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1. Introduction:

Many functional estimation problems arising in density estimation and non-
parametric regression are easier to analyse in the following white noise model

1) dX, = f()dt + odW, O0st<1, feF < 1,[0,1]
where W, is Brownian motion.

Many results which might be difficult to prove in the density estimation or non-
parametric regression context take on a more transparent form in this white noise
model. A sample size of n in the density estimation and nonparametric regression

problems corresponds to G, = < in (1) when © is suitably chosen. In particular the

Vn

tools of rescaling developed in Low [1989a] and Donoho and Low [1990] and the
hardest one dimensional subfamily arguments of Donoho and Liu [1987, 1988] have
yielded a fairly complete picture of how to estimate both bounded and unbounded
linear functionals on the basis of observations generated by (1). A separate literature
is developing to show how to replace density estimation and regression problems by
the corresponding white noise problems. See for example Low [1989b], Brown and
Low [1990] and Donoho and Low [1990].

In this paper we focus attention on estimating the entire function f on the basis of
the observation scheme given by (1), using integrated squared error as a measure of
loss. In particular we shall let R (F, 0) denote the minimax risk under this loss func-
tion. That is

1
) R(F,0) = infsupE [ @) - 8 (x))?dx
fF |

where the infimum is taken over all procedures 9.
1
For ellipsoidal parameter spaces such as F = {f: jf'z xX)dx <1, f(0)=£f(1)}, a
0

fairly complete analysis has already been given for the asymptotic minimax risk
R (F,0) as o | 0 by Pinsker [1980] and Efroimovich and Pinsker [1982].

In this paper we derive upper and lower bounds for the minimax risk R (F, o) for
nonellipsoidal parameter spaces satisfying certain renormalizable properties. This work
may therefore be viewed as an extension of the use of invariance ideas to global esti-
mation problems, although in the present context the renormalizing structure is more
involved. We use invariance in this paper to accomplish two goals. First we show
how optimal rates of convergence for estimating an entire function can sometimes be
derived just from the renormalizing structure of a parameter set F. Second we use
invariance to reduce the calculation of lower bounds for global estimation to a single
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hardest one dimensional subfamily argument similar to those analysed in detail by
Donoho and Liu. In this way we can find lower bounds for the minimax risk involv-
ing constants and not just rates. Upper bounds for the minimax risk can be given in
terms of the corresponding pointwise estimation problem. As an example we compare
upper and lower bounds for a class of functions with a uniformly bounded derivative.

The results of this paper should also be understood as part of an ongoing effort to
find general techniques for bounding the minimax risk in nonparametric problems. See
for example Donoho and Johnstone [1989]. One contribution of this paper is to show
how to connect local problems to global problems.

2. Rescaling Properties of F:

Throughout this paper we always assume that F € 1,[0,1]. However we can also
extend any f € F to a function, which we shall also call f, with domain (—ee, ) by
defining f(x) =0 for x ¢ [0,1]. Hence we shall allow function evaluations at points
outside the closed interval [0, 1] and always take the value to be zero. In the assump-
tions and theorems which follow we write [ T]™ for the greatest integer less than or
equal to T and [ T]* for the smallest integer greater than or equal to T.

In a previous paper, Low [1989a] we showed how optimal rates of convergence for
estimating a function at a point can be derived from invariance properties of the
parameter set F. In particular we required the space F to be invariant under particular
scale and dilation transformations. In other words we needed to assume, for appropri-
ate choices of a and b, that the map f(t) — af (bt) is a bijection on F. For the problem
of estimating the entire function the renormalizing structure we need is more involved.

Assumptions
1) Lower bounds

For lower bounds we assume that we have a collection of parameter spaces Fp such
that for each T € [ 1, )

a) If f e Fr and if x ¢ (0, -,i—;) then f(x) = 0 where (0, —,}-,—) denotes the open interval

1

:0< —

{x X< T }

b) If fe Fyand if || < 1 then 6f € Fy

[T]-1 i

C) If fi € FT then g(t) + i=20 Gifi(t— ?
depending on the choice of f;, ]6;| < 1,1 <i<n

d) ¢:[1,) > (0,%) is a function such that if T e [1,o0) then the mapping

f(t) —» £1H is 1-1 and onto from F,; to Fy

¢(T)

) € F where g is some fixed function not



Remark:

Assumptions a), b) and c) taken together allow us to give a lower bound for
estimating f € F in terms of a lower bound for estimating a single f € Fr. Assumption
d) captures the renormalizing structure, needed to replace the problem of estimating
f € Ft by the problem of estimating f € F, but with a different value of 6. Details are
found in Lemma 1 and Theorem 1 given below.
2) Upper bounds
For upper bounds we assume that we have a collection of parameter spaces FT,
T € [1,e0) such that the support of any function f € F’ is contained in the interval
[0,1] and

a) FcF!

b) wy:[1,00) = (0,0) is a function such that if T € [1,e0) then the mapping

£t) — ‘flfg; is 1-1 and onto from F! to FT. It follows that if f ¢ FT then f (x) =

forxé[O,?]
c) If fe F! then for i=01,...,[T]" -1 there is an fT ¢ FT such that
fT(t)=f(%+t), O<ts<-L and if fe F' then there is an fT e FT such that

T

1 1
fT=f(l-—=+1),0<ts —
(1) = f( T ) T

Remark: If the functions ¢ in 1d) and y in 2b) are the same, the upper and lower
bounds derived in the next section are of the same order and yield optimal rates of
convergence. Compare theorem 1 and theorem 2 in section 3.

Example 1: Write fl (x) for the j™ derivative of f. Let

3) F&M) ={f:|F1x)-F1y|<M|x-y|, F0)=F(1),j=0,...,k~-1}.
Take

4) Fi M) = FM) N {f|f0) = (1)
and take

5) FlkM) = (f:1f700 -7 »I<MIx-yl).

Let ¢: [1,00] = (0,) and y: [1,00] = (0,%) be defined by y(t) = ¢ (t) = t* and
take g = 0. Define Fy and FT by

f(Tt)
F feF
©) T {¢(T) }

0, j=0,...,k—1}

and
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FT = {0 ¢l
® . .v.

Then assumptions 1d) and 2c) are by construction satisfied. Once we note that

d* (Tt kak 1 4
—_— = = — fX(Tp) = —fFYT
gk o @ (o=l

it is easy to check the remaining assumptions given in 1 and 2. We leave the details
to the reader. We shall return to this example at the end of section 3.

Example 2: We now give an example where we do not take g = 0 in 1c). Let

¢)) FM)={f:0<f(x) < M}.

Take

© FiM) = (fi = < £ < 20, £0) =£(1) =0)
and take

(10) FlM) = FOM).

Then if we let ¢ (t) = y(t) =t, take g(t) = %t and define Ft and FT by (6) and (7) it

is easy to check that assumptions 1) and 2) are once again satisfied.

3. Upper and Lower Bounds:

Conditions 1a), 1b) and 1c) given in the previous section enable us to give lower
bounds for the minimax risk R(F,0) in terms of the minimax risk for a single
bounded normal mean problem. The analysis combines invariance ideas with hardest
one-dimensional subfamily arguments due to Donoho and Liu [1987, 1988]. Let us
denote by p(d,c) the minimax risk for estimating © on the basis of X ~ N (6, 6?)
where |0| < d. Then

—_ 3 _ 2
an p(,0) = ugflglllng(e o (x))“.

Explicit values of p (d,0) were first given by Casella and Strawderman (1981) for

—i— < 1.01 where it was also shown that

(12) . p(do) = ozp(—:‘;, 1).

Extensive tables for -g— < 5 can now be found in Browh and Feldman [1990], and

Donoho, McGibbon and Liu [1988]. In the following lemmas and theorems when we
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refer to the white noise process we shall always be refering to the process given by
equation (1). We also write || [l for the L, norm of a function f, |f[I = [f2 () dt.

Lower Bounds

Lemma 1: Suppose we observe the white noise process and that the parameter spaces
Fr satisfy assumptions 1a), 1b) and 1c) then

(13) R(F,0) = s1_l1'p[T]‘R(FT,G)
where
£ Ilz
(14) R (Fr,0) 2 m;p o?p
and hence
_ II£ ||2
(15) R(F,0) > s1_lly suPp[T]

Proof of Lemma 1 Let Fy = {fy: f=f+g,f e F}. Then if X, satisfies (1), it fol-

lows that Y, = X, + jg(s) ds satisfies
0

(16) dyY, = fg(t)dt + odw,.
Hence
(17) R(F,0) = R(F,0).

We may thus without loss of generality assume in condition 1c) that g = 0. Now
fix T € [1,00) and suppose we observe
[T]-1 i
(18) dX, = X fi(t—- =)dt + cdW,
i=0 T

[TI-1
where f;e Fp for i=0,...,[T]” — 1. Then, since Z f,(t— —) € F it follows

that
T
(199 R(F,0) 2 1nfsulPEj( f(t——)—f(t))2dt
i+l
— ET f()?
(20) = infsup 3 j & (t——)— ®)*dt.
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Now for a prior v on Fp write R (Fr, 0, v) for the Bayes risk in estimating f under
uT

loss j f@) - f'(t))2 dt based on
0

21 dX, = f(dt + ocdw,
where f € Fr.

Then, since observing (18) is equivalent to observing [ T]™ independent experi-
ments of the form (21) we have

*) R(F,0) 2 [TIRFr0v).
Now since the minimax risk is the supremum of the Bayes risks we have
sxvpr (Fr,0,v) = R (Ft, 0) and hence
**) R(F,0) 2 [T]"R(Fr,0)
(22) R(F,0) 2 [TI"R(Fy,0)
(13) is established by taking slllp in (22). Now fix f € Fy. By assumption 1b), 6f € F;

for all |6| < 1. Hence

ur
(23) R(Fr.0) = infsupE [ ©f® - Fny)?ar
0

Now for each f(t) we may define Y0 by

(24) dmfw = .

It then follows from (23) that

T
(25) R (Fr,0) 2 igfsng(J' (6f(t) — 6 (v f(1))2 dr).
0

_ 8O d T ) T L
t 8= j—%—ﬁ)—t Then [ (8f(t) - O f())?>dt= [ £2(1)(0 — & + B - 6()%at
[ ar 0 0

T
= [ 2@ (® - )2+ ® - 8(t)? dt. Hence
0

1T 1T
(26) [ ©fe) - dfw)?de > [ (@ft) - Bf()?dt.
0 0
We can thus replace the infimum in (25) by an infimum over  which yields
@7 R(Fr,0) > IflIifigfsupE(® - B)”.
) o?

Now note that &= [f(t)X(dt) is sufficient for © and ~N(@®

). It then

I£112 " Ien2



follows by (11) and (12) that

(28) i%fsng (6 — 8)?

O
1, —rer
p[ IlfllzJ

e <, [Ilfllz ]
I£112 ’

and combining (27) and (28) yields

(29) R (Fp,0) > o2 [" 0"2 1]
Now take ?ul}) to yield (14). (15) follows immediately from (13) and (14).
el

If in addition to the assumptions imposed in Lemma 1 we add 1d) then bounds on
the minimax risk R (F,0) can be given in an even more convenient form which is
especially useful for asymptotic results as 6 4 0. An example of such an application
is given at the end of this section.

Theorem 1: Suppose we observe the white noise process and that the parameter
spaces Fp satisfy the assumption given by 1) then

IH£1l,
30 R(F,0) = supsup[T] o?p|—=——"—.1
(30) (F,0) T,pfd}:[ I"o%p oVTo (T) ]
and
[T 1
(31) RF,—=——) 2 . R(F,,0).
VTo(T) T XD
Proof of Theorem 1: Consider the model
o
33 dX, = f(Odt + dwW,, fe Fr.
(33) ¢ {9 Tom o € Fr
Write E! for expectations taken with respect to this model. Since f(t) — ¢('(I"It‘; is 1-1

and onto from F, to Fr, (33) can be replaced by the model
f(Tt) c
——=dt +

¢(T) VT (T)

Write E? for expectations taken with respect to this model. It then follows that

(FT s

(34) X, =

dw, feF,.

— 1 B2
) = infsupE [ - Fap?de

a 2
_ wremp? (| O _ ECT
s j[cpm om | &

m (T)
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= infsu 1
s ToXT)

E? [ (f()) — f)2dt.

Now in Low (1989) it was shown that the model given by (34) is equivalent as an
experiment to

(35) dX, = f(t)dt + odW, fe F;.
In particular it follows that

inf sup E2(J (£t) - f())*dt) = R(Fy,0)

and therefore

36 RIF;, =2 | = —L _Rr@F,o0).
e [Tmm] e
Finally lemma 1 showed that R (F,6) = [T]"R (Fr,0) and so
RIF,—=°—| > [T - ——R(F,,0
[ ﬁw)] U T RO

and the proof of () is complete.

Now it follows from (31) that

[T] 1
R(F,0) > 1 R (Fy, VT ¢ (T))
T @@ roe

and equation (14) of lemma 1 yields

£l
2
R (F;,0NTo(T)) 2 g;&w Me o D
Hence we have
0 R(F,0) = su [T]—Gzp(& 1)
’ s oVNTo(T)’

and (30) follows on taking s;llp in ().

Upper Bounds

Upper bounds for the minimax risk can be derived from invariance ideas similar to
those used in Lemma 1 and Theorem 1.

Theorem 2: If the parameter spaces FT satisfy assumptions 2a), 2b) and 2c) then

P | ITI" po o
ﬁwr)] * v O

37 R
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Proof: Let 8; be the collection of estimators ?(t) such that for % <t< l—Tl-,
i=0,...,[T] -1, f(t) is a function only of X, ,—;,-stsl-;-‘i and for

1- < <ts1, (0 is a function only of X,, 1 - —,lr- <ts 1. Then

1
T
1
R(F,0) < R(FI,G) = infsulgEJ‘(f(t)—?(t))zdt.
t fe 0

Now by restricting attention to estimators in the class 8¢ it immediately follows
that

i+l

T
inf sup ( 2 S E j €@ - f@)*dt+ E j E® - F(®)?dy

(38) RFLo) <
feﬁTfe 1-1T
1+1
< 'S infsupE [ (- FOdt + infsupE | @ - Fo)iar
<% e | e -

uT

Now by 2c) foreachi=0,1,...,[T]" -1

1+l
T

: _¥ 2
u%fgglz g E@® - f@®)%de

A

_ 2
flexg su lgE j €@ - F@)2de

and
T

inf sup j €@ - f©)?de inf supE g @) - F®)*de.

eﬁrfe 1-1T

IA

Hence since [T]™ + 1 < [T]* it follows that

T
R(F,0) < [TI"infsupE [ (0 - F)2de
fs&rfEF 0

= [TI*R(F,0).
Then

(39) ————) < [TI*R(FT,

R(F,
* ﬁ\vm ﬁ\vcr))

Now an argument essentially the same as that used to show (36) in the proof of
theorem 1 yields

40 RET,—=% y=—1 RaFlLo).
“0) T o) = o RE-O
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The proof of theorem 2 immediately follows on combining (39) and (40).

Upper bounds can also be given in terms of corresponding results for the pointwise
estimation problem. In the following theorem we write R (F,x,0) for the minimax
risk for estimating f(x). That is

(41) R(F,x,0) = infsupE(f(x) - 8 (x))?
where the infimum is taken over all procedures & based on the white noise model (1).

Theorem 3: Suppose we observe the white noise process (1) then
1

(42) R(F,0) < [R(F,x,0)dx.
0

If in addition for each ¢, 0 < ¢ < 1 the map

(43) f(t) » f((t+c)modl)

is a bijection on F then

(44) R(F,0) < R(F,x,0) = R(F,0,0).

Proof: Given € > 0, let §; (x) be an estimator such that for each x

s%pE(f(x) -8, (x))? < R(F,x,0) +¢.

Hence

1
JIsupE(E () = 8 (x))*1dx
0

A

1
sup [EEx) - 8 (x))*dx
0

1
[R(F,x,0)dx +&.
0

Since € is arbitrary we have proved (42). Now if F satisfies the translation invariance
condition given by (43) it immediately follows that
(45) R(F,x,0) = R(F,0,0) Vxe [0,1]

(42) and (45) taken together yield (44).

Example 1 (continued).
As remarked earlier theorem 1 is especially useful for application to asymptotic
problems as ¢ | 0. We now give a concrete example to show how this can be done.
Write F(M), F;(M) and F!(M) for the class of functions denoted earlier by
F(1,M), F; (1,M) and F! (1,M) in (3). In other words
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FM) = {f:[0,1] —» R:[fX)-f(pI<M|x-yl, £(0)=1f(1)},
and
FFM) = FM)n {f:[0,1] - R: f(0) =f(1)=0}.
and

FIM) = {f:[0,1]1 > R: |fx) - f(@)| < M|x-yl}.

Furthermore if we define Fr(M) = {@ feF (M)} then the assumptions of

theorem 1 are satisfied and yield

£l
-2
(46) R(EM),0) = s‘%pfei‘f&)[ﬂ c p[ o'r3'2’1]'

Note that the function p(x,1) is an increasing and continuous function of x and
hence the right hand side of (46) is equal to
sup || f]|
CEM 2
O.T3/2

SI_%p[T]'O‘Zp 1.

Now the function g defined by

Mx O0<sx<1/2
EX®) = IMa-x) 12<x<1

belongs to F; (M). Moreover it is clear that for any f € F; (M), |f(x)| < g(x) for all x.
Hence
1
M2
flIi} = [£®dx = =—.
SR, N1 = &80 T

We may thus replace (46) by

_ M
(47) R (F(M),0) = Sl%p[T] czp[m,l].
23
d M M
If we put-i-=WthenT= [31/2d0'] and
M¥3 d
(48) R(FM),0) 2 sup [W] 0‘29(5,1).

Analysis of (48) is made easy by an analysis of the functional sgp d%*p (%, 1) given
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in Donoho and Liu (1987). In our case a = —% and Donoho and Liu (1987) show

that

(49) supd 23 p (%, 1) = 0.283.

Let d* be the value of d attaining the supremum in (49). Then 0 < d* < e and
hence for any T > 0.

273
—31—/3—1;/_[@ is an integer for infinitely many values of ¢ satisfying 0 < 6 < 1. For

these values of o

M2J3 ‘
(50) R (EM),0) = EE 0%30.283
and hence
(51) lim 63 R (FM),0) > 0.196 M?3.

530

It is also easy to see how theorem 2 can be used to find upper bounds for the rate

1
of convergence. Set 6 = —— then theorem 2 shows that

T3/2
_— (i)i’/-’* +1
) REM,0) s LLREM,) s L——REM),D.
T-T (l)Z
o
Hence
(53) i'"li'%o*"f’R(F(M),c) < REYM), 1)
o]
—4/3

(51) and (53) taken together of course yield © as an optimal rate since
R(F!(M),1) < oo. In this example theorem 3 can be used to give a more explicit
bound since

R(FM),0) < RFM),0,0)

and we may bound R (F (M), 0, 6) from above by using the optimal linear estimator for
this pointwise problem, essentially given in Sacks and Ylvisaker [1981] and Donoho
and Liu [1987], yielding for sufficiently small ¢.

MZ3 g*3
RFM),0,0) < 31—,3
Hence
— M2/3
(54) 0.196M?? < im0 *?REFM),0) <
clo 31/3
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It is possible to improve on the upper bound in (54) by using an upper bound given

for the minimax risk for an ellipsoidal parameter space considered by Pinsker [1980].
1
Let POM) = {f: [0,1] = R, jf'z(x)dx < M2,£(0) = f(1)}. Then FM) € P(M) and
0

Pinsker showed that

: 318

lim 643 R (PM), 05) = M23

lim PM),0) P

= 0.424M23,
Hence
0.196 M?? < 1T£o-4'3R(F(M),o) < 0.424M23
g

The ratio 0.424 = 2.16.

0.196
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