¢(-,02) is the N(O,oz) density, and

(2.33) b, (8) = b,(8) + c(8)0(8)1(e)A” (17 (6))
n

where

(2.38) D(6) = Jd(v)v¢(v,1-1(6))dv .

Note that D(8) > O by Chebyshev's theorem since d 1is nondecreasing,

non constant.
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Theorem 3. If N1 satisfies P2 and C2’ E2 hold,

(2.35) ij(e 5 +b,,(8 )n")m(de) - Inf jnw(e T)n(de) + o(n-V) .

I"I

If c satisfies Q then (2.35) holds with W replaced by W,.

In words, 8 +b,(8 )n"! is Bayes to third order under W. The
formula for the correction bwn'] is unimportant. The main point is that
it is a function of 6n only and that the corresponding additional
correction for W is linear in c.

Proof of Theorem 3. We have

JW(t-A)nnz(t|X(n))dt
= JN(t-A)n (e[x(Myge
n1/2, JW(t)n Myl @)+ @656 e

2
(3)(6 L (‘)(6 )1dt

-1/2 1+28 2)

+ wn(x(")) + 0(n |A|

where y 1is a function independent of A. Arguing as in the proof of Theorem

-1/2+8

2, we find that we can restrict attention to |A| < Cn By assumption

62(2) we may replace 7!v’(11)(6n) by Ai(ﬁn) for i=2,3 and obtain

jW(t-A)wnz(tIX(n))dt

2
- J'w(t)nno(ﬂx(“))dt + SAT(B ) - T 2(E ) + wn(x(")) +o(n!) .

Claim (2.35) follows. Its extension to wn follows similarly. 0O



We can now complete the proof of Theorem 1, part (b). Choose a prior 1

satisfying P2, Jln(])(e)lde < o, Define the function c(8) by

b, ()AL(8))17 (0)07 (6)
-v(e)17 (8)0™' () .

(2.38) c(e)

Note that by assumption I'](G)D'](e) is continuously differentiable while

1

H[sup{lv(j)(eo+tn']/2)l: ItI_icnna} 5_nB] =1-0(n")

for 0<j<2 by Py- So the conditions of Theorem 3 are satisfied for the

choice of N and c. Moreover, by construction bw (8) = 0. So,
n

1

(2.39) ij (6,7 )n(ds) Z_JRN (8,8 )(d8) + o(n”") .

n n

But for any Tn’
(R, (0,T,)n(de)
W

- JRN(G,TH)H(de) + JB(n]/z(Tn-e))h(n-]/zc(e))n(de) +o(n’) .

Therefore if én and Tn have the same bias to third order,
(2.40) J[an(e,Tn) -an(e,en)]H(de)
S CCRARNCRRILED
+ 072 (a(n2(7, -6) - B(n'/2(8, -0)) 1c(0)n(de)

f

(8)|m(de)) + -1 .
J{|C(6)|>n]/2} lc(e)|m( )) +o(n")

+ O(n-]/2

But ch(e)ln(de) < = since J|n(])(8)|de < o, Part (b) of Theorem 1 follows
from (2.39) and (2.40).

15
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Extensions:
(1) If c(*) 1is bounded or more generally satisfies Q,(gn)compacts then
c
the assertions of Theorem 1 hold with & replaced by §n-+ N, Of course,

the competitors admitted under the bias equivalence condition depend on c.

(2) Theorems 1-3 can be straightforwardly extended to the multiparameter

case. With 8 = (e],...,ek) let QﬁJ)(e) be the jth differential with respect )
J
to 6 thought of as a j-linear function on Rk or equivalently as a point in Rk

ajzn(e)

(3) - { et s ;
N (6)(t],...,tj) =] 55;;77755;T't1i] tjij' sy €0,0000k)
J

where tq = (tq],..

With this convention reinterpret (2.2) for 6 a vector. The loss function

"tqk)’ 1 <q<j and write zgj)(e)tj for Qﬁj)(e)(t,t,...,t).

W: Rk-—+R+ is assumed to be bounded and
(a) W(t) = W(-t) for all t
(b) {t: W(t) <w} 1is convex for all w.
(c) For every X € Rk, W(At) 1is non constant in t € R.
If ¢(-,Z) 1is the k-variate normal density with positive definite

covariance matrix I, define the matrix A(Z) by

(2.41) AGZ) = z“ju(t)(tTt-z)q)(t,z)dt o
Conditions (a)-(b) on W guarantee that A(Z) 1is nonnegative definite, cf.
Lemma 5.8, Pfanzagl and Wefelmeyer (1978). A more careful argument shows that
(c) implies that A 1is positive definite.

Risk is defined by (2.5). The scalar bias function d 1is replaced by the

k k

vector d: R —R" and the scalar D(6) by the matrix

_ [T -1
(2.42) D(6) = |d'(s)s(s, 1" (8))ds .
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We require that D be nonsingular for each 6. Conditions Cj and Ej need to
be changed only to the extent that absolute values become vector norms and

(1) as the ith

I(6) > 0 becomes I(6) positive definite. If we interpret <y
differential of the log of prior density w defined on an open ball in Rk co
then P, also need only be modified by substituting vector norms for absolute
values. If we add the assumption that D(®) is nonsingular to the reinterpreted
C., Ej, Pj’ Theorems 1-3 carry over to the multiparameter case without change

in proof provided that we interpret A as a matrix and define the vector

v(6) by

MORIRGRIDING -xg_:t,j.)jsasbw(s)d»(s,r‘(e))ds

. xabc(e)Idj(e)Jsasbscsdw(sM(s,I'](6))ds

a,b,c,d —6—

- Y§])(e)fw(s)¢(5,1_](9))d5



where Aabc(e) are the components of A(3)(6) and subscripts denote elements
of vectors and matrices.

The results also carry over directly to the estimation of a subvector

(e],...,ep), p < k with an appropriately redefined loss function.
(3) Given any estimate Tn’ define recursively
0 - g
(2.43) & " g,
1) _ () _In tn
n n -(2),-(7)
% (Tn )

That is, TéJ) is defined by taking j Newton-Rapson steps in the solution

of Eﬁl)(e) = 0 starting from Tp.

Theorem 4: Suppose C. holds and in addition 2 18 Jj+1  times continuously

J
differentiable with ZﬁJ) being its derivatives, and (as a process in 60)

] .
-atS -
(2.44) is‘)(eo) con 2 %) .

Then if T, satisfies Ej(2), T£j+]) satisfies E (1) ad E(2).

Proof. We shall argue by induction for i=0,...,j that

. g -

(2.45) iﬁ])(T£1+])) = o(n z N 2) R
1 _J
. S-n -
(2.46) T o) < o(n 20 ?)
Note first that, by (2.43),
2(3) may ((1) 1

. 2V(TF) | .

(2.47) iﬁl)(T§‘+]))7= ! z?z)(T£1))
n

J

o s 1) (1)
where ITn-T£1)I 5_|T£1 )-Tg1)|, also,

18



(1) =(1) (1) a%y3(3)  ax
z z L (87) " (6%)
2.48 (T ) =P _g) +{1--1T n 1T -8)
(2.48) ?n'g‘)‘ n ;_L—r(‘zy( { FRITOT A A
with [e*-6] < |T --6]. From C; and (2.44),
=(1) 1 J
1y 4 (M) -7 -7
(2.49) Tn-Tn = m = O(I’\ Nyl ) .
So, by (2.47),
1 s -3 3
(2.50) nziﬁl)(Tﬁl)) = o(n 2 ,n 2) = o(n'G,n 2)

for 6 < %u Case i=0 now follows. If the claim holds for i, then by

(2.47) and induction,

(D(1L42)) - o(n71728 17372)
G4 o d
=o(n ° n %)
Since
-(1) i J
, : ) , 276 -
Tr(11+2) _T(‘H']) _ ‘(]14'])) - 0(n 2 N 2) ,

n
no ol
n
the induction and result follow.

3. Examples of situations in which the regularity conditions hold

The IID Case: Consider the following conditions.

Ij(]): 2 is differentiable to order (j+3) and

Eq sup{|2](j+3)(e')|j': 8' €K} < M(K,K') <=

for 6 € K' D K arbitrary compacts, and j' = jv 2. Ij(l) may be replaced by

the condition

sup Ee{|2§j+4)(6')|j.: 8' €K} < M(K,K') <=

19
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1,(2): ABRICIE

bounded for 6 € K compact, 2 < i < j+2.

Define
. (i)
15(3): x;(8) = Egty g .

Under Ij(l), 6-—»11(6) are continuous, 1 < i < j+2. e-+Ee[2§])12(e) is
positive.

It is easy to see that Ij(1)== Cj(l), Ij(2) ='Cj(2) and Ij(l) 'Ij(3)
= CJ.(3) and

0
(1),2
£ l4y01%(6)

M (8)
I(8)

It is also easy to see that the minimum distance estimate Tn constructed by
Le Cam (1969), pp. 103-107 satisfies Ej(Z) provided that Ij(l)-Ij(3) hold
and the parameter is identifiable. We need only remark that if Fn is the

empirical distribution function and Fe the true,

]/ZIT -6 > >c.n S ~p [sup n]/zn?n-FeH;iQ(cnnd)] =o(n% Va>0

6

by the well-known Dvoretzky-Kiefer-Wolfowitz inequality. If we now require

that, in addition to Ij(l)-Ij(3),
1,(4): g 241 (8)|37+2

is bounded, uniformly on compacts, then (2.44) holds by Bhattacharya and Ranga
Rao (1976) p. 178. Thus Theorem 4 yields 6n which are suitable. There are
many alternative possibilities for én including the construction of Pfanzagl
and Wefelmeyer (1978), Bayes estimates and of course MLE's obeying Ej(Z). In

any case, Ij(l)-Ij(4) guarantee our theorems. All of these conditions save



for Ij(4) are implied by the conditions of Ghosh and Subramanyan (and Pfanzagl
and Wefelmeyer). But Ij(4) is only used in verifying Ej’ a condition which is
easily seen to be satisfied for 8, the M.L.E., under the Ghosh-Subramanyan

conditions.

Independent Observations: Let fkn denote the density of Xk’ zkn its log

likelihood, etc. Assume zk is (j+3) times differentiable and let
2(1) = Z 2(;) be the iM derivative of %+ Conditions Ij(l), Ij(Z)

generalize straightforwardly.

1t (1): Lon e tsup|2l3*) (o) 3" 61 eky < M(K,K') <
Jjvr n “k=1 kn ) - ’

for 6 € K' D K both compact independent of n.

1(2): Lyn g lalid(e) 348

i n ¢k=1 "8'7kn

bounded for 6 € K independent of n, 2 < i < j+2.

Ij(3) becomes

13(3): G —»-% Z:=] Eezé;)(e) continuous,

% Z:=] Eelﬁ;)(e) — x.(e) uniformly on compacts,

6-—+-% ZE=] E [2(])(6)] continuous.

The existence of (Bayes) estimates satisfying Ej(2) follows from Theorem III2.2
of Ibragimov-Hasminskii (1980) if in addition to Ij(l), 15(3), we require as a

replacement for identifiability,

Xk- [( 142 X,9+Sn-]/2) f]/z(x,e)) u(dx) > ¢ m1n(|s|B |s|

for some B >0, c < = independent of s, 6. Theorem 4 then yields estimates

satisfying Ej(l), Ej(2) provided that we have



v(a)- 1 ¢n (1) j'+2
(8 w Lkt Bolten (O]
bounded, independent of n, on compacts.

Markov Processes: For simplicity we consider Markov chains with starting

density f(x1,e) and transition densities f(xk,xk+1,e) with respect to a
o-finite measure u on X. Following Billingsley (1961) assume the existence

of a unique stationary distribution Se(dx) such that for each x € X

(3.1) Pe(- x) <<'Se

where Pe(A|X) = [ f(x,y,0)u(dy) .
A

Also assume that the Markov chain is aperiodic. Condition 3.1 holds for a
discrete state space provided that for each 6 the chain is irreducible and
positive recurrent. Assume 2(x,0) = log f(x,08), 2(x,y,8) = log f(x,y,0)

are (j+3) times continuously differentiable and

. I . -|+

m(1): Etsupl]et T (L0137 4 1) (x x, 8 PO
J A 1

uniformly bounded for 6 € K' DK

. (i) j'+s (i) j'+6

m:(2): EgLlat 0 ue) 177 4 100 (0000170

uniformly bounded for 6 €K
Mj(l), Mj(2) and boundedness on compacts of A, below imply Cj(1), CJ(Z).

To see this, suppose without lToss of generality that the initial distribution

is stationary and write, for example,

3.2) % D™ ey = 07l e (0047000 - 1))

e X r;(8) + n‘]z(")(xl,e)

where xi(e) = Eel(1)(X],X2,6).
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Since (Xl,Xz),(XZ,X3),... is a stationary mixing sequence with exponential
rate (see Doob (1953) p. 221, (7.1)), we can apply the moment bounds for sums
of mean 0 functions of such variables, see e.g. Ibragimov and Linnik (1971)

Lemma 18.5.2.

To get Cj(3), having defined xi above, we require

Mj(3): Ai continuous

5 — Eezz(x],xz,e) continuous and positive

The existence of estimates satisfying Ej(2) follows as in the i.i.d. case,
using a Dvoretzky-Kiefer-Wolfowitz inequality for the empirical distribution
function of ¢-mixing random variables (Sen (1974) Theorem 3.2). Theorem 4 is

applicable if also
Mj(4)= EGI’L(])(X],XZ,GHJ +3 is bounded on compacts .

These results require the application of Theorem 2.11, Gotze-Hipp (1982) which
guarantee that the moderate deviation estimates of Bhattacharya and Ranga Rao
continue to hold in this situation. The conditions of Theorem 2.11 are guaran-
teed by (3.1) since the chain is then strongly mixing with exponential rate.
These conditions and situations are given as samples only. More general
classes of dependent situations to which these conclusions apply may be obtained,

for instance by modifying the conditions in Basawa and Rao (1980) Section 10.3.
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