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Abstract

We consider the problem of estimating a smooth function from noisy, sampled
data. We use orthonormal bases of compactly supported wavelets to construct non-
linear function estimates which can significantly outperform evey linear method (ker-
nel, smoothing spline, sieve, ...). Our estimates are simple nonlinear functions of
the empirical wavelet coefficients and are asymptotically minimax over certain Besov
smoothness classes. Our estimates possess the interpretation of local adaptiveness:
they reconstruct using a kernel which may vary in shape and bandwidth from point
to point, depending on the data. Modifications of our estimates based on simple
threshold nonlinearities are near minimax and have interesting interpretations as
smoothness-penalized least squares estimates or as adaptive depleted-basis spline fits.
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1 Introduction
Suppose we are given n noisy samples of a function f:
vi = f(t) + 2z t=1,...,n (1)

with t; = i/n, z; iid N(0,0?). Our goal is to estimate f with small mean-squared-error,
i.e. to find an estimate f depending on v,...,y, with small risk R(f fY=E|f-flz =
E JX(£)(t) — f(£))%. In addition, we know a priori that f belongs to a certain class F
of smooth functions, but nothing more. It is reasonable to seek to optimize the minimax
risk R(n,F) = inf; sup, R(f, f). When f is an L,-Sobolev class or a Holder class, such
problems have been well-studied, with the result that various linear algorithms—kernel
with fixed bandwidth, or smoothing spline—are known to be near optimal: Stone (1982),
Nussbaum(1985).

To make a new point of departure, let us consider function classes F different from the
traditional smoothness classes.

As a first example, consider the Bump Algebra (Meyer, 1990, Chapter V1.6, pages 186—
189). Let g ,(z) = exp( — (z — t)%/25%) denote a Gaussian “bump,” normalized to height
1 rather than area 1. The Bump Algebra B is the class of all functions f : IR — IR which
admit the decomposition

z) = ia;g(,,.,t,.)(m) (2

for some sequence of triplets (e, t;,8:), 2 = 0,1,2,..., which satisfy }:,_0 |e;] < oo. [Sucha
representation need not be unique.] The B-norm of such a function is the smallest £;-norm
of the coefficients («;) in any such representation:

Iflls =inf > |e] such that (2) holds (3)

Under this norm B is a Banach space; in fact, a Banach algebra, since g, o) * 9(¢5,
Ag ta 33), A < 1
This algebra possesses two properties which might spark the interest of readers.

s2) —

(A) It serves as an interesting caricature of certain function classes arising in scientific
signal processing. Functions f obeying (2) with only finitely many nonzero «; are
evidently polarized spectra i.e., their graph consists of a set of “spectral lines” located
at the (¢;) with “line widths” (s;), “polarities” sgn(c;) and “amplitudes” |o;|. Thus
estimating functions in B corresponds to recovery of polarized spectra with unknown
locations of the lines, unknown line widths and unknown amplitudes. To make a
problem with finite minimax risk, we must have something known, so we set F =
{f :||flle < C} for a fixed constant C; this corresponds to a constraint on the
amplitude of the spectrum to be recovered.

(B) F contains functions with considerable spatial inhomogeneity. In fact, a single func-
tion in F may be extremely spiky in one part of its domain and extremely flat or
smooth in another part of its domain. This would not be possible, for example, in
a Holder class, where functions must obey the same local modulus of continuity at
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each point. Estimators based in some sense on an idea of spatial homogeneity of
the estimand f—such as fixed bandwidth kernel estimates, trigonometric series, and
least-squares smoothing splines—will presumably be unable to behave optimally in
spatially inhomogeneous settings: either they will oversmooth the spiky part or they
will undersmooth the flat part—or both.

These two properties—scientific interest and need for local adaptivity—are by no means
unique to the Bump Algebra. For another example, consider the class F of functions of
Bounded Variation: F = { f : TV(f) < C}. This class possesses the same two properties:

(A)

(B)

Scientific Interest. For example, the key geophysical parameter in the acoustic theory
of reflection seismology is the acoustic impedance, a function which is necessarily non-
smooth, because it has jumps at certain changes in media, but which may be modelled
as an object of finite variation.

Spatial Inhomogeneity. Functions of bounded variation may have jumps localized to
one part of the domain and be very flat elsewhere. Local adaptivity in reconstruction
is obviously very desirable.

The story does not end here, either. The Bump Algebra and Total Variation fit into
a continuum of examples which exhibit spatial inhomogeneity and may be of scientific
interest. We show in this paper, that these examples, which are Besov-type spaces with
index p < 2, exhibit phenomena which are unexpected on the basis of previous theoretical
experience with L,-Sobolev or Holder classes, in three ways.

Ph. A

Ph. B

Ph. C

Nonlinear estimators can convincingly outperform linear estimators. Let Rp(n,F)
devote the minimax risk for n observations from (1) when estimators are restricted to
be linear in the data (y;). Let R(n,F) denote the minimax risk when estimators are
unrestricted. We will show that for certain definite rate exponents rp,ry, 0 < rp <
rv < 1, Rp(n,F) < n~"t while R(n,F) < n~"~. Hence Rr(n,F)/R(n,F) — oo.
In short traditional linear methods are unable to compete effectively with nonlinear
estimates.

Wavelets allow us to construct near-minimax estimators, which although (necessarily)
nonlinear, have a very simple structure. The theory of wavelets Meyer (1990) provides
an orthogonal decomposition for L, which is an alternative to the usual orthogonal
decompositions based on Fourier analysis or orthogonal polynomials. We will show
how an empirical version of the wavelet decomposition may be used for nonlinear
estimation. Specifically, we estimate the unknown function in a near-optimal way
by applying to each empirical wavelet coefficient a special nonlinear transform which
optimally rejects noise in a minimax sense.

Thus although one might have expected a minimax nonlinear estimate to be a quite
arbitrary nonlinear function of the data, in fact it has a computationally and concep-
tually convenient form when expressed in the wavelet expansion.

These near-minimax estimates have an intrinsic local adaptivity. Our wavelet method
has a representation as an adaptive kernel estimator which may change loca.lly —in
both shape and bandwidth— in response to the data.
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We emphasize that these phenomena are general and apply to a continuum of different
smoothness classes F.



2 Wavelets

The theory of wavelets has been enthusiatically developed in recent years by a large number
of workers. Our point of entry into this literature was the books of Y. Meyer (1990a, b).
Synthesizing a large body of superficially different work in fields ranging from Fourier anal-
ysis to operator theory to image analysis, Meyer develops fully the idea of multiresolution
analysis and its use in the study of various function spaces and various operators. The
papers of Daubechies (1988) and Mallat (1989 a,b,c) are also extremely helpful.

Starting from a pair of functions, ¢ and %, which are C™ and of compact support, one
defines the translated and dilated functions

Yix(t) =222t k) je€Z kel

and, for a fixed ¢,
wex(t) =222 — k) kel

The functions ¢ and 3 provide an r-regular wavelet analysis if
(1) ¢, ¥ are C" and of compact support
(2) fo=1, [¥t=0, 0<k<r,
(3) {%jk}jez rez make an orthonormal basis of L;(IR)
(4) {per}rez U {jk}j>ekez make an orthonormal basis of L,(IR)

Properties (3) and (4) yield immediately the usual decomposition and reconstruction
formulas valid for orthonormal bases. However, it is convenient to give them special names.
The wavelet coefficients of an f € L, are

Ak = /fzbj.k, keZ,;e€Z (4)
B = [fow, kez (5)

The homogeneous wavelet reconstruction of f is
f=2 i (6)
sk

and the inhomogeneous reconstruction formula for f is

f= i Broer + ) i a; ks k (7

k=—-o00 J2lk=-00

The functions ¢ and ¢ are called the mother and father of the wavelets, respectively.
The functions v, are the wavelets. To a certain extent, 1;x is “localized” at position
z = 277k and frequency 27, while ¢y is “localized” at 2~¢k and occupies the frequency
band [-2%2¢] . Thus (Bk) represents the low frequency content of f near k and ajx
represents the content in frequency space near 27 at spatial position 2-7k.

)



In a more formal sense, if Vj represents the L, span of (¢x) and W; the L, span of
{4k, k € Z}, then the homogeneous reconstruction formula represents a partition

L(R)=---dWi,0Wod W, @---

into different frequency ranges, and the inhomogeneous reconstruction represents a parti-
tion '
Ly(R)=Vo®oWod W1 @ ---

into Vp, the low frequencies, and the various high frequency components.

In the definition of wavelet analysis, the property of compact support is not strictly
speaking necessary; Meyer does not insist on it (exponential decay at co would be sufficient).
However, Daubechies (1988) has proven the existence of compactly supported wavelets of
regularity r for each r > 0. Compact support is so frequently useful both for practical
calculations and for mathematical proofs that we limit ourselves to that case in this paper.

Wavelet analysis has many desirable proerties but we mention two in particular. First,
the representations (6)—(7) are true not just in L,(JR) but in many spaces of locally in-
tegrable functions. For example the homogeneous reconstruction formula is valid in L,
1 < p < 00; and the inhomogeneous one is valid in L, for 1 < p < co. General orthogonal
series decompositions often fail for L, spaces outside a certain range (Askey and Wainger,
1965); in this sense wavelet reconstruction is much better behaved than general orthogonal
series. .

Second, the wavelet coefficients can be used to measure quite precisely the smoothness
properties of a function. Consider first the local smoothness properties. Suppose we have an
r-regular wavelet analysis, 7 > 1. Set Q(j,k) = supp(¥;x). Jaffard (1989) points out that
if f is locally Holderian at zo, with exponent §, then a;x = O(2-(1/2+9)7) for every sequence
(4, k;) with 3 — oo, zo € Q(J,k;). Meyer (1990) points out that if f is differentiable at
o then ajx = 0o(27%/%) for every sequence (j, k;) with j — oo, zo € Q(j, k;). Moreover,
both results have near-converses.

The wavelet coeficients also measure global smoothness quite well. Let Ag,') f denote

the r-th difference 3;_, (,’;)(—1)" f(t+ kh). The r-th modulus of smoothness of f in L, is

weo(fi ) = [JAL £,

The Besov seminorm of index (o, p, q) is defined for r > o by

o (w,,(f;h)\? dh \*/?
e ([ (242) %)

wy p(f;5 R)

hd

if ¢ < o0, and by
lfIB(a,p,OO) = sup
h>0

if ¢ = oo.

This measure of smoothness includes, for various settings (o, p, ), other commonly used
measures. For example let C% be the set of functions with |f(s) — f(t)| < ¢|s — t|® for some
¢ > 0. Then f has for a given m = 0,1,... a distributional derivative f(™ satisfying
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fim e C% 0 < § <1, if and only if |f| B(m+6,00,00) < 00. Similarly, f has a distributional
derivative f(™ satisfying f(™ € L, iff |f|p(m22) < oo. Finally, f belongs to B, the bump
algebra, iff | f|p(1,11) < 0. See for example, Meyer (1990a) Chapter VI. It is a significant
fact that the Besov seminorm is essentially a functional of the wavelet coefficients (a ;).

Theorem 1 Let an r-regular wavelet analysis be given. Define

q\ 1/q

oo . 1/p
) |O‘|b(s,p.q) = Z 2’ ( Z |aj,k|p)

Jj=-—00 k=-o00
[with the standard interpretation if ¢ = co]. Then with a = a(f) we have

c|flBepa) L 12lb(spa) < Clf|B(opa)

with s = o +1/2 — 1/p, where ¢, C depend on (¥, ¢,p,q,7,0).

See Meyer (1990) Page 197, Proposition 4. In our opinion, it could probably be derived
from earlier work in atomic decompositions, in nonlinear approximation theory, and in
Besov Spaces, predating the development of wavelets; in particular, Peetre (1976), Pietsch
(1981), and especially Frazier and Jawerth(1985) and De Vore and Popov (1988). In some
sense these earlier authors were working with expansions in terms of “wigglets”, that is to
say, wavelet-like expansions without the rigid definition and especially the orthogonality
properties of wavelet analysis.

In sum, wavelet analysis gives us a transformation from continuous function space into
a sequence space with two fundamental properties

(1) If f and f are two functions,

= fIF = (G5 — aju)’?

»k

(B =B+ i (djk — ajr)?

J20k=—00

Fils

so there is an exact isometry of the L, errors. This, of course, follows from the
orthonormality of the wavelet basis.

(2) The function f satisfies |f|p(opq < A if |@|y(spq < A/c, for appropriate c. On the
other hand, the function f satisfies | f|p(sp,q) < A only if ||p(s,pq) < CA. Thus there
is an equivalence (but not precise isometry) at the level of smoothness measures.

These two properties of the sequence transformation dominate all that follows. We will
concern ourselves with recovery of functions from noisy data, and we will find that the
sequence transformation enables a complete and natural treatment of the problems.



3 Correspondence between Estimation in Function
Space and in Sequence Space

Suppose we observe sequence data
yik=0ix+zx J=012,..., k=0,...,27 - L (8)

where z; are i.i.d. N(0,€2) and 6 = (6,x) is unknown. We wish to estimate 6 with small

squared error loss || —8]|2 = (8% — 0;x)?. Although 8 is in detail unknown, we do know
that ||0]]s,p,q < 1, where

2i-1 1/p\ ¢ 1/q
1601le.p.q = z 2" (Z 165,17 . (9)
i>0 k=0

Thus we have a problem of estimating § when it is observed in a Gaussian white noise,
and is known a prior: to lie in a certain convex set ©,,,(C) = {6 : ||8]|spq < C}. We
often are interested in the case C = 1, and put for short 0, ,, = O, ,(1).

The difficulty of estimation in this setting is measured by the minimaz risk

~(€ ©up,q) = inf sup E||§ — 0]]3 (10)
6 ©4pq
and by the minimaz linear risk
1(6,04pg) = inf sup E||6— 6|3 (11)
linear 77

where estimates are restricted to be linear.
Because of the wavelet isometry, there is a close connection between minimax estimation
in this model and in the regression model (1) with which the paper began.

Theorem 2 Correspondence Theorem. Let an r-regular wavelet analysis be given,
r > 0. Suppose that the function class F may be written F = P + H, where P 13 either
{0} or else the set of all polynomials of degree < r, and where H 1is the class of locally
integrable functions h(t) with wavelet coefficients bounded in the s,p,q seminorm:

H={h:h=>D ajr¥jk |sspq < C}

Suppose in addition that H C BV (C’) for some C' > 0 (e.g. suppose that s > 1/2, or that
Then if n — oo along powers of 2,

Ry(n, F) ~ ’;v<—"\/=ﬁ—,e,,p,q(0)) | (12)
Ri(n, F) ~ Rz(—};, ©,54(C)) (13)

Moreover, estimators attaining Ry (%, ©) or Ri(F,©) in the sequence estimation problem
may be used to attain Ry(n, F)(1+0(1)) or Rp(n, F)(1+40(1)) in the sampled-data problem.
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The proof, which we defer to sections 7-9, establishes a close connection between the
“empirical wavelet coefficients” of a sequence (y;) obtained via (1) and the sequence data

(y;k) obtained from (8), provided we make the calibration e = 5
First, however, we use the motivation provided by the Theorem and make, in sections 4-

6, a detailed study of the behavior of minimax risks and minimax estimates in the sequence

problem.



4 Minimax Estimation in Sequence Space: Rates

The general problem of minimax estimation in a sequence model when the object is known
to lie in a compact subset of £, has been discussed in Donoho, Liu, and MacGibbon (1990)
(hereafter [DLM]). However, their notation and definitions are somewhat different. To use
their results in the context of data (8) and prior information (9), we must define sequences
(n:) and (v;) by lexicographic reordering elements of (8;x) and (yjk). Let n2iyx = 6k,
Vgirk = Yjk; we then have a problem of estimating (7;) from white noise data (v;).

The set O, o o Corresponds to a certain hyperrectangle {n: |r).| <1}, Toigk =277
the set ©, 2 corresponds to an ellipsoid ¥ a?n? < 1 with a2,+k = 27%; and more generally
©,.p,p corresponds to a set 3_af|n;|? <1, or 4, body

From an intuitive point of view, prior mforma.tlon that 7 lies in a certain ¢, body means
that for large index i, n; must be a priori near 0, and hence that a good estimator will
not use the raw data v; as its estimate of 7;, but rather something “shrunk” towards the
a priori likely value of 0. Linear shrinkers of the form c;v; with ¢; € [0,1] are of course
well known. The nonlinear shrinker sgn(v;)(Jvil — M)+ is less well-known, but has certain
advantages.

[DLM] identify the following basic fact about estimation over £,-bodies: if p > 2, R} /Ry <
1.25; but if p < 2, R}(e)/Ry(e) — oo e — 0. Indeed if p < 2, R}(€) < (‘62)5'2_;7 while

2)%% < Ry(e) < M2(e)( 2)—-+Trr- with M?(e) = O(log?(¢)). In words, if p > 2,
lmear estimates can be within 25% of minimax among all estimates; if p < 2, however,
linear estimates can be outperformed by nonlinear estimates even at the level of rate as
e — 0.

Underyling these results is an intuitive picture. The case p < 2 allows for a situation of
sparsity: a very few n; are comparatively large, and the rest of the 7, essentialy zero. Linear
shrinkers cope poorly with such sparse situations. Nonlinear shrinkers like sgn(v;)(|vi| —
A;)+cope better; speaking informally, they identify the cases y; which are likely to be large
and estimate those coordinates in a relatively conventional way; all other cases are shrunk
to zero.

Unfortunately for us, the ©,,, with p # ¢ are not £,-bodies, and so are not covered by
the results of [DLM]. We are able to prove, in section 10 below, closely analogous results.

Theorem 3 For any s,p,q > 0,

Ry (€) < (e2)mr.
If p and q both are at least 2

1

L
< 1.25.
Ry —

Theorem 4 Ifs,q>0, 0<p<2.
B9 x ()T

Taken together, these results show that for p < 2, nonlinear estimates can significantly
outperform linear ones in the model (8)-(9).

In combination with the Correspondence Theorem, we get Ph. A of the introduction.
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Corollary 1 (Bump Algebra) Let F = {f : ||f||s < C}. Then for data (1),
Rp(n, F) =< n~1/?
RN(n, F) = n=2/3

Indeed, the Bump Algebra coincides with the choice r > 1, P = {0}, (s,p,q) =
(1/2,1,1).

Corollary 2 (Total Variation) Let F = {f : TV(f) < C}. Then for data (1),
Rp(n,F) x n~1/?
Ry(n,F) xn~3

Indeed, we apply the correspondence theorem with r = 0 (the Haar Wavelet Basis),
P = {constants}; a simple computation shows that bounded variation is a superset of the
case (s,p,q) =(1/2,1,1) and is contained in (s,p,q) = (1/2,1, 00).

We also see immediately that phenomenon Ph. A of the introduction holds more
generally: For Besov Spaces with indez p < 2, nonlinear estimates can be essentially better
than linear ones. Indeed the corresponding fact is true for the sequence model, by Theorems
3 and 4; and the Correspondence Theorem lets us transfer the conclusion to the function
estimation problem.
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5 Minimax Risk and Minimax Estimator

In this section we study carefully the structure of minimax estimates in the sequence
problem. By the Correspondence Theorem this information will carry over to the function
estimation model. This will ultimately establish Ph. B of the introduction: the idea that
the wavelet isometry maps us into a coordinate system where an asymptotically minimax
estimator has a very simple structure.

5.1 Minimax Bayes Estimation

Consider the following Minimaz Bayes estimation problem. We observe data according

to the sequence model (8), only now (8;x) is a random variable, which may be arbitrary
except for the single constraint that

I7llopq < 1
where
Tik = (E|0;x[?)V/7.
In short, we replace the “hard” constraint that ||f||,,, < 1 by the “in mean” constraint
l|7]ls,pq £ 1. We define the minimax Bayes risk

Ry(€0,,p,) =inf sup Ellé - 9|2
é

T€Q,,p,q

As “hard” constraints are more stringent than “in mean” constraints, Ry > R}y.
In this section, we develop two main results. First, we show that minimax estimators
for Ry are separable nonlinearities.

Theorem 5 Lets,p,q >0, g > p. The minimaz estimator for Ry(€) has the form
0, =6 yx) J=0,1,..., k=0,...,27 -1

where 6%(y) is d scalar nonlinear function of the scalar y. In fact there is a 3-parameter
family 8, ) of nonlinear functions of y from which the minimaz estimator is built:

5; = 5(,;,'5'1,) 7=0,1,...
for a sequence (r;)%, which depends on s, p, ¢, and e.
Second, we show that R} gives the exact asymptotics of R3%,.

Theorem 6 Lets,p,g>0, ¢>p, ¢>1, p<2.

Ry(e) = Rp(e)(1+0(1)) (14)
Rp(e) ~ ~(e)C?ner (15)
where et Vp—1/2
- s+1/p
and

v(e) = (& 5,p,9)
15 a continuous periodic function of log, €.
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Combining Theorems 6 and 5, the estimator 6~ is asymptotically minimax for R} as
€ — 0. In short: a separable nonlinear rule is asymptotically minimaz.

The proof of these results is not primarily a technical matter; instead, it relies on a
variety of concepts which we introduce and develop in the subsections below.

5.2 Minimax Bayes Risk for a Mean With Bounded p-th Mo-
ment

Consider now a very special problem. We observe

v=n+z (16)
where 7 is a random variable, and z is independent of n with distribution N (0,€e?). We do
not know the distribution F of 7, but we do know that 7 satisfies (Er|n|P)!/? < 7. We wish
to estimate n with small squared-error loss. Define the minimax Bayes risk

pp(r,€) =inf  sup  EpE,(é(y) —n)* (17)
6 (Erlnip)t/p<r

This quantity has been analyzed in Donoho and Johnstone (1990), hereafter [DJ]. There
we find that p, satisfies the invariance

pp(T,€) = Esz(T/ea 1) (18)
and the asymptotic relation

T2 p>2

pp(T,1) ~ { 7"’(210g(7’"”))2_;g p<2

as 7 — 0. The function p, is continuous, is monotone increasing in 7, is concave in 7° and
has pp(7,€) — € as 7/e — oo.

There exists a rule §(,.. ;) which is minimax for p,(7, €); it is odd, monotone, and satisfies
the invariance 67 ) (y) = €6(r/e1,0)(y/€)- S

[DJ] also consider a vector version of this problem. Suppose we observe n observations
according to (16), i.e.,

vi =1 + 2 1=1,...,n (19)
with z; iid N(0, €?), (n;) random, with distribution 7, (7;) independent of (z;), and (SE,|n;|?)1/? <
nt/Pr [ie., Aveicicn Ex|nilP < rP]. Let Opa(r) = {6 : T2,]6;/P < rP} denote the n-
dimensional /, ball of radius r; then for the minimax vector Bayes risk

B(€Opin(r)) = infsup{ EE, |l — nll3: Ex>_ |mlP < nre}.

Setting 7;(1) = (Ex|n:|P)}/P we see that the moment constraint is equivalent to requiring

that 7(7) € ©p.(r). We have the formula (proved in [DJ])
R3(€0,a(n'Pr)) = np(r,€). (20)

This is an expression of the fact that the least favorable prior for n makes the 7; i.i.d., in
which situation the problem becomes a product of independent problems, and the risk per
coordinate becomes that in the scalar problem, i.e., p(r,¢€).
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5.3 Minimax Bayes Risk Over Cartesian Products

Return now to the problem of estimating (8;x) from data y;x = 1 + zx 7 =0,....,k =
0,...,27 —1 containing white noise (z;). However, instead of the constraint (6;x) € O, , 4,
we now consider the constraint that the moment sequence lies in a Cartesian product set.
Given a sequence r = (rg,71,T2,...) of positive numbers, we define such a set by

29-1
Op,0(r) = {(‘%‘.k) DY 105kl < 2””?} .
k=0

Alternatively, letting ©,.(r) denote an n-dimensional I, ball as before, the set has the
representation

Op00(r) = Opa(ro) X 9p,2(21/p7‘1) X -
X @pus(27r) x -

as a product of [,-balls of increasing dimensionality. Such product sets have two useful
properties:

(1) Additivity of component risks:
3(6Opoo(r)) = D_ Rp(€0,,0i(27/Pry));
J=0

this is simply because the estimation problems at different levels j are logically inde-
pendent and become stochastically so as well, under the least favorable prior. Hence
we arrive at the formula

Ry (€ Opoolr)) = i 2 py(r1 ) (21)

in principle, an exact expression for the minimax Bayes risk.

(2) Separability of minimax rules. The rule which is minimax Bayes for © , (r) is
Ok =8;(yix)  J=0,1,2,... k=0,...,27~1 (22)

where 8;(y) = &(r;.ep)(y), With 8(;.p) the minimax rule for the Bounded-Moment
problem of Section 5.2 .

As a result of these two properties, we may find ourselves wishing that we could study
estimation over sets ©, . (r) rather than ©,,, There is a sense in which we can. Suppose
that ©p(r) is a subset of a set ©. The problem of estimating (#;%) from data (8) with
prior m and 7(7) known to lie in O, (r) is called a Cartesian subproblem of the full problem
of estimation (when 7 is only known to lie in ©).

14



Theorem 7 Lets > 0 and q > p. The difficulty of the full problem is equal to the difficulty
of the hardest Cartesian subproblem. In symbols:

B(€0,p,q) = max{Rp(€& Op,oo(T)) : Opoo(r) C O4p,4},

the mazimum being attained by some sequence (13,73,...). The estimator

Bi = 8rs,e)(¥)

which is minimaz Bayes for this Cartesian subproblem is minimaz Bayes for the full prob-
lem.

Note that this Theorem implies Theorem 5. It is proved in section 10.

5.4 Dyadic Renormalization

Theorem 7 reduces the problem of computing R%(e; 0, ,p,) to an optimization problem.
By formula (21) we have Ry(€,0,,,) = val(P.1) where (P.c) denotes the optimization
problem
o0 oo
(Pec) supz 2jpp(r,~,e) subject to Z(2‘j(zjr§)1/”)" <C?
7=0 =0
(with obvious reformulation if ¢ = 00).

At first glance, solution of this problem would appear to be beyond reach, owing to the
fact that we have no closed form expression for p,(7,€¢) when p # 2. However, a certain
“renormalizability” of the problem provides a tool to get qualitative insights.

Define the following optimization problem (Q.c) on the space of bilateral sequences

S={(r))-}

(Qec) sup Z 27p,(r;, €) subject to Z (2’j(2’,-’J)l/p)q <C?
Jj=-—o00 Jj=-—o00
This problem is obviously closely related to (P.c). If the unilateral sequence (r;)%2, is
feasible for the discrete problem (P.c) then the extension to a bilateral sequence (7;)

defined by setting ¥; = 0, j < 0 and 7; = r;, 7 > 0, is feasible for the bilateral problem
(Qe,c)- We conclude that

Va.l(Pe'c) < Val(QEc) Ve > 0, C > 0.

On the other hand, if the bilateral sequence (r;) is feasible for (Q.c) then the unilateral
sequence 7; formed by dropping the 7 < 0 portion from (r;) is feasible for (P, ¢). Moreover,
the part of the objective function which is lost in dropping the negative indices is at most
€2, since pp(r;,€) < €? implies 3;.027p(rj, €) < €2. Hence

val(Qec) < val(P.c) + € Ye> 0, C >0.

We know of course that a discrepancy of order €? between the value of the two problems is
asymptotically negligible. Hence val(P.c) ~ val(Q.c), as ¢ — 0.
Here are the asymptotics of val(Q.c).

15



Theorem 8

val(Qec) = (e, C)CZ(I—')ez' (23)
h
where r_1+,3“11/2
T 148

and v(¢; C) is a continuous, periodic function of loge.
The immediate implication of this is that R} (¢) < const e?". Indeed,

v(€) < Rp(e) = val(P.y)

< va'l(QC.l)
< const €.

The Theorem follows from a certain homogeneity with respect to scaling and translation

of the functionals involved. Let p(v) = rhop(e,1), and recall the invariance (18). Set
B = q(s — 1/p). Define

Toer) = € 3 29p(r/e)
Jq'g(’r) = szBT‘g.

Moreover, let (Uskr)j = arj—k. Then by a simple change of variables

Joe(Uexr) = €225, 1(r). (24)
Also
Jq,g(?/{a,kr) = anﬁqu,B(T). (25)

As (Q.c) is the problem of optimizing J , subject to J, g < C9, these scaling relations
imply at once that if (r;) is a solution to (Q; ) then the renormalized function 7; = er;_x
is a solution to (Q.c), with

C
= €2s-1/p
In turn, this renormalization implies (23).

We now show why. Let R¢ denote the set of sequences feasible for (Q.c), i.e. the (r;)

with J, g(r) < C9. Then, it follows from (25) with a = € that

T (26)

UkRr = Re
and one may also see that
U~ _rRec = Rr.

Hence

sup{Jpe(r) : Jo8(r) < C} = sup{J,(Uesr) : U T € Re}
= sup{€e?2*J,,(r) : 7 € Rr}
= €e2%sup{J,.(r) : r € Rr}



In other words
val(Q.c) = €22* val(Q: r).
In particular, we note that if z = k + 6, k an integer, é € [0, 1),

val(Qy ze8/a) = 2* val(Q zs8/4)- (27)

Now define
k(e,C) = |log,(CJe) - %J €z

8(e, C) = log,(CJe) - %— k(e,C) €10,1)
The definition (26) then yields
T = 20(C)B/a ¢ [1’213/11)_
Then

val(Qec) = €2°val(Qyr)
= €(C/e)¥P275C) val(Q, r).
Putting
7(e,€) = 27 val(Qur)

and noting (27), we see that « is a function of é(¢,C) and hence a periodic function of
log, € for each fixed C. Continuity follows from:

Lemma 1 The supremum of 3%, 27p(r;) over the class Rr of nonnegative sequences sat-
sfying 32 2”7“} < T s attained within the subclass Dr of decreasing sequences. The
class of sequences p(Dr) = {(p(r;)) : r € Dr} is a compact subset of l;. Consequently,
the mazimum 3% p(r;) dt over r € Rr is finite, and the mazimum s attained by some

r € Dr. supgcrcoo |P((1 = 8)r) — p(r)] — 0 as 6 — 0; consequently the mazimum value of
J1,, over Dr is continuous in T

The lemma is proved in the appendix.

5.5 Minimax Risk Over /,-balls

At this point we have completed the proof of the main results announced in Section 5.1,

except for the relation (14), i.e. Rp(e)/Ry(e) — 1 as € — 0. We now establish this
asymptotic equivalence.

Consider (yet) another estimation problem. We observe
v; =N + zi, 1=1,...,n

where the z; are 1.i.d. N(0,€?) and the 7; are no longer random variables, but instead
unknown constants, satisfying (7;) € ©Onp(r). We wish to estimate (7;) in a minimax
fashion with respect to squared-error loss. Define

Ry(60n,(r)) =inf sup E,||l7 —nl|l3.

N€On,p(r)

This problem has been studied in [DJ]. While evidently R3/(¢;0,,(r)) < Ry(€0,,(7)),
the two quantities are often not significantly different.
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Theorem 9 [DJ] Let r, = ronl/P.

3(1;©n,p(Tn)) -1
7(1; ©np(Tn))
To apply this fact about £,-balls to the study of sets O, ,, suppose we let (ex) be

a sequence of positive numbers tending to zero according to k(ex,C) = k, 6(ex,C) = T,
independent of k. In detail,

n — oo. (28)

C

We will show that
Rp(ex)/Rn(ex) — 1 (29)
as k — oo.
Let r(® be a solution to the optimization problem (Rr); then r(9 € Dr; it has the rep-

resentation r{¥ = ( Then define the unilateral

3 r;) for a certain bilateral sequence (r;)%2

sequence
rgk) = ekrgg)k 7=0,1,2,....

Consequently

> Pp(r ) = 30 2p(ri2y),

Jj=0 J>0
and .

Ry(er; Oppa) ~ 3 27p(r'Y), k- oo
320
Define .
_ Ry(1;0,2i(re2/7))

" Ry(5 Opai(r2’7))
By Theorem 9 above Aj, — 1 for £ fixed, j — co. Now as O, (rF) Cc ©

$,p,q
Ry (€x; Ospq) > Riy(ex; ep.w(r(k)))

but by definition of Aj,

Riv(€k5 ©poo(r™)) = €2 3 29X, 5 kp(rj—i).

320
Changing variables £ = j — k, 7 = k + ¢, we therefore get that

lim R:B(ek; ea,P»Q) S Lim 5 Z—: 2lp(rl)
k—oo Ry(€k; Ospq) ~ k=0 22 ;2 Atrk,ep(Te)

By Fatou’s Lemma and Monotone Convergence both the top and bottom of this ratio
converge to 32 ___ 2%(r,) = val(Rr) € (0,00). Hence the indicated limit is 1.

Suppose now that () is an arbitrary sequence, with associated scaling factors (I'x) C
[1,28/9). This sequence has accumulation points. Suppose w.lo.g. that the sequence ac-
tually has a limit, I'y, and without essential loss of generality that the limit is strictly in

18



the interior of (1,2%/9). Given § > 0 we can construct two sequences (e") and (€?) which
are subsequences of dyadically scaled sequences with base scales I‘E,I) and ng) satisfying
' <To <T@, |TMW —T?@]| < § and such that for sufficiently large k, eg) < e < eg).
By monotonicity of minimax risk in the noise level,

i B(ex) < lim () _ Val(Rr(z))-
k— 00 R'I‘V(ek) ~ k—oo R,I.V(CS:)) Va-l(R[‘(l))

By continuity of val(Rr) (see Lemma 1) this ratio can be made as close to 1 as desired by
picking § small enough. Hence (14) holds.
This completes the proof of Theorems 5 and 6.
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6 Near-Minimaxity of Threshold Estimates.

We have derived an asymptotically minimax estimator for ©, ;4 built out of coordinatewise
nonlinearities from the family 6, p)- Unfortunately, these nonlinearities are not available
to us in closed form. In this section we show that simple “threshold” nonlinearities pro-
vide near-minimax behavior when ¢ > p. We consider two possibilities: first, the “soft”
nonlinearity

6x(y) = sgn(y)(lyl = )+

which is continuous and Lipschitz; second, the “hard” nonlinearity é,(y) = Y1{jy>uy Which
is discontinuous. [We adopt the convention that § refers to a scalar nonlinearity whose
type depends on the lexicography of the subscript: (e,7,p), A, and p referring to different
nonlinearities.|

Suppose we are in the Minimax-Bayes model of Section 5.1, so our data are y;; =
6;x + zjx with 6, random variables satisfying the moment constraint 7 € ©, ,,. Consider
the use of separable estimators built out of thresholds, i.e. set A = (A;x) and

0 =6, (y56) 7=0,1,2,...; k=0,...,27 - 1.
The minimax risk among soft-threshold estimates is defined

R;(e,0) = inf sup E||6* — 6]|2.
(Aix) reo

For hard thresholds é;‘k = 8u;,(¥5k), the minimax risk R}(¢,©) is defined similarly. The
minimax risk among all estimates is of course R}(¢e;©). In the subsections to follow, we
develop results which establish

Theorem 10 Let ¢ > p > 0. There are constants A(p), M(p), both finite, with

R (6,05pq) < A(p)Rp(€,0,p,)
RL(C’@s,p.q) < M(P)R;B(fa@s,p,q)

There ezist thresholds which attain these performances; they have the form
/\j,k=e-f(e,r;‘,p) j=0,1,...; k=0,...,27 —1.

and .
ki = €m(e, %, p) j=0,1,...; k=0,...,27 -1

for certain'functions ¢ and m and certain sequences ™ and r# such that O, (T*) C O, 54,
Opoo(T#) C Oy,p-

In short, with optimal choice of threshold, we can obtain near-minimax behavior relative
to 7. We remark that A(1) < 1.6, so the near-minimaxity is numerically effective.

Finally, by (14), these estimates are within a factor A(p) (resp. M(p)) of being asymp-
totically minimax for the frequentist criterion R7(€).
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6.1 Minimax Bayes, Bounded p-th Moment (Encore).

Return briefly to the scalar situation of Section 5.2 ,with v = 7 + 2, n random, z inde-
pendent of n and N(0,€?). We are interested in estimating n with squared-error loss. The
distribution of 5 is known to satisfy E|n|P < 7P, and the minimax Bayes risk is by definition
pp(T, €).

To measure the performance of threshholds in this situation, we define

7,€) = inf su E(é —n)?
(7€) N RO A (6x(y) =)

and

Pup(T,€) = inf sup  E(6.(y) — 77)2;
u€[0,00] (Eln|p)i/P<r

under our typographical convention, these are worst case risks for soft (A) and hard (u)
thresholds, respectively.
To compare these performances with the Bayes Minimax estimates we define

A(p) = sup M < oo.

re  pp(T,€)
and
M(p) = supme—)- < oo.
re pp(T,€)
[DJ] show that for p € (0,00], A(p) < oo and M(p) < oo, In short, the minimax &) is
within a factor A(p) of minimax, and the minimax §, is within a factor M(p) of minimax.
In fact, A(p) and M(p) are both smaller than 2.22 for all p > 2; and computational
experiments indicate A(1) < 1.6. Quantitatively, A(p) tends to be somewhat smaller than

M(p), which says that “soft” thresholding offers a quantitative superiority. (Compare the
conclusions of Bickel (1983) in a different Bayes-minimax problem).

6.2 Hardest Cartesian Subproblems for Thresholds.

Return now to the sequence experiment. The problem of estimating § when the moment
vector 7 is known to lie in a Cartesian product @, (r) C O, is called a Cartesian Subprob-
lem of ©. For such subproblems we have the formula

R3(€,0p00()) = z 2jpf\.p(7'ja €)
720

expressing the worst-case risk in the infinite-dimensional problem in terms of one-dimensional
worst-case risks, and similarly

R;(fv @p,oo(r)) = Z 2jp,‘,p(rj, €).

720

We have the following analog of Theorem 19.
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Theorem 11 Letq > p, s,p > 0. The difficulty, for soft threshold estimates, of the full
problem, is equal to the difficulty, for soft threshold estimates, of the hardest Cartesian
subproblem:

3(€;©) = sup{ R}(€&,0p,00(r)) : Opo(r) C O}.
The supremum is attained by a sequence (r7), and a soft threshold estimator with thresholds
Ajk=€- f(r;‘, €,Pp)
is minimaz among soft thresholds for a certain function {(r,e, p). Sz:milarly
R(&©) = R (& Op,0(r*))

for a sequence (r), and a hard threshold estimator with thresholds

pik = € m(r}, € p)

is minimaz among hard thresholds, for some function m(t,¢,p).

Hence, the “hardest Cartesian subproblems” heuristic works in this case as well.
The proof is given in the appendix. Theorem 10 follows directly:

R:{(f’es,p.q) = R:\(e%ep.oo(rA))
= ZZJP)\,P(T;‘,E)

Ap) X 20y(r}, 0
A(P)Ry(€;0,5,00(m))
A(p)R"B(e; ea.p,q)

INA

IN

and similarly for u-thresholds.
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7 Function Estimation in White Noise

At this point, we have a rather complete understanding of minimax and near-minimax
estimation in the sequence model. We now turn to the Correspondence Theorem. Once
this is established, Ph. B of the introduction will follow, and the interpretation of that
result will lead to Ph. C, completing the three major aims of the paper.

If our attitude towards the results of this paper were simply that they represent asymp-
totic results of potential practical use, we would relegate the proof of the correspondence
theorem to an appendix and bring the body of the paper to a speedy conclusion. However,
we have implemented our proposed estimator in computer software; it is algorithmically
efficient and gives appealing results. We have found that the issues in the correspondence
theorem itself are those which arise in practical implementation of an empirical wavelet
transform. Therefore, we spend the next three sections developing the idea that results in
the sequence problem may be used for smoothing of noisy data.

There are three main questions which we will address in the process.

(Ql) Membership of a function f in Besov space is determined by the seminorm |a|p(s,p,q)s
which is bilateral in j and k; membership of a sequence 8 in O, ,, is defined by the
norm ||6|s,p,q, Wwhich is unilateral in j and finite in k. Why the apparent discrepancy?

(Q2) Wavelets are designed for functions on the whole line; data (1) is restricted to the unit
interval [0,1]. How do we use the wavelet transform for problems with a boundary?

(Q3) The wavelet transform of a function f requires the calculation of integrals [ ik
However, the discrete data (1) admit, at best, noisy Riemann sum approximations to
such integrals. How do we use the wavelet transform for sampled data?

In this section we consider a different kind of estimation problem which allows us to
understand (Q1) and (Q2) fully - the white noise model. Suppose we observe the stochastic
process Y (t), t € [0,1] where the process Y is characterized by

Y(dt) = f(t)dt + eW(dt)  te[o,1] (30)

with W a standard Wiener process, and f the function of interest. We wish to estimate
f on the basis of these data and the a prior: information that f € F a convex class of
functions. We use squared-error loss, and are interested in

Ry(&F) = il}fsngllf-fllg (31)
as well as R
1(e: F) = inf supE||f — f|I3. (32)
f linear F

This type of problem is called “function estimation in white noise”. It can be related to
data (1) as follows. Observing data(1) is evidently equivalent to observing

Yn(t) = %Zyi

t; <t
1 - 1
= =D flt)+=2 =
n t; <t n t; <t
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With e = 7"- the process Y, is visibly a Riemann sum approximation to Y. (Q3) 1S In some
sense about the adequacy of this approximation. By focusing on data Y in this section
we implicitly take an affirmative answer to (Q3) for granted and separate the study of
questions (Q1) and (Q2) from (Q3). The sampling issues associated with the process (Q3)
will be addressed in section 9.

7.1 Functions of Bounded Variation

Suppose that F is the class of functions f supported in [0, 1] and of total variation TV (f) <
1.

The Haar basis is then the appropriate wavelet basis for this case. Let ¢ = 10,1, and
Y(t) = 1p/2,1) — ljo1y2)- Define ¥;i(t) = 29/24p(29t — k), j=0,1,2,..., k=0,...,27 — 1.
Let f € Ly[0,1] and put

ﬂo=/90of, 9jk=/¢jkf-

Then the inhomogeneous wavelet reconstruction formula gives, in this case f = fB¢ +

> >0 Ei’_ ! 9;1;x (convergence in L;). This is the wavelet representation of f in the
Haar basis.

Consider now the data

[ o (@)

yik = /z/;,,kY(dt) i=0,1,2,..., k=0,...,2/ —1.
From properties of the Wiener process,
bo = Bo+ 20
Yik = Oj,k—f-z,»,k 7=0,1,2,..., k=0,...,27 -1

with zg, z;% 1id N (0, €2).
Suppose now that we treat the data y; as sequence data, and form empirical estimates
(ij) of the corresponding (6;x). Then the series reconstruction f

ft)y=bo+ Y bxthix
has the loss . )
”f - f“i,[o,l] = (bO - ﬂo)2 + Z(ej,k - 0J',k)2-
3k

In words, there is an exact isometry between estimating error in one domain and in the
other. As the isometry goes in both directions, we conclude in an obvious notation that

Ry(eF) = €+ Ry(€0)
Ri(6F) = €+ Ri(g0);
here the terms on the left hand side represent minimax risks for the problem in func-
tion space (30)-(32) and those on the right for the problem (8)-(10) in sequence space.
Evidently, the term €? is of negligible importance, compared to the minimax risks.
We get an answer to (Q1) above: for estimating a function on the interval [0, 1] the

correct correspondence is between the function space F and the unilateral in j, finite in &,
sequence space.
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7.2 Functions in the Bump Algebra.

Suppose now that f is known to belong to the Bump Algebra B described in the introduc-
tion. To make this quantitative, let us be given ¢ and 1, which provide an r-regular wavelet
system, r > 1, and let F be the class of all f : R — IR satisfying £52_,, 27/2 % || < 1
with ajx = f_ fik.

Based on the case with the functions of Total Variation, one might expect an isometry
between this function problem and one in sequence space. Actually, this holds only ap-
proximately. Because we must use a wavelet with regularity » > 1 to express the Bump
Algebra, we can no longer use the Haar basis. For other wavelet bases, boundary effects
come into play. However, as we will show, the effects are asymptotically negligible.

Theorem 12 Let s > 1/2, and let F be a class of functions on the real line defined by
f = Tk, with |alyspq < 1. Let ©,,4 be the class of sequences defined by the
condition ||6]|spq < 1. Then, using definitions (8)-(10) and (30)-(32) we have

Ri(6F) = Ri(€0,p4)(1+0(1)) €e—0 (33)
v(E6F) = Ry(60.pq)(1+0(1)) €—0 (34)

Here of course, terms on the left denote in the continuous space white noise problem, and
those on the right in the sequence space white-noise problem.

Theorem 12 is proved in two steps. First, a certain nonasymptotic lower bound of the
form R*(e¢; F) > R*(€;0O,p,4) holds (where R* = R} or R};) ,showing that the function
problem is always harder than the sequence problem. Consider the class Fj of functions

2i-1

F=> 60

720 k=0

with 8 € O, ,,.- Evidently, 7o C F. Hence R*(¢; F) > R*(¢; Fo), where R* = R’ or Ry.
Suppose we could observe Y(¢t) for all ¢t € (—o0,00) and not just [0,1]. This is obviously
more informative than just observing Y, in the sense of comparison of experiments.

Now as dW is Gaussian white noise, it is not hard to see that the projection of Y
on span [Fy) is sufficient for estimation of f € F,. Consequently, the coefficients y i =
[ ;kY (dt) are sufficient for estimating f (and, equivalently, (6;)). But the coefficients

are exactly of the form (11) in the sequence space problem. Hence, with R denoting either
7 or Ry,

R(e,F) > R(e;Fo) = R(e, Fo,{Y(t): t€[0,1]})
> R(e;Fo,{Y(t):t€ (—00,00)})
R*(€0,,,4)

Hence for both linear and nonlinear procedures, the sequence problem provides an exact,
nonasymptotic lower bound on the difficulty of estimation. Let us now show that it provides
an asymptotic upper bound.

25



Theorem 13 Fiz § > 0. For every estimator é,;k in the sequence problem, there is an
estimator f in the function problem with

supE[f ~ FIF < _sup Blld 0l +0().

P9
Here the O(e2~%) does not depend on the method 6.

Note that for sufficiently small §, R*(e) > €~® whenever 0 < s < 00, and so Theorem
13 completes the proof of Theorem 12. '

Theorem 13 may at first glance appear purely technical, but the proof exposes a fun-
damental issue for applications: boundary behavior of wavelets. The problem we are faced
with is as follows. We have data about f(t) only for ¢t € [0,1], but the wavelet basis 1,
makes no provision for the finiteness of the interval—it is adapted to analysis on the whole
real line.

We propose to “solve” this problem as follows. Let Y () be an extension of the process
Y(t) to all of IR via the rule that for t < 0, Y(t) = W;(—t) where W; is a Wiener process
started at zero and independent of Y; for t > 1, Y (t) = Y (1) + Wa(t — 1) with W, a Wiener
process started at zero independent of Y and W;. '

Now we have observations equivalent to

Y(dt) = f(t)dt+eW(dt) T<R

with f the mutilation fliong of f.

We propose to reconstruct f on [0, 1] using simple operations on the empirical wavelet
coefficients [ 1Y (dt) and [, kY(dt) of Y.

From the traditional point of view of linear time-invariant methods (or, equivalently
Fourier Analysis), replacing the smooth object f by the mutilated one f as an object to
be estimated is an exceptionally bad idea. Roughly, the behavior of bias of the estimate in
the neighborhood of 0 and 1 would be so bad as to completely dominate the mean-squared
error over [0, 1].

One of the truly impressive facts about wavelets is that no such effect occurs if they are
used in even a crude fasion. In some sense wavelets are robust against even rather brutal
operations like mutilation.

Let us give the details about our proposal.

First, an important remark about our basis. We have assumed that ¢ and v are of
compact support both contained in [—S, S|, with S an integer.

Second, our method requires two positive integer constants, £(¢, S, ) and m(e, S,8). We
will describe how these are chosen later.

We will employ the inhomogeneous wavelet algorithm. Let @, x(t) = 292p(2%% — k),
k € Z, and let ¢, = 29/2(27t — k), j > 0, k € Z as before. Then any f € Ly(IR)
has the representation f = 322 Brkper + 2t 2R oo Qi k Yk This is an inhomogeneous
reconstruction formula starting at the “base frequency” 2¢. Our reconstruction will have

the general form

f= > Bkw,k+z S &tk

k=—o00 >lk=-00
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However, because of the compact support of ¢ and 3, we will have no need for infinite
sums. Define K = {k: —S < k <2+ S} and, foreach j > ¢, B(j) = {k: =S <k <
S}U{29-S <k <2 +S},and I(j) = {k: S < k <27 — S}. By the support properties
of ¢ and 7, we know that unless k € K, @ vanishes on [0,1] and unless k£ € B(j) U I(j),
@k vanishes on [0,1]. We note that if k£ € I(j), then suppy;r C [0,1]—these are the ¥;’s
“interior to [0,1]”; and that if £ € B(j), then %, is not interior to [0, 1] but may still play
a role in the reconstruction of f. We call such terms “Boundary terms.”
In detail, our reconstruction is of the form

F=Y b+ S X Gietie+ . Y a,ki/)Jk

keK m> ;> ke B(5) >t kel(5)

Here the first sum represents smooth low frequency structure, the second represents bound-
ary behavior and the last sum represents high-frequency detail. 5
We obtain the coefficients in the first two sums using the process Y.

a

Br = /_ oY (dt) ke K
&n = [ waf(d) 1<j<m, keB()

The coefficients for the final sum—and these are the important ones—are obtained from
the estimator 6.
Define a sequence

[ BeuP@) j>e kel
YTz >0, kgI()

where zj are iid N(0,€?) independent of ¥. Then (y;x) is exactly of the form (8) where
0;x = Eyjk obeys

Oj,kz{ a5k ]>f, kEI(]) (35)

0 720, k&I(j)
Indeed when k € I(j), the support properties of ¢ guarantee that

= [ Yirf®dt= [~ biuf(t)dt = .

Apply the estimator § supplied by the hypothesis of the theorem to the derived data y.
One obtains estimates for the coefficients for the third term of (7.2) via

dj,k Zéj,k, ]>€,k€I(])

Let us now analyze the behavior of this estimator. With f = f 1{o,1;; we have

IIf - Loy < IIf - f”Lz(R)-
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Putting Bk = [ foor, & = J fibix etc.,

“f - f”%,(m) = Z(Bk - Bk)2

keK

+ 2 D (G —ajn)?

I<j<m keB(j)

+) D &l

i>m keB(j)

Y D (G —ase)’

> kel(s)

We bound the first two terms as follows. B ~ N (B, €2), &;x ~ N(&;x, €?). Hence

ES (Br— Bi)? = Card(K) - € = (2! +25) - €
keK

E Z Z (&j,k—&j,k)2 = €. Z CardB(j)
I<j<m ke B(j) I<j<m

= (m—1)(4S +2)€.

Also functions in F are bounded: sup{||f||z..[01): f € F} = M < co. Hence’

G = [ Fose= [ Fhin < Ifllellsull

< MJpl272
Thus
Y Y &, < (S+2MAYIT Y 2
J>mkeB(j) >m
= C27™™, say.

Picking m and [ appropriately, we get
2162 0(62—6)
(m -0 = 0279
27™ = 0(e¥79)

simultaneously. Hence

E|If —fIP<O( )+ EY. 3 (&k — ajn)

> kel(5)

(36)

On the other hand, considering the definitions involved the final term in (36) obeys

30X (G — k) <116 -6]12.

1> kel(y)
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Let © be the collection of all sequences generated by prescription (35). As ;%
= a;rl{j>1kel(j)}, We see immediately that

11611s,p.¢ < |a|b(a,p,q) <1

Thus © C O, ,,, We conclude, as required, that

EUf - f||%,[o,1] < . sup Ellé — 0|12 + O(*79). i

s,p9q

This gives an answer to (Q2): by treating the boundary terms in the wavelet expansion
slightly differently than the interior terms, we guarantee that they have an asymptotically
negligible effect on the mean-squared error.
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8 Interpretation of the Procedure.

The development of sections 3-6 above leads to the following proposal for function estima-
tion in the White Noise model (30), for a class F = {f : |ak|s(s,pq) < 1}-

[1] Form the Empirical Wavelet Coefficients (Bx), k€ K, (&jk), k € B(j), and yjk.

[2] With nonlinearities (§,)52, chosen optimally from the class {§(, )} or from {6»} or
from {6,}, apply the formula ‘

&jk = 6i(y;x) T =4...; ke I(y)
to get minimax (resp. near-minimax) estimates of ax, k € I(7).

[3] Reconstruct, via

f= ZBk‘Pt,k + Y D Gtk

keK t<j<m keB(j)

+ D D ik

J kel(k)

As we have seen, this procedure yields an f which is asymptotically minimax as € — 0 if
the nonlinearities were optimally chosen from the family {6, }; f is within a factor A(p)
[respectively M(p)] of asymptotically minimax if the nonlinearities were optimally chosen
from {6,} (respectively {6,}).

In effect, the three terms in step [3] represent three different aspects of the smoothing
problem. Symbolically, we have

f = foross + fBOUNDARY + fDETAIL

where
foross = D Brouk
A
fBounDARY = Q. D Gjx¥ik

1<j<m ke B(5)

fDETAIL = Z Z éj,k'/’j,k-

3 kel(j)

Let us discuss these three terms in more detail.

fGRross 1s a traditional estimate of the orthogonal series type. It involves a reconstruction
using the empirical series coefficients corresponding to the low-resolution or smooth terms
in a certain series expansion. fcRoss is linear in the data.

fBOUNDARY 18 a boundary correction of fGRoss, again using simple empirical series co-
efficients, but extending to much higher resolution near the boundary than fGRosg does,
to correct for the discontinuity of f at the boundary. fBOUND ARy 15 linear in the data.
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fDETAIL is a detail correction for fGRoss at interior points. It is formed by a nonlinear
processing of the high-resolution wavelet coefficients. If the nonlinearities are from the A or
u threshold family, they can be interpreted as identifying, among those coefficients which
fcRoss ignores, those most likely to correspond to signal rather than noise. Indeed, the
nonlinearity 8,,(y;) sets to zero all those coefficients smaller than € - m(e, 7%, p), ie., all
those coefficients where the “empirical signal to noise ratio” is less than m.

8.1 A Locally Adaptive Kernel Estimate.

Note that the “gross structure” and “boundary correction” terms in the wavelet recon-
struction are obtained by kernel estimates:

foross(s) = O Brper(s) = Zcm.k(S)/w,k(t)f’(dt)

keK
= /Zwtk S)‘Ptk(t)? (dt)
/ Ko(s, )V (dt)

where Kg(s,t) = Yrex Per(s)pek(t). Similarly,

feounpary(s) = Y. Y Gjutin(s) = /KB (s,t)Y (dt)

<3< m keB(j)

with I{B(S, t) = E[Sjsm ZkEB(j) 'l[)]"k(S)l[)j,k(t).
Turning to “Detail Structure,” define w;(y) so that the identity §;(y) = yw,(y) holds.
Then é&x = w;(y,k) [¢¥;xY (dt) and

fDETAIL(S) = Z Z &5 kP;k(s)

7 kel(j)
= Z Z w;(Y56)P5k(8) - Ysk
7 kel(j)
- /Z > wi(yk)bir(s)bi(t)Y (dt)
J kel(j)

= / Kp(s,)Y(dt), say.
We have symbolically
f= /(KG + K + Kp)(s, )V (dt)
where the three “pieces” are orthogonal
//1\-’,-(s,t)1(j(s,t) dsdt=0  i#].

However Kp depends on y, through the w;(y;x) weights. Consequenty, Kp is an adaptively
designed kernel: it is constructed by adaptively summing kernels v x(s);x(t) of different
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bandwidths, using weights based on the apparent need for inclusion of structure at level j
and spatial position k.
In detail, put Q(j,k) = supp{¥jx} C [277(k — 5),27%(k + S)], and Wji(s,t) =
Y;k(8)¥;k(t). Then
I{D(svt) = Z wj(yj.k)W'.k(s’t) :
s€Q(5,k)
a sum of kernels W, with weights. The kernel Wj; is supported in Q(j,k) x Q(J,k);
consequently its bandwidth is < 277. _

Suppose now that §; is chosen from the family of A thresholds. The weights w;(y;x)
are then 0 if |y; x| < Aj; as |yix| — oo, they tend to 1. Hence, a small empirical coeflicient
y;kx leads to omission of the term W, from the detail kernel; a large empirical coefficient
leads to inclusion, with full weight 1.

Consequently, if |y ;x| > A, then for (s,t) € Q(J,k)xQ(J, k) the kernel Kp(s,t) contains
terms of bandwidth < 2-7. In short, our proposal represents a method of adaptive local
selection of bandwidth (and, indeed, kernel shape).

Parallel comments apply when the nonlinearities § ; are chosen from the other families.

At this point, we have demonstrated Ph. C of the introduction — at least for estimation
in the white noise model.

8.2 Overfitted Least-Squares with Backwards Deletion

The coeflicients y; represent the orthogonal projection of Y on the basis functions
Thus they represent the “least-squares estimated regression coefficients” in the “linear
model”

F=Brper + Y i
2t
However, to build an estimate f using all the t;; terms with least-squares coefficients
involved serious. “overfitting” with the result that the reconstruction is extremely noisy. In

fact the “formula” )
S ek + DO yiktik

it
defines an object so erratic that it can only be interpreted as a distribution, namely dY,
not a function.

In traditional statistical modelling one often fits complete models and then removes
from consideration those terms with “statistically insignificant” coefficients.

Our method has exactly such an interpretation, if hard thresholds (6,) are employed
for the nonlinearity. The standard error of y;« is € and pu; = m(r;/e,1,p) - € = m; - ¢, say,
sO

. _{ Yik |yl = m;-e€
aj;k =
0 |yjkl <mj-e
Hence the reconstruction )
fOETALL = D Gktjik

includes only those terms y; with “z-scores” y; /e exceeding m; in absolute value. Thus
m; is a “significance threshold.” '
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However, observe that our significance thresholds are determined by a minimax crite-
rion, and not, for example, by some conventional statistical criterion (e.g. P < .05). In fact,
mj — 0o as j — 0o, which means that extreme statistical significance must be attached to
a coefficient at high resolution index j before that term is incuded in the reconstruction.

8.3 A Roughness-Penalized Least Squares Estimate.

A popular technique in function smoothing is the use of “penalized least-squares” or “penal-
ized likelihood” methods. Suppose for example that we observe sampled data (y;) according
to (1); a penalized least squares method is

= arg min, S(f(8) — v + A [ (')

The resulting f is a cubic smoothing spline. The term [3(f”)? is called a roughness penalty.
Our proposal, when used in conjunction with soft thresholds 65, has an interpretation
in terms of roughness penalties.
Note the simple identity

8x(y) = arg miny(y — d)* +A|d] (37)
It follows that fDETML =Y &,k k solves the problem

291

(&) = arg mingg ) > (dik — yix)* + D Aj D |djl
k=0

320

The first term is a measure of residual sum of squares, or likelihood. The second term is a
penalty. We know that A\; = €- Z(r;‘/e, 1, p) for a certain sequence r;\. In thecase p = ¢ < 2,
from asymptotics for £(r}/e) we know that £; = \;/e is asymptotic to const2?* as s — oo,
with § = 2—’_%. It follows that the penalty term is, to within constants, equivalent to

e-ce 323 |ajkl = €-c|lallsi

20k

In short, for each p =

€ [1,2), the details are estimated with a roughness penalty
equivalent to the Besov (4,1,

q
&,1,1) seminorm, 6 = 72 +1/p — 1/2.
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9 Sampling of Wavelet Series.

We now study issue (Q3): the approximation of wavelet coefficients by sums rather than
integrals.

9.1 Sampling Theorem for Wavelets

The clasical sampling theorem says that for an entire function of type = which is in L; on
the real axs, ’

ol 0o
> fiy= [ fed
1=—00
This implies, among other things, that certain integrals over the real line may be calculated
by sums.

The closest analogous statement for wavelets would be that for a function in V4, the
span of (o k), the sum of squares of samples taken at the integers is comparable in size to
the squared L;-norm. To guarantee near-equality of sample sums of squares with squared
integrals, we have to sample at rate much higher than one per unit time, and normalize
the samples by our sampling rate. Let (s;);cz be our bilateral sampling mesh, defined by
s; = (1 —1)/n, at sampling rate n samples per unit time.

Consider a function f in Vj:

f= i Brpok

k=-—o00

for Bx = [ fpox. Estimating integrals by sums at the sample points s; = i/n gives

Br=n"! Z f(si)por(si)-

ieU
This implicitly defines a linear transformation Uy, : €, — £, via Up,(f8) = B

Lemma 2 Uy, is a discrete convolution operator. If the wavelets ¢ are supported inside
[—S, S] then the transfer function of the operator is

n(A) =14 Y ca(k)e™®
k#0
[kl<2s
where
ca(k) =171 Y woo(si)po(si).
i€U
If n — oo along powers of 2,

cn(k) — 0 k#0, |k <2s.

It follows immediately from the lemma that the operator norms

Uonll = - sup [dn(N)]
N€[—m,x]
-1 — . N
Wonll = 1/, dnf _[an(A)]
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satisfy

WWonll = 1 n—o0
IUsall — 1.

In short, the approximation of integrals (Bx)rez by sums ( Br)kez is asymptotically correct,
uniformly in (Bx) € ;. Define the operator T, : £, — {; by

Ton(B) = (% Xk: ﬂk‘Pm,k(si))

i€Z

This is the operator that yields normalized samples (71: f(5:))iez of functions f € V5. Then
we have the crucial identity
Uon = TgnTopn-

As Uy, is almost an isometry, we conclude that T ,, satisfies

[ Tonll — 1

IToall = 1 n—oco

Here we interpret T, as an operator from Range (Ton) into £;. These relations imply that

To.» is a near-isometry from functions f € V; to samples (71= f (S‘))iez:

O MLOLY IO

for all f in V,, for large n. This is the “sampling theorem” for wavelet series. It has
several implications, such the near-orthogonality, with respect to sums along the grid (s;),
of wavelets 1, and %, as long as 7 < 0.

Analogous relations hold with V,, replacing V5. Suppose that n = 2™*2, for an integer
a > 0. Then we have

I Tm.nll = [[Toz2l
I Tmnll = 1 To 2]l

which extends the sampling theorem to other resolution scales.

9.2 Sampling and Smoothness.

Let g(t) be a function with domain IR. Let V,,, : L, — L, be the operator of projection
onto the span of (v;x) with j < m. Alternatively,

Vad)) = 3> B omalt) (38)
k=-—00
where @, k(t) = 2™/2¢(2™t — k) and
g — / omi(s)g(s)ds k€ Z. (39)
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We now consider the approximation

(Vmn@)(t) = 2 b omi(t) (40)
k=-0c0
where -
™ =n"1Y omi(si)g(si) ke Z (41)

In this approximation, the coefficient functionals are approximated by discrete sums.

The following lemmas show that if we restrict. attention to pairs (m,n) with n = 2m+a
for an integer a > 0, the problem of measuring degree of approximation of functions
g € BV N Ly by Vm ng has a simple answer.

Lemma 3 Let (P nc) denote the optimization problem
(Pmnc) sup Hf/m'ng — Vingl|2 subject to TV(g) < C.

Then val(Pyza,1) < oo for each positive integer a. For n = 2™t

val(Prnc) =27™?% . C - val(Pyga,). | (42)
Let (Qmnc) denote the optimization problem
<
(Qmnc) sup||Vimg — gll2 vsubject to { E—i !)]( .')C= 0

Then val(Qo2+,1) < 0o and
val(Qmnc) = 2-m/2.C. val(Qo,24,1)- (43)

The proof is an application of dyadic renormalization. If go is feasible for (Ppza,)

(respectively (Qo.22,1)) then gmc(t) = Cgo(2™t) is feasible for (P, nc) (respectively (Q mn,c))
and vice versa. As we evidently have ||Vogago — goll]z = 2™/2. ||Vm ndm.C¢ — Vmgmc|| and
[|Vogo — gol| = 2™/2||Vingm.c — gm,c|l2, the results (42) and (43) are immediate. For them to
have meaning, we must prove, however, that val(Pg2.1) < co and val(Qpz41) < co. This
is done in the appendix.

It follows from the lemma that if £, g(s;) =0, and g € BV N Ly, then
|Vimng — gll2 < const 27™/2 (44)

where the constant depends on TV(g) and on a = (log,n) — m. With a fixed, the right-

hand side of (44) is of order 1/1/n; this degree of approximation of g by V,, g is sufficient
for our purposes.

We now investigate the smoothness of this approximation. Define

5 JYitVmng §Sm, keZ
=0 j>m, keZ’

These are the wavelet coefficients of V,, .g - |Gb(s,pq) IS the Toughness of V, .g; la|p(s, pa) is

the roughness of g. We are particularly interested in picking m and n to be sure that Vm ng
is not significantly more rough than g.
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Lemma 4 Let (R,,,) denote the optimization problem
(Rmn) Sup |@lse,pq subject to |aly,pq < 1.
Then with n = 2™+%, val(R,, ) = val(Roz2.) < co. Moreover,
Jim val(Roz24) = 1. v (45)

Hence for all sufficiently large a, val(R,, 2m+a) < 1 + €. Let a, denote the smallest such
a. Then with m =n - 27%,

|&|b(s,p,q) < (1 + e)lalb(-’.PyQ) (46)

for all (ajk). In short, Vm'ng is nearly as smooth as g itself.

9.3 The Construction.

Given an estimator § in the sequence experiment we now show how to construct an estimate
f from noisy samples y; = f(t;)+ z; which has an asymptotically equivalent worst-case risk.

The construction has parameters 6, £, m, and a,. We have n = 2™n+an, The sequence
(an) tends to oo in such a way that

val(Pozan1) < nf (47)
val(Qozeny) < (48)
and
val(Ro2an) — 1. (49)
| Tmnll — 1 (50)

The construction has 4 steps.

[1] Remowal of Polynomial Trend. If P # {0}, let 7 be a least-squares estimate of f from
D

w-argmm{z t) —yi)?: WE'P}
Define the “trend-adjusted” data

3],-=y,'—7'r(t,~) i=1,...,n.
P ={0},setg;=y; 1=1,...,n.
[2] Calculation of Empirical Wavelet Coefficients. Set

- 10
B = -Zﬁwmum -S<k<2m+S

fo = stcm)99mk
ae = [ wif ke BGIUIG)

b = / of keK
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[3] Transfer to Homoscedastic Sequence Ezperiment. Define pseudo-data

) Gkt zik k€ I(j)
kT 2z k& I(5)
where z;x N (0,7%,) and the sequence 7, is defined as follows.

Let 02, = var(a;x) X n and let o} = MaXeg j<m MaXkel(j) 02;. Then set 72, =
o2 —0}. 20if ke I(j) 7} =32 k#I(j). The pseudo data have

[ e ke I()
Eyix = {0 k € I(5)
var(yjk) = &z/n.

Treat these data as if they were from the sequence experiment (8) with e? = 32/n,
and © = 0, ,,(C(1+n,)). Here

Nn = val(Rogan) —1 — 0
as n — oo.
Let 8, be an estimator for the sequence problem.

[4] Reconstruction.

FOy=7)+ 2 beor+ 2 ajatin+ O Oixthike
keK t<j<m < Jlg(

SIS m
ke B(j) kel(y)

J

This formula works almost as in the case of the White Noise model, with an extra
term:

f = Polynomial Trend + Gross Structure + Boundary Terms + Detail.

We stress once again that the asymptotics of this procedure do not depend in any
considerable way on the first three terms: the quality of the method is determined
by the quality of the estimator 6.

Theorem 14 With §, £, m, and a,, as above, € = %’-‘;, we have

sipEllf — fIP < sup Eld — 0|12 + O(2).
feF 0€0(1+41n)

The term on the left refers to the model with n observations; the term on the right refers
to the sequence space model. The proof is in the appendix.
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9.4 Lower Bound.

To complete the proof of the correspondence theorem, we need lower bounds demonstrating
that estimating in function space is not easier than estimating in sequence space.

Theorem 15 Let F, denote the class of functions f =3 ;50 22' o 0;ksk with 0 € O, 5.
Then with € = 7—

n

Rn(n,Fo) = Ri(€,0,54)(1 +0(1))
Ri(n,Fo) 2 Ry(€,0,p4)(1+0(1))

asn — OO.

Proof We discuss only the first inequality, as the second follows by entirely parallel argu-
ments. The proof has 3 steps. First, to exhibit a sequence of finite-dimensional cartesion
subproblems ©, .(r(?) almost as difficult as the full problem O, ,,. The second is to show
that there is a near-isometry between 6 in the subproblems, and the samples (f(3;))iecu-
The third is to apply the isometry to obtain the lower bound.

As before, we define m,, and a,, by 2™"*% = n, and we have a, — oo, but this time in
such a way that 29» = O(n%) for each § > 0.

Lemma 5 Let (r;) be the sequence defined by
Rp(€e,04,pq) = Rp(€,0p00(r)),

Op,0o(r) C Oy pq. Define O, = @p_w(rgn)) where rg-") = 11 j<mn}- Then if 2°» = o(n%) for
sufficiently small é
Ry(€,0,p,4) ~ Ri(€,0n).
The finite-dimensional cartesian product defined by this Lemma gives us functions via
mp 27-1
=2 2 Oixtin.
7=0 k=0
Let F, denote the class of all such functions. Then F, C V,,,., and so,
Z ,Bl(;m)gom,k

k=-o00

for ﬂ,(c"') = [ fomx. Estimating integrals by sums gives

—lZf ctpmk

i€Z

This implicitly defines a linear transformation Uy, ,, : €2 — €2 via Uy, n(B) = B, of the type
analyzed in section 9.1. Hence it is a near-isometry. '
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Lemma 6 LetT be a nonsingular linear transformation from R4 into IR%. Let R(6,0,v,0)
denote the minimaz risk, under squared Euclidean norm loss, for estimating 6 from data
v; = 0; + z;, z; #d N(0,02), 8 known to lie in ©. Let R(6,0,,0) denote the minimaz risk
for estimating 8 from data o; = T(6); + % with 3; iid N(0,02), and § = T(6) known to lie
in @ = T(©). Then

T ( - )
R970-» )@Z Ro? ,76 .
(6:0,9,0) 2 nr=ER \ & 1y v

The lemma applies as follows. Let R(n, F) denote the diﬂicultj' of estimating f from
observations y; = f(s;) + zi, 1 € Z. Then

R(n,F) > R(n,F)

> R(n,F,)
Tl ? .

> il

2 T (e On)

Ry(e,04)(1 + o(1))
R?V(e’(')s.p.q)-

Theorem 39 follows.
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