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ABSTRACT. We consider twoindependent Dawson-Watanabe super-Brownian
motions, Y! and Y2. These processes are diffusions taking values in the
space of finite measures on R?. We show that if d < 5 then with posi-
tive probability there exist times ¢ such that the closed supports of Y;! and
Y;? intersect; whereas if d > 5 then no such intersections occur. For the
case d < 5, we construct a continuous, non-decreasing measure-valued pro-
cess L(Y!,Y?), the “collision local time”, such that the measure defined by
[0,t] x B — L,(Y',Y?)(B), B € B(R?), is concentrated on the set of times
and places at which intersections occur. We give a Tanaka-like semimartin-
gale decomposition of L(Y?,Y?). We also extend these results to a certain
class of coupled measure-valued processes. This extension will be important
in a forthcoming paper where we use the tools developed here to construct
coupled pairs of measure-valued diffusions with “point interactions”. In the
course of our proofs we obtain smoothness results for the random measures
Y, that are uniform in t. These theorems use a nonstandard description of
Y? and are of independent interest.



1 Introduction

There has been considerable recent interest in measure-valued critical branch-
ing Markov processes or superprocesses (see for example Dawson-Iscoe-Perkins
(1989), Dynkin (1990b) Fitzsimmons (1988) and Le Gall (1989) to name only
a few references). These processes arise as limits of systems of particles un-
dergoing random migration (which in this paper we will take to be Brownian
motion in JR?) and random critical branching. The independence of the indi-
vidual particles makes these models mathematically tractable. At the same
time from the point of view of potential applications it is desirable to intro-
duce interactions between colliding particles. In this paper we show collisions
between two potentially interacting populations occur typically if d < 5 and
not if d > 5 and in the former case construct random measures (collision
local times) which measure the number and locations of the collisions. The
properties of this local time derived in this work will be used in subsequent
work to construct, and in some cases characterize, models in which pointwise
interactions occur.

Mp(IR?) is the set of finite measures on (R?, B(R?)) with the weak topol-
ogy, bB(R?) (respectively C}) denotes the set of bounded measurable (respec-
tively bounded continuous) functions from R? to R, and we write v () for
J@dv and »; < vy if v; — 1y is a measure (v; € Mp(IR?)). Here then is our
central object of interest.

Definition. Let X! and X? be cadlag Mp(R?)-valued stochastic processes.
If e > 0 and ¢ € bB(IRY), let

L, X)) = [ [ [ peles = e2)el(on +22)/2) X3 (den) X2 (dzs)ds

where p.(z) is the Brownian transition density. The collision local time of
(X', X?) is a cadlag, non-decreasing Mp(R%)-valued process, L,(X*, X?)
such that L(X?, X2)(¢) B L(X!,X2)(¢) as € | 0 for each ¢ € C, and
t > 0.

If L,(X?, X?) exists, it clearly is unique up to evanescent sets. Note that
in the definition of L{(X?, X?) ¢((z1 + 22)/2) could be replaced by ¢(z;)
(: = 1 or 2) without altering the definition because of the uniform continuity
of ¢ on compacts. We remark that in other studies of “local time” like
objects for measure-valued processes (for example, Adler-Lewin (1990)), the
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local time is constructed as an L? limit rather than a limit in probability.
We could also construct the collision local time as an L? limit under suitable
hypotheses, but these hypotheses would be too restrictive for the future work
mentioned above.

For X! and X? as above, the graph of X' is the random space-time set

G(X) = {(t,2) : t > 0,z € S(X})} € B((0,00) x R?),

where S(v) denotes the closed support of the measure v. The closed graph
of X' is . ‘

G(X?) = Ussocl(([6,00) x RY) N G(XY)).
Note that G(X?) is the closure of G(X*) in (0, 00) X R9. If L,(X?, X?) exists
let L(X!, X?) denote the random measure on B((0,00) x R?) given by

L(X', X*)((0,%] x B) = Ly(X*, X*)(B).
Hence S(L(X?!, X?)) is the closed support of L(X?, X?) in (0, 00) x R9. It is
easy to show from the above definition that
(1.1) S(L(X', X?) c G(X') N G(X?)

and hence the collision local time is supported on the space-times set of
collisions between the two “populations”.

We introduce some notation to describe super-Brownian motion with im-
migration. Let P® denote d-dimensional Wiener measure starting at z, and
let P, and A (on D(A)) denote the Brownian semigroup and infinitesimal
generator on the Banach space C; of continuous functions with a finite limit
at infinity. If ¢ € bpB(R?) (the non-negative functions in B(R?)), let Uy3(z)
denote the unique solution of

(12) U = Pt = [ Pu((Ueest)?/2)ds
(see Fitzsimmons (1988, Proposition 2.3) or Pazy (1983)). Let
Mrr = Mpr([0,00) x R%)
= {p:p ameasure on [0,00) xR?, u([0,T)xR?) < oo
forall T>0, u({t} xR%) =0 forall t>0}

with the topology of weak convergence on [0,T] x R4 for all T > 0. If s > 0,
m € Mp(R?) and p € Mpr we consider the following time-inhomogeneous
martingale problem on a filtered space (2, F,F;, P) (unless otherwise indi-
cated all filtrations are right-continuous):
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(Mamy) Yi(9) = m(0) + Ze(0) + f} Ve(Ag)dr + [} J ole)ldr, do),¢ > 5,0 € D(4)
Y,=0 for t<s
{Z:(p) : t > s} is a continuous F, — martingale with Z, =0 and
(Z(@))e = [, Ye(p?)dr.

A process Y on (Q,F,F;, P) is a solution of (M, ) if it is a continuous,
adapted Mp(R?)-valued process satisfying (M, m,u)-

Theorem 1.1 (a) There is a solution of (M,m,) and the law, 8, ., ,, of
any solution of (M, m,) (on C([0,00), Mp(IR?))) is unique.

() B s.mu(exp(=Ye(0)) = exp{—m(Us-sp) — J; | Ur-rip(z)dp(r, z)}
for all s <t and ¢ € bpB(R?).

(c) If Q° = C([0,00), Mp(R?)), F° = B(Q°) and F°[s,t+] = Npo(Y; :
s < r < t+nt), where Yy (w) = w(r) on Q°, then (2°, F°, F°[s,t+], Yo, Rom,u)
is an inhomogeneous Borel strong Markov process (IBSMP) with continuous
paths.

(d) The mapping (s,m,p) — Lsm, 18 Borel measurable, and if A €
Fos,t+] then p — B,mu(A) is No(u(A4): A € B([s,t + n~'] x R})-

measurable.

Remarks. 1. An IBSMP is an inhomogeneous strong Markov process with a
Borel semigroup Q4 ;f(m) = R4 mu(f(¥:)) (see Dawson-Perkins (1990, Def-
inition 2.1.0)). It is easy to show that @}, extends to an inhomogeneous
strongly continuous (in t > s) semigroup on Co(Mp(R")) where R? is the
one-point compactification of R4. The same results held when A is the gen-
erator of a Feller process on a locally compact second countable space.

2. When p = 0 we of course get super-Brownian motion. This is a ho-
mogeneous Markov process and we let D™ = Do 0 (see Ethier-Kurtz (1986,
Ch.9)). For general u the existence of a unique Markov process satisfying (b)
is a special case of Dynkin (1990a, Theorem 1.1). It is easy to prove (a) us-
ing the martingale techniques of Roelly-Coppoletta (1986) and Fitzsimmons
(1988, 1989). The strong Markov property in (c) then follows as usual and
the measurability required in (d) is clear from (b). We leave the details as
an exercise.



We will also need a bivariate version of Theorem 1.1. The proof is the
same as the one omitted above and carries over to the general Feller setting
without change.

Theorem 1.2 Assume Y* is a solution of (M,mi ) (i = 1,2) on some
(Q,F,Fi, P). Assume also that (Z'(p1), Z%(p2))e = 0 for all p; € D(A)
(Z¢ is the martingale measure in (M, i .i)). Then the law of (Y',Y?) is
Qa,ml,ul X Qs,mz,pz-

Thus (Y?,Y?) are independent (F,)-super-Brownian motions if they sat-
isfy the hypotheses of Theorem 1.2 and p; = g2 = 0. For d < 3, Evans-
Perkins (1989) showed that in this case L,(Y?,Y?) exists and is absolutely
continuous in ¢ (see Remarks 5.12 (4)). In Section 3 we prove (Theorem 3.6)
that if d > 6, then the closed supports of Y! and Y2 do not intersect for all
t > 0 and hence if the collision local time exists it must be zero. In Section
5 we will show (Proposition 5.11) these supports do intersect at some ¢ > 0
with positive probability if d < 5 by proving the existence of a non-trivial
collision local time. To establish the non-existence of collisions in the crit-

ical case when d = 6, we introduce (in Section 3) the random measure (on
[0,00) x RY)

V(4) = /0 > / 14(s,2)Y,(dz)ds

(Y a super-Brownian motion) and show it is comparable to the restricted
Hausdorff measure of Taylor and Watson (1985) on the graph of Y (Theorem
3.1). The arguments here are similar to those used by Dawson-Iscoe-Perkins
(1989) (hereafter abbreviated D.I.P. (1989)) to analyze the “range” of Y.
Routine extensions of these arguments give the non-existence of higher-order
collisions in the critical cases (see Remarks 3.7).

Recently Dynkin (1990c) has completely characterized those sets which
intersect with G(Y') with positive probability (his results also apply to o-
stable branching mechanisms). These precise results, in conjunction with
an elementary estimate such as Proposition 3.3, would also establish the
above results on existence and non-existence of collisions, and would do so
in greater generality. The results on the Taylor-Watson restricted Hausdorff
measure are of independent interest and constitute a useful probabilistic tool
especially when used in conjunction with Dynkin’s results, just as the Taylor-
Watson results complement the classical parabolic capacity results for Brow-
nian motion.



In Section 4 (see Theorem 4.7) upper bounds are obtained for sup, Y;(B(z,r))
as 7 | 0 (Y super-Brownian motion). (Here B(z,r) denotes the open ball
and B(y,r) will denote the closed ball.) These results are used in Section 5
but the reason for deriving a very precise asymptotic bound for small ¢ is its
use in future work where it will be used to explicitly describe the unique law
of a pair of interacting populations.

Section 5 contains the main result of this paper, a Tanaka formula for
L(X', X?)(¢) when d < 5. Here X!, X? are continuous, adapted Mr(R?)-
valued processes on some (', ', F;, P’) such that

Xi(g) = mile) + [ Xi(A)s + Zi(0) - 4i(e), 9 €D(A), i=12,

(M m2)  Zi(¢) (¢ = 1,2) are continuous F;-martingales satisfying

(Z(03), 20 = 6 || Xileh)ds,

Al (i = 1,2) are non-decreasing, continuous, Fj-adapted Mg (IR%)-valued
processes, each starting at 0.

Let M = M(m!,m?) denote the set of all continuous adapted processes
(X1, X?) satisfying (M1 m2) for a given pair (m!,m?) in Mp(R?)?. The
Tanaka formula (Theorem 5.9) exhibits L;(X*, X?)(¢) in the semimartin-
gale decomposition of (X} x X?)(¢) for appropriate 1. Many of the terms
involve singular stochastic integrals and the results of Section 4 are used to
control these expressions. The Tanaka formula establishes the continuity of
L,(X', X?)in (X1, X?) € M (as well as t). A key result in this direction is
the fact that in d < 3 the rate of convergence of L§(X?, X?) to L,(X*, X?)
is uniform in (X!, X?) € M (and t) (Theorem 5.10). This will allow us to
easily prove existence theorems for pointwise interacting superprocesses in a
forthcoming work. More specifically, in this forthcoming work we will prove
existence and uniqueness theorems for M1 ;2 when A} = L, (X', X?) for
¢ = 1,2. For now, however, the reader should treat M,,: .2 as a working
hypothesis that could potentially include other types of interaction. The case
Al = A? = 0 (independent super-Brownian motions), which will be a setting
for a good part of this work, shows that we are not working in a vacuum.
Our results in Section 5 were motivated by a Tanaka formula for the
ordinary local time of the super a-stable process (d < 2a) in Adler-Lewin
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(1989). In Section 6 we show how the bounds of Section 4 lead to a simple
proof of a slightly more general formula in the Brownian setting.

Section 7 contains a technical estimate needed to control the martingale
terms in the Tanaka formula of Section 5.

The system of approximating branching Brownian motions is introduced
in Section 2 along with an associated nonstandard model. These are used in
Sections 3 and 4. Those unfamiliar with nonstandard analysis should be able
to still follow these arguments using the appropriate weak convergence tech-
niques. The historical process (Dawson-Perkins (1990), Dynkin (1990a), Le
Gall (1989)) would give another approach here but the nonstandard setting
allows us to refer more easily to parallel arguments in D.I.P (1989).

The process Z; arising in (M, ) is an orthogonal martingale measure.
As in Walsh (1986, Ch.2) we can extend the stochastic integral Z;(¢) =
JEfo(2)dZ(s, ) to f§ [ p(s,w,z)dZ(s,z) where ¢(s,w,z) is P x B(R9)-
measurable ( P is the predictable o-field on [0,00) X ©) and

t
2 >
1’(/0 /cp(s,w,m) X,(dz)ds) < oo forall t>0.

The resulting stochastic integral (still denoted Z;(y)) is a continuous L2-
martingale satisfying

(Z(p))e = /ot X,(p2)ds.

The same extension holds for processes Z; in (M1 ;2). These extensions will
be used without further comment. ¢;, ¢;... will denote positive constants
arising in the course of an argument. Positive constants introduced in Section
i which arise in subsequent arguments are denoted c;1,¢;i2,.. ..

2 Branching Particle systems and the Non-
standard Model

We will introduce a system of branching Brownian motions which converge
weakly to a super-Brownian motion Y. Section 2 of Perkins (1988) contains
some additional properties of the labelling scheme we now introduce.

Let I = U2 Z , x {0,1}" and if 8 = (Bo,...,B:) € I let |B] = i and
Bli = (Bo,...,B;) for j < i. Let {BP : B € I} be a collection of i.i.d.



Brownian motions and let {e® : B € I} be a collection of i.i.d. fair coin-
tossing random variables taking on the values 0 and 2. These two collections
are independent and are defined on a common (R, A,L)). Given s € N and
{z1,...,zx} C R? define a system of critical branching Brownian particles
{N# : B € J} as follows. NP starts at zg, if Bp < K and NP is identically A
(the point at infinity in R* = RIU{A}) if fo > K. If j < || and N?, # A,

then N/ — N?, = BfV — BYl for t € [j/u,(j +1)/p) and

8 8 B, .~ B, if e#i=2 and j<|B]
NGy = Niju = o . .
A if efli =0 or ]=|ﬂ|

Once NP hits A it stays there.

Hence {N? : B € I} describes a system of particles which follow inde-
pendent Browman motions on each [j/u,(j + 1)/p) and independently die
or split into two with equal probability at each time (5 + 1)/p.

Write f ~ t if B € I satisfies |B|/p < t < (|| + 1)/p and define a
measure-valued process by

N#¥(A) = Ny(A) = p P ST 14(NP) A€ BRY).
B~t

Fix an initial measure m € Mp(R4). H N — m in Mp(R?) (allow (z;)ick
to depend on p) then S. Watanabe showed that N converges weakly to
D™(Y € ), the law of super-Brownian motion, on D([0, 00), Mp(IR?)) (see
Perkins (1990, Theorem 2.2)). It will be convenient to use the nonstandard
formulation of this result.

In the next two sections we will work on w;-saturated enlargement of a
super-structure containing R and (Q,A,Q). Fixn € *IN—NN and let p = 2",
Choose K € *IN—N and (z; : : < K) an internal sequence in *R? such that
sta(N{™) = m, where st is the standard part map on *Mp(R?) and N® is
the internal *Mp(IR%)-valued process defined as above on ( *Q, *A, *D). If
D™ = L(*D), the Loeb measure on the measurable space ( *Q, L( *.A)), then
(DIP (1989, Thm. 2.3)) N® is D™-a.s. S-continuous and Y (t) = st(N®)(¢)
(st is the standard part map on *D([0, 00), Mr(R))) 1s a super-Brownian
motion starting at m under Q (Define Y = 0 on the ) " _null set on which
N®) js not S-continuous.)



The following Lévy modulus was proved in DIP (1989, Thm. 4.5) as
a standard result. The nonstandard formulation we now give is then im-
mediate. We let h(v) = ((v A e~})(log1/(v A e71)))}/2. The function h is
non-decreasing.

Theorem 2.1 Ifc > 2 there are positive constants cz1(c), c22(c) and c23(c)
and a random variable §(w,c) on ( *Q, L( *A),Q") such that

(2.1) Qm(é <p) < c21m(R?)p? for 0 < p<cs.

(2.2) If 0<t—s<é(w,c), s,t€ *[0,00), B~1t and NE £ A, then

|NB — NP| < ch(t — s).

Notation. T = {j/p : € *INo}, T is the set of internal subsets of T', and
A = A is the internal measure on (T,7) which assigns mass p~! to each
point.

3 Non-existence of Collisions for d > 6

In showing that two independent super-Brownian motions do not collide, and
hence can only have a trivial collision local time, if d = 6, we use techniques
similar to those of Sections 3 and 5 of DIP (1989). In particular we work in
the nonstandard setting introduced at the end of the previous section.

Definition. V denotes the random (finite) measure on B([0, 0o) xIR?) defined
by

v(a)= [ > /m 14(s, )Y, (dz)ds.
0
U = U¥ denotes the random internal measure on T' x *B(IR?) defined by

U(A) = /T / 1 1A(5, DIV, (d)AA().

It is clear that stps(U) = V as where sty denotes the standard part map
on *Mp([0,00) x R?) and we consider U also as an internal measure on
*([0,00) xIR¥). We want to show V' distributes its mass over the graph of Y,
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G(Y), in a uniform manner. Theorems of this type were proved in Perkins
(1989) and DIP (1989) for ¥; and [ Y;dt, respectively, where these measures
were shown to be equivalent with the appropriate Hausdorff measures on their
supports. The scaling properties of Brownian motion suggest a modified
Hausdorff measure used by Taylor and Watson (1985)-see also the earlier
work of Hawkes (1978).

Let C(z,r) (C R?) denote the closed cube of side-length r and “lower
left-hand corner” z, and let

C(t,z,r) = [t,t + %] x C(z,r) C [0,00) x R? (¢ >0, z € R?)

and 4
Co(t,z,r) = (t,t + r?] x [[(zi,z: + 7] C (0,00) x R4
i=1
If C C[0,00) x R4 B CR?and r >0, then
Cr = {(t,z) € [0,00)xR? : |t—t'| < r? and |z—z'| <r for some (t',z') € C}
B ={z€R’:|z—z'|<r for some z'€ B}.

Definition. If f : [0,e) — [0,00) is non-decreasing near 0 and f(0+) =0,
let

¢ (A) = lsi}ginf{z f(r): AcuR,C(ti,yi,mi), i <68}, AC[0,00} xR
i>1

g/ is a measure on B([0, 00) xR?) and if f varies regularly at 0 (as will be the
case for the only f we will consider) ¢7 is a constant multiple of the restricted
Hausdorff measure P — f — m introduced by Taylor and Watson (1985). Let
us set f(r) = rtloglog(1/r).

Theorem 3.1 Ifd > 5 there are constants 0 < ¢33 < c32 < oo such that for
any m € Mr(R?)

c:;,qu(AﬂG(Y)) <V(A) < c;»,_gqf(AﬁG(Y)) for all A € B((0, oo)de) D™ —a.s.

This result will be proved by making minor changes in the proof of Theo-
rem 14. of DIP (1989) which gives a similar connection between f; Y,ds and
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the ordinary Hausdorff f-measure of the range of Y (both are measures on
R9). We will need some notation and terminology from DIP (1989).

Notation. a, = 2-"/2, j, = 2"*1 b, = 2-Jn,
An = {C(t,m,2‘"/2) 1t = (no+eo)2™",z; = (n,-+e;)2"'/2 (1Lt <d),ng € N,

n,€Z (i>1),e;,=0 or 1/2},
Anr={C €A, :CC[L™, L] x[-L, L)%,
cs3 = P°(|Bs| < 1/2)/24,
I(t,e)={y€I:y~t—e thereisa B ~t such that B|[u(t—e¢)] =~ and
NP £ A}, 0<e<t([z] is the integer part of z).

Definition. C € A;, is bad iff U( *C) > 0 and U( *C"%) < c33f(ak) for
K=2r... 2% _p

Lemma 3.2 There are constants c34(L) (L € IN) and c35 such that for
L € N and n sufficiently large (n > no(L)),

(3.1) D"(C bad and 2b, < §(w,c))

< c34(L)m(1)2-2"0-22md/2 exp(—c352™2)  for all C € A, 1.
Proof. Let C = [t,t + b,] X C; € A;, and assume C is bad. Assume in
addition that 7b, < L~! and 2b, < §(w, 3). Since V( *C) > 0 we may choose

B ~ t' such that ¢’ € *[t,t+ b,] and Ng € *C;. Clearly v = B|[p(t — by,)] €
I(t,b,). Since |t — b, — t'| £ 2b, < 6(w,3) we have

[N, — Ngl < 3h(2b,) < 6a; whenever k < 2"t —n,
and therefore
(3.2) Ny, € th(zb,.),
and

[t — 7ai,t] x B(N,., ,ax) C [t — Ta?,t) x B(N},Tax) C C™
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forall k=2",...,2"*! _n.

As C is bad this latter inclusion means that
(3.3) U([t—T7aZ,t] x B(N],,a)) < csaf(ar) for k=2",...,2"" —n.

We have shown that if 75, < L~?! then w.p.l. C bad and 2b, < §(w, 3) implies
there is a v € I(t,k,) satisfying (3.2) and (3.3), which in turn implies the
conclusion of Lemma 5.1 of DIP (1989). Now argue just as in the derivation
of Proposition 5.6 of DIP (1989) to complete the proof. The only difference
is that since t is fixed there is no need to sum over the time grid {(j +1)b,} N
(L~!, L+b,] and this results in the factor of 2-2"(4-2) instead of the 2-2"(4-4)
obtained in DIP (1989, Prop. 5.6). O

Proof of Theorem 3.1. Let L € IN. If n > no(L) then since card(Aj, 1) <
2 . 49 [4+1242(1+d/2) Lemma 3.2 implies

D" (1(2bn < 8(w,3)) 3 1C bad )f(2-/D))

C€An,L

< e1(L)m(1)n2"? exp{—c352™*} = en(L)>.

Since ¥, €n(L) < o0, the above together with (2.1) allows us to conclude
there is an No(L,w) < oo a.s. such that

(3.4) 3> 1(C bad )f(27/%) < €a(L) for all n > No(L;w).

CEAij

Fix w outside a null set so that No(L,w) < coforall L € INand V = stp(U).
Introduce
A ={C€A;,L:C bad}

AZ'Y, = {C €Aj,L:U(*C)>0, C good (i.e. not bad )}.

If C € A%’ choose k € {2",...,2""! — n} such that V( *C") > c33f(ax).
C"* C [t,t + ] x Cy, where C} is a closed cube of side-length

272" 4 14a; < 15a; < ap/2

where k' = k — 10 or k — 11 whichever is even (hence k' € [2" — 11,2"+! —
n —10]), and r = 2-2""" 4 2(7ax)? < (ar/2)?. Therefore there is a C’ in Ay
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such that C7* C C{. Let Ag,’"‘:L be the set of cubes obtained by choosing one
such C' for each C in A%';. Note that

(35) U( ‘C(')) > U( l.‘Cﬂa") > C3_3f(ak) > C332"22f(ak:)

forall C’ in A%
As in the proof of Lemma 3 of Taylor and Watson (1985) thereis a A] ; C
Agf’L such that

(3.6) Uc=yco Y ¢

Afnr A2, CeAdl,
and
(3.7) no point in (0,00) X R? is covered by more than

241 cubesin {Co:C € A 1}

(the latter property is the reason we chose k’ even and must sometimes work
with the semi-closed cubes Cy).

Let A C [L7*, L] x[-L, L) be compact. Since stps(U) = V and each C in
A, L is closed, we have (writing G and G for G(Y') and G(Y'), respectively)

(3.8) ANGC (Upe C)U (uggmLC)

where U’ means the union is taken over those C which intersect A (note that
if z € AN G then z € Int (C) for some C € A,, 1 satisfying V(C) > 0). If
n > No(L,w) then (3.4) and (3.5) show that

Y f@+ Y 1CnA#£0)f(27?)

g
Cerl L CeAjnr

< @D+ Y UCNA#0) ¢ U(*Cy)

g
CeA.in L

< en(L) + 2% U(*A%m-1)  (by (3.7))
— 29V (A) as n — oo,
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where we have used the compactness of A in the last. In light of (3.8), this
shows

(3.9) ' (ANG) < .21V (A)

for all compact A (let L — o) and hence all Borel sets A C (0,00) X R? by
the inner regularity of the finite measures ¢f(- N G) and V().

Consider now the upper bound on V. By Theorem 1.4 of DIP (1989) we
may fix w outside a null set such that

/SY:,(B)dugc:;f—m(R(r,s]ﬂB) for all B € B(RY), 0<r<s< oo,

where R(r,s] = Urcu<sS(Yy) and f — m denotes the ordinary f-Hausdorff
measure (see also Proposition 4.7 of Perkins (1990)). Let 0 < r < s, B €
B(R?) and A = (r, s] x B. Choose a sequence of covers {C(t7,z?,r%) : i € N}
(n € IN) of AN G such that

(3.10) lim zf(r:‘) =¢ (ANG), "li_’tgosqp r? =0.

Then {C(z?,r"): i € IN} covers B N R(r,s] and therefore
V(A) = / "Yu(B)du < esf — m(R(r,s]N B)
' < c3 lim 3 f(ear?)
< csqf(Ar; G) (by (3.10)).

For a fixed M € IV this gives the required upper bound first for A in the field
of subsets of (M~!, M] x R? of the form

Ursi]xBi, M™' < <s1<r...<s. <M, B; € BR?),

=1

and then for all A in B((M~!, M] x R?) (note that ¢f(- N G) is a.s. a finite
measure by (3.9)). Let M — oo to complete the proof. O

In DIP (1989, Theorem 3.1(a)) it was shown that for d > 3
(3.11) R™(Yi(B(z,¢€)) > 0) < caet™?*m(1)e?~2 for all t > €2

In fact exact asymptotics for the left-hand side as € | 0 were found. We now
use the same techniques to prove a slightly stronger result.
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Proposition 3.3 Assume d > 3.

t+e2
Q"‘(/t Y, (B(z,€))ds > 0) < c37t~%?*m(1)e?~? for all t > 4.

Proof. f € > 0 and z € R4 let

m(e,2)(4) = €2 [ 1a((y — 2)/e)dm(y).
Then

t+4e?
am,t,e) = Q™([ Yi(B(a,9)ds>0)
= 1- Jim R(expl =0 [ Vi(Bla,9)ds})

€2

/
— I H m(e,x) _ A
= 1- lim D™ (exp{—0e /

t
t/e?

"y, (B(0,1))ds})
= 1- lim RmED(Qe (exp{~be* /0 "Y,(B(0,1))ds}))

by scaling, spatial homogeneity and the Markov property. Use Iscoe (1986,
Theorem 3.1) and Lemma 3.5 of DIP (1989) to see there is a non-negative

function u®(z) (u*(1,z) in the notation of Lemma 3.5 of DIP (1989)) such
that

Q(ma t 6) =1- Qm(c,z) (exp{-—Y;/(z (uoo)})
and, if 7, = inf{t : |B,| < r}, then

u®(z)

IA

C1PI(T3/2 S 1) for all I(Cl Z 2
a1 P?(sup |B,| > |z|/4)

IA

c2 exp(-—_—|:1:|2 /34) (reflection principle)
9(z)-

I IA

From Theorem 1.1 (with u = 0) we see that for ¢ > 4¢?

g(m,te) < 1—R™exp(=Yia(9))) + 2™ (Ys/a(B(0,2)) > 0)
= 1—exp{—m(e,2)(Us/29)} + caee®t™42e *m(1)24% (by (3.11)).
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An elementary comparison theorem (e.g. Lemma 3.0 of DIP (1989)) allows
us to dominate U;/2g(y) by Peje2g(y) (P is the Brownian semigroup) and the
latter equals c3py/e2417(y) (pe(y) is the Brownian transition density). There-
fore for t > 4¢€?,

g(m,t,e) < 1-— exp{—€_2cs /P:/¢2+17((y —z)/e)dm(y)}
+c3.6t_d/22d'2m(l)e -2
< ert™?m(1)ef 2. O

Remark 3.4. By using the more precise estimate given in Theorem 3.1(b)
of DIP (1989) and being slightly more careful in the above argument one can
show that

Qm(/tt+¢'*‘ Y,(B(z,€))ds > 0) < c;;,sed—z(/pt(y—m)dm(y)+c(e, §,m)) forall t>§

where lim, o c(€,8,m) = 0 for each § > 0, m € Mp(R?). Theorem 3.1(b) of
DIP (1989) shows this bound is best possible up to the value of ¢ 5.

The following elementary corollary is also a consequence of the more
precise results of Dynkin (1990c) and the general results of Taylor-Watson
(1985).

Write ¢*(A) for ¢9(A) when g(r) = r°.

Corollary 3.5. Assume d > 3. If A C (0,00) x R? satisfies ¢~2(A) = 0,
then ANG(Y) =0 D™-a.s.

Proof. We may assume A C [6,00) x R? for some § > 0. If ¢?-%(A) =
0 there is a sequence {C(t?,z?,m") : ¢ € IN} (n € IN) such that A C

17°s

U, Int (C(t?,z?,77)) and lim, o 3 ;(r?)4-2 = 0.

pr(anem) #0) < ([ vic(Er s > 0)
=1 $

(=<}

< a6 *m(1)Y_(r?)*? Proposition 3.3)
=1

— 0 as n—o0. O
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Theorem 3.6. Assumed > 6. IfY!, Y? are independent super-Brownian
motions starting at m® and m?2, respectively, then G(Y') N G(Y?) = 0 and
hence S(Y2)N S(Y2) =0 for allt > 0 D™ x D™ -a.s.

Proof. Theorem 3.1 implies ¢?-2(G(Y')) = 0 D™ -as. if d > 6. Hence
Corollary 3.5 and a Fubini argument shows that G(Y!) N G(Y?) = 0 a.s. if
d>6.0

Remark 3.7 (i) It is easy to use Theorem 3.1 and Proposition 3.3 to see that
#(G(Y)NG(Y?) N ([6,00) xRY)) < co for all § > 0 D™ x ™ -a.s. where
g(r) = r®dloglog 1/r (d > 3). As above one can then show that for d > 4, if
Y? (i = 1,2,3) are independent super-Brownian motions then N3_, S(Y;) =0
for all £ > 0 a.s. Similarly there are no quintuple collisions in three or more
dimensions.

(2) The non-existence of collisions between independent super-Brownian
motions for d > 7 is a simple consequence of Proposition 3.3 alone. Theorem
3.1 was needed to treat the critical six-dimensional case. .

4 TUniform Regularity Results for Super-Brownian
Motion

In this section we derive uniform (in (¢,z)) bounds on Y;(B(z,r)) as r | 0
for the super-Brownian motion Y. Estimates on Y;(B(z,r)) for a typical =
in S(Y;) were obtained in Perkins (1988) to find an exact Hausdorff mea-
sure function associated with Y; but additional work seems necessary to get
uniform bounds. We continue to work with the nonstandard model N®*)
(x = 2" € *IN —NN) introduced in Section 2. This richer nonstandard model
allows us to define the following processes, originally introduced in Perkins
(1990, Sec. 4). If r € *[0,00), let r = [ru]/p where [z] denotes the integer
part of z. If B € B(R?) and r > 0, let

NB(A)=p' Y I(N7 € *B,Nj,, € A), te *[0,00), A€ *B(R?).

y~rtt

Hence N™B is an internal *Mp(IR?)-valued process which at time ¢ records
the contribution to N4, from descendants of particles which were in *B at
time r.
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Notation. {A; :t € *[0,00)} is the internal filtration on ( *§2, *.A) defined
by

A= *o(B%, e 1 |B] < [tu]) V (Nuse *o(BY : |B] = [tul,s < u))

(here *o(X) is the internal * — o-algebra generated by the internal X). Let
F; =o(A,) for t € [0,00) and let F, = F7 V {D" -null sets}.

{F¢:t > 0} is a standard filtration (but is not right-continuous) and
Y is (F;)-adapted. It follows from the nonstandard construction of Y that
for each fixed r € [0,00) and B € B(R?), N™B is )" -a.s. S-continuous and
Y"B(t) = st(N™B)(t) satisfies

(4.1) D" (P ecC|F,)=R¥5 () D" -as. for all Borel measurable

C in C([0,00), Mp(R%)) and all Borel B such
that OB is Lebesgue - and m-null .

(See (4.7) and (4.8) of Perkins (1990) where this is shown if B is a ball. The
same proof works for B as above.)

Notation. (a) If v € Mp(IR?) let vP,(A) = P¥(B; € A), and let
D(v,r) = sup{v(B(y,r)) : y € R%}.

(b) If z,y € R4, write z ~ yif z—y € Z ¢ and let 7(z) denote the unique
point in [0,1)¢ such that z ~ 7(z). f A C R let A = Upez a(k + A) =
{z:z ~a3Ja€ A}

2 ifd=2

(©) "‘(d)={ 1 if d>2
‘p(r) — r2(log+ 1/r + 1)"’(“), 1/,(,.) = r2(log"' 1 /r + l)a(d)—I.

Let cq1 € [V/d+4,Vd+5) and let B, denote the set of open balls, B,(y),
of radius r, = c41h(2™") and centered at a point y in (27"Z ). (Here a
Z = {an : n € Z}.) We may, and shall, increase c4; slightly so that
m(8B) = 0 for all B in U,B,. In what follows we will always assume n
is large enough to ensure r, < 7. For each such n and each j € Z ; we

construct a class C,(j) of subsets of R? with the following properties:
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(4.2) VB € B,,, 3C € C,(j) such that BC C

(4.3) YC € Cn(j), 3B € B, such that C C B

(4.4) VC € Cu(j), P™(B(j27") € C) < D(mPjzn,a) + p(h(27"))
(4.5) card C,(j) < (m(1) + 1)2%2" (¢4 depends only on d).

For each B,(y) € B, with y € [0,1)9, let C be a (disjoint) union of balls
of the form k + B,(y) (k € Z ?) where we keep adding on translates of
B,.(y) until the mPj;» measure of the union exceeds ¢(h(27")). Hence C will
satisfy (4.4). Continue in this manner using new translates of By(y) until
every k + B,(y) is contained in one (and only one C). Each such C will be
a disjoint union of sets in B,(y) and hence satisfy (4.3). The class of C’s
constructed in this way (for B,(y)) are mutually disjoint and all but one will
satisfy mPjz«(C) > ¢(h(27")). Hence by (4.3)

(4.6) no. of C’s constructed from one By(y)

< m(Bay))e(h(2) 7 + 1.

Now repeat this procedure for each of the 2"¥ choices of y in [0,1)9N(2-"Z ).
Cn(j) is the set of all C’s constructed in this manner. (4.5) is then clear from
(4.6). (4.2) is immediate from this construction.

Lemma 4.1 For " — a.a.w, if 27" < §(w,3) (6(w,3) as in Theorem 2.1)
then
sup{Y:(B(z,h(27"))) : z € R%, j27" <t < (j +1)27"}

< sup{¥7*O(RY) : C € Ca(j), tE€[0,27")} Vi € Z .
Proof. Fix w outside a )" -null set such that Y = st(N) and Y*C =
st(N*C) for all non-negative rational u and C € U;nCp(j). Assume 27" <

6(w,3). Let = € R4 and choose y € 2 "Z ¢ such that |z —y| < Vid2—n <
Vdh(2"). Fix j € Z . Then

B(z,4h(2™™)) C B(y, (Vd + 4)h(2™)) C Ba(y) C C for some C € Cn(j)
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(the latter inclusion by (4.2)). If t € [j2-",(j +1)27"), B ~ t and NP # A,
then |Nf — Nfz_,.l < 3h(27") (recall §(w,3) > 27") and hence

(4.7) Nf € *B(z,h(2™)) = N,_. € *B(z,4h(27")) C *C.
Therefore

Y.(B(z,(27")))

IA

°Ni("B(z,h(27")))

1 .
SN € *C, NE£D) (by (47)
Bt

ONii2‘",C( *Rd) - sz_n’C(Rd).

IA

The result follows. O

Notation. If f : IR — [0, 00] is Borel, let
t
G(f,) = [ sup PY(f(B.))ds.
0 vy

The next result is readily obtained by taking limits in Proposition 2.6(c)
of Perkins (1988).

Proposition 4.2 If f : R? — [0,00] is Borel and 4P™(f(B;)) < A, then
R™(Y(f) 2 X) < exp{-A4G(f,1))"'}.

Let ¢,(y) = Skez « Po(y + k) denote the transition density (on [0,1)9) of
7(B,) (and set ¢,(y) = 0 if y ¢ [0,1)7).

Lemma 4.3 Letr € [0, ).
(a) sup, P¥(B, € B(0,r)) < cs3r(s~9/2 + 1)
(b) If B is a ball of radius r then
G(15,1t) < csatp(r)

providingt <14, ifd> 2, ort <log i, ifd=2.
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Proof. (a) If y € [0,1)? then

a(y) = (2rs)™? Y exp{—|y + k|?/2s}
keZ d

d 0
< MY exp{—(yi+ k)*/2s}(2ms)™/?)

=1 kj=-—o00

< (2(2ws)"V% 42 i exp{—k?/2s}(2ms)"/?)
k=1

< (2(2ms)"V/? +2/:° exp{—z?/2s}(2rs)"Y?dz)?
< (s7V241)
Therefore

PY(B, € B(O,r)) = P(n(B,) € n(B(~y,1))
[16z € 7(B(=y,7))au(2)dz
< cari(sV2 4 1)

where ¢4 is the volume of the unit ball in IR? (recall r < 1/2). This gives (a).
(b) If d > 2, B is a ball of radius r < 1/2 and t is as in the statement of (b),
then

G(15,t) = [isup, PY(B, € B(0,r))ds
(4.8) <r? 4 87 cgard(s9/2 4+ 1)ds
< 12 4 cy3tr? + cq3r9r2(1-9/2)(d/2 — 1)1
<12 4+ cqar? + c43(d/2 — 1)711r? = 372
If d = 2, then (4.8) still holds and we get
G(1g,t) < 12+ castr® + casr’logtt/r?

1 1
< 1?4 cqarilogl/r + cyarifloglog - +2log -;] o

Notation. Let y, denote the diffusion on [0, 00) with generator (y/2)d?/dy?

and let {Pé" : y' > 0} denote the laws of y on path space. The process is
absorbed at 0.
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Lemma 4.4 PY (sup,cry(t) > ) < exp{—2(VA = V¥)?/T} VA > ¢'.

Proof. The transition density of y is given on p.100 of Knight (1981). This
readily gives PY (exp 0y(t)) = exp{20y'(2 — 6t)-'} for 6 < 2/t. The result
now follows from the weak L! inequality by the usual application of Markov’s
inequality (the optimal 6 is (2 — 2(y'/A)Y/?). O

We now combine the three previous estimates to derive the required
bound on Y727"C, Recall r, = c431h(27").

Lemma 4.5 There is a c45 such that

R (sup Y*ORY) 2 )) < 2exp{—casi2*n )}
t<2-n

for all j27" and C € C,(j) such that

(4.9) 8(D(mPja-n,7a) + ¢(h(27"))) < A,
rm < 3, and
—-n T?‘—d lf d’ Z 37
127 s { logl/r,, if d=2

Proof. Use (4.1) to bound the required probability by

R™(¥2-+(C) 2 A/2) + B(U(¥;2-+(C) < M/2)R"™io sup Yi(R?) 2 }))

< exp{-A(8G(1c,j27") 7} + F*(sup y(t) 2 )
((4.4) and (4.9) allow us to apply Proposition 4.2)_
(4.10) < exp{-M(ce8%(rn)) '} + exp{—2"(vV2 - 1)’A},
where we have used (4.3) and Lemma 4.3 to bound the first term and Lemma

4.4 to bound the second term. An easy calculation now shows the first term
in (4.10) is the larger and gives the required bound. O
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Lemma 4.6 (a) t — D(mP,,r) is non-increasing on [0,00) for each m €
MF(Rd), r>0.
(b) There is a cq¢ such that

D(mP,,r) > ca¢D(m,r) VO<t<r’ me Mp(R?).

Proof. (a) By the Markov property it suffices to show D(mP,,r) < D(m,r).
If y € R4 then

mP(B(y,r) = [ [1z=yl <r)plz - 2)dm(a)dz
= [ [1lw+2 -yl < r)dm(z) pi(w)dw
< D(m,r) [ pe(w)dw = D(m, ).
(b) Choose y such that m(B(y,r)) > D(m,r)/2. Then
mP(B(y,r) 2 [z -yl <r)P*(B: € B(y,r))dm(z)

[ 1l =yl < )P*(B1 € B((y - o)t ™/2, rt7/2))dm ()
> am(B(y,r)) > (c1/2)D(m,r)

where ¢; = inf{P°(B; € B): B a ball of radius 1 containing 0 }. O

Here finally is the main result of this section. Recall that

2(1+1ogtl) d>2
Dlrm,r) = sup{m(B,r) v € R} and o) ={ 12 T8 T), 973

Theorem 4.7 Assume d > 2. There ezxists cq7, c4s Such that for any m in
Mp(R?) and Q™-a.s. Ir,(w) > 0 such that

D(Y;,r) < cyrmax(D(mP,, cas7),(r)) forall t>0, 0 <r <ro.

Proof. Let

An(G)={_ sup  D(¥,,h(27")) 2 c1(D(mPj2-n,7a) + ¢(h(27")))},

J2-n<t<(j+1)2-m
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where ¢; > 8 will be chosen below. Let

r2-d if
Tn= { log(1/r,) if
Then (2.1) and Lemmas 4.1 and 4.5 imply that for r, < ,

D" (UjsrtaAn(i) S X D7(Aa(), 6(w,3) > 27") + cam(BR)27">2

3<2°Ty

= Z Z 2exp{—cssc1(D(mPjg-n,ry) + @(h(27"))2"n—@)}
€T 0€Ca(s)

+ cz,lm(R“)z-"cz.z Qcs.2n

< 2nTn(m(l) + 1)2 exp{—-c4,5c1(p(h(2‘"))2ﬂn—a(d)}

+ caam(R?)27"22 (by (4.5))

< 2"(1+C4.2)Tn(m(1) + 1)2exp{—cicon} + Cz,lm(Rd)2‘"Qv2’

where ¢, depends only on d. Now fix ¢; large enough so that the last expres-
sion is summable (note that T,, < 2"). By Borel-Cantelli we have )™-a.s.
for large enough n

sup D(Y:, h(27")) < e1(D(mPjz-n,caah(27")) + o(h(277)))
32-n<t<(j+1)2-n

V0<j2™" < Ty,
and therefore by Lemma 4.6(b) (with mPj;-» in place of m in that result)
(4.11) D(Y:, h(27")) < cs(D(mPeycaah(27")) + @(R(27"))) VO <t < T,.

Take n larger still (if necessary) so that T, exceeds the lifetime of ¥ to get
(4.11) for all 0 < t < oo. The required result follows by a standard argument
which allows us to replace h(27") by a sufficiently small continuous parameter
r at the cost of increasing c3 and ¢;;. O

Corollary 4.8 Ifd > 2 then for any m in Mp(IR?)

lim sup sup D(Y;,r)p(r)™! < cy7 forall 6§ >0 D™ —a.s.
rl0 t>6
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Proof. Lemma 4.6 implies
sup D(mP;,cq57) = D(mPs,cqasr)
t>6
< m(1)6"’/2(2c4_8r)d.

The result is now clear from Theorem 4.7. O

In the next section we will also need a uniform (in ¢) upper bound on
S J1(Jly1 — y2| < r)dY,'dY;? as r | 0 when Y! and Y? are independent super-
Brownian motions starting at m! and m?, respectively. This in turn requires
an elementary covering argument implicit in Perkins (1988) and DIP (1989).
This argument (Proposition 4.10) is of independent interest since it gives an
elementary proof of the fact that dimS(Y;) < 2 for all ¢ > 0 a.s. (the reader
is invited to derive this from the proof of Proposition 4.10).

Notation. If 0 < € < t,let Z(t, €) denote the cardinality of I(t,€) (the latter
was introduced just prior to Lemma 3.3).

Lemma 4.9 Conditional on F;_., Z(t,€) is a Poisson random variable with
mean 2Y;_(1)e" 1.

Proof. The internal conditional distribution of Z(t,€) given A,_, (or equiv-
alently A,_.) is binomial with mean =~ 2Y;_.(1)e~! and number of trials
pN;_e(1) (see DIP (1989, Lemma 4.1, (4.2))). The lemma is now a simple
consequence of the well-known weak convergence of the binomial distribution
to the Poisson. O

Proposition 4.10 Let Y*(1) = sup,yoY:(1). For D" -a.a.w for n suffi-
ciently large (n > N(w)) for any § € IN S(Yj3-n) is contained in a union
of 2"+2(Y*(1) v 1) balls of radius 3h(27").

Proof. The previous lemma and an elementary calculation shows that

D" (Z(G27",27") > 2™ (Y j1)2-n(1)V1)|F (j-1)2-n) < exp{—2"*!(2log 2—1)}

(bound the conditional distribution of Z(j27",2~") by a Poisson distribution
with mean 2"+1(Y(;_1)2-»(1) V 1) and apply an elementary large deviations
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estimate). Therefore

D" ( max Z(j27",27") > 2"3(Y*(1) V1)) < 2% exp{—2"*!(2log 2 — 1)}

1_<_j_<_22"

is summable over n. By Borel-Cantelli we can fix w outside a f)m null set
such that there is on N;(w) so that

(4.12) max Z(j27",27") <2™*%(Y*(1)Vv1) forall n > N,

1<5<2%n
and §(w,3) > 0 (6(w,c) as in Theorem 2.1). Choose n > N; so that 27" <
6(w,3) and Ynyy = 0. Then for any j € N

(4.13) S(Yp--)c U  B(z,3r(27")),

zel(j2-n,2-")

and (4.12) together with I(j2~",2 ") = 0 for j > 22" shows that (4.13)
covers S(Yj2-») by a union of at most 2"*2(Y*(1) V 1) open balls of radius
3h(2"). O

Theorem 4.11 Assume d > 2. There i3 a c49 such that for any m!, m? in
Mg(R%), B> 0, and Q™ x D™ -a.a. w there is an r1(B,w) > 0 such that

(4.14) sup [ [ 11 - vl < ) (11)a? (32

< cao(sup V;1(1) V 1)r44(log 1/r)*4*? for r < r1(8,w).
t

Proof. If d = 2 this is a simple consequence of Corollary 4.8 (in fact one
can reduce the power of the logarithm) so assume d > 2. We work on the
obvious product of Loeb spaces so that w = (w!,w?). Fix § > 0.

Condition on w! satisfying 6(w?,3) > 0 (6(w,c) as in Theorem 2.1),
ro(w!) > 0 (ro as in Theorem 4.7), and the conclusion of Proposition 4.10
(for n > N(w?) sa);). We now argue conditionally on w! and hence will work

with respect to ) . Assume n is taken sufficiently large so that n > N (w?),
h(2™™") < ro(w?), 27" < é(w?,3), and D(mP;,ca57) < @(r) for all t > S and
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r < h(2") (see the proof of Corollary 4.8). Then on {§(w? 3) > 27"} we
havefor # <j2 " <t<(j+1)27")

[ [ 1n-val < b@)av a2 < carp(h(z™) [1(d(wa, SED)) < hE2™)dY;

( by Theorem 4.7 since h(27") < ro(w'))

(4.15)
< carp(h(2™) [ 1(d(ya, S(Vh-n)) < 4h(27))dY?
( since 27" < §(w',3))
< carp(h(27))YN,

where

Sin = {y : d(y, S(Y3-»)) < TR(27")}
Y™ = sup YT,
t<2-n
and we have used §(w?,3) > 27" to conclude that each particle in S(Y}?)
within a distance 4h(27") of S(Y}}_.), is the descendent of a particle in
S(Y}-.) within a distance 7h(27") of S(Y}}-.). Use the nonstandard con-

struction of Y2 to make this rigorous. By the choice of w! and Proposition
4.10
P (B, € Sjn) < 2"Y2((YV)*(1) V 1)m?(1)s=%/%¢c;h(27)4

— c203(w1)m2(1)s"d/22"‘(d/2’1)n"/2

where c3(w!) = (Y)*(1) V 1. Therefore

(4.16)

i) < [(omur= iy 10
< cqca(w')dn2-n(-2/d)

By (4.16) if j2-" > § and

(4.17) A > deses(w!)m?(1) B4/ 2nd/22-n(d/2-1)

we may apply Proposition 4.2 to conclude
 m2
D™ (Y3-a(Sjn) = A) < exp{—A(dcscs(w?)?/d)1n-12n-2/d)},
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Let )\, = (4csc3(w!)?9)17n?2-"(1-2/d), Then (4.17) holds for n > no(w?!, B, m*(1))
and so )
Q" (Yin(Sin) 2 Ma) S €77,

Argue as in Lemma 4.5 to obtain for n > n;(w!, 8,m!(1))
D™ (v > 2),) < 2e71,
By Borel Cantelli for £)"-a.s. w? there is an Nj(w?) such that
sup Y™ <2\, forall n > Ny(w?)Vn(w,B,m!(1))
B<j2-n<2n

Returning to (4.15) we see that for a.a. w there is an N3(w) € IV such that
for n > N3(w)

sup [ [1(lys - val S BENAVIY? < caro(h@)20
28<t
< c5c3(wl)2/dh(2_")4_4/d(log 1/h(277))%*2/d

(4.14) is a trivial consequence of the above. O

5 A Tanaka Formula for Collision Local Time

Let m!, m? € Mp(R?) and assume (X, X?) are continuous adapted Mr(R?)-
valued processes on (', F’, F}, P') which satisfy (M1 m2) (in the Introduc-
tion). We first show how to enlarge the probability space to construct a
pair of independent super-Brownian motions (Y',Y?) so that Y* > X!
i = 1,2. Recall the notation (Q°,F°,F°[s,t+],10smu) from Theorem 1.1.
Let F2 = F°[0,¢+].

Define

D=0 xQxQ, F=F xF°xF°, Fo=F, x F? x Fg,
and if ), = Do, define P on (R, F) by (see Theorem 1.1(d))

P(BxCyixCy)= /Q 15(w')B a1 (w) (C1)R a2(wr) (C2) AR ' (w').
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Here Af(w’) is the random measure on [0,00) X IR? defined by

A (w')([0,¢] x B) = Aj(w')(B).
Let m : @ — €' denote the projection mapping and denote points in by
w = (w,Y1,Y?). Let Y}(w) = Xj(v') + Y} > Xj(v'). Roughly speaking,
when an individual of population X ‘~is killed by A* we think of the parti-
cle living on in an afterlife and use Y* to record the subsequent evolution
of the descendents of these dead particles. There is no further interaction

between these deceased particles and the two living populations and hence,
conditioned on w’, Y?, ¢ = 1,2, should be independent.

Theorem 5.1 (a) If W € bF', then
(5.1) P(Worn|F,) =P (W|F,)or P —a.s.
(b) (Y1,Y?) are independent (F;)-super Brownian motions starting at m!

and m?, respectively (under P ).
(c) If ZY' () is the martingale part of Yi(¢) (¢ € D(A)) then

(ZY (i), Z7(;) 0 )y = 6:(Z* (i), Z°(ps))e 0 ™ = 63 /ot X; o w(p})ds.

Proof. (a) Let B € F, and C, C; € F2. Then if W € bF",
/ laxcyxc, WomdP = / 1p(w")W (') a1 w1y (C1)R a2 (wr)(C2)d R ' (')
= /lB(w')P'(Wl-ﬂ)l(w')QAl(w')(Cl)QAz(w')(Cz)dP'(w')
since Theorem 1.1 (d) shows that £ 4i(us)(C:) is F-measurable. Therefore
/ 1Bxc,xc,W o 7dP = / 18xc,xc, P'(W|F)) o dP
and (5.1) follows.

(b) Since Z}(y) is on (F})-martingale (a) shows that Zj(¢) o 7 is an
(F:)-martingale under P and

(5.2) (Z () o 7, Z3(05) o 1) = 85 [ Xi o m(e)ds
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because Zj(;) 0 Z{(pj) o m — 6ij Jy Xiom(p?)ds is an (F,)-martingale by the
same reasoning. Let F; = F' X F; x F; O F¢ and

. . t . R

Zi(e) = Yi(e) - [ Vi(Ag)dr - 4i(¢) o, ¢ € D(A).
Ifs<t, Be€F and C;,C; € F3, then
P (1xc,xc,(Zi(e) — Zi(¥)))

= [ R x R (loman (BP0, ) - Zio)w', )R ()
= 0

because Zj(p)(w',-) is an (F7 x F})-martingale under B 41 (wr) X Qa2(wr) bY
(Mo,4i(w))- Therefore Zi(p) is an (F,), and therefore an (F,), martingale.
The same reasoning shows Zi(;)Zi(p;) — 6ij JE YVi(p?)ds is an (F:), and
hence also on (F;), martingale and so

(5.3) (B (i) = b [ Filehds.

If ¢ € D(A) then ZY'(¢) = Zi(p) o 7 + Zi(y) is a (F;)-martingale by the
above and

. . " t . .
Yi) =mi(e) + 2 (9) + [ Yi(Ap)r i=12, ¢ eD(4).
If s <tthen

P(Z{(p)Zi(p5) o m|Fs) = P(Zi(¢;) 0B (Zi(pi)|F.)IF.)
P (Z{(p;) o 7Zy()|Fs)

= Zi(p;) o 7 Zi(¢:)
and so
(5.4) (Z'(¢i), Z°(pj) o 7) = 0.

(5.2), (5.3) and (5.4) imply
(270, 2" (i) =8 “Yi(o?)ds.
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Theorem 1.2 now implies (b).
(c) is immediate from (5.2) and (5.4). O

The above result extends easily to more general super-processes such as
super-Feller processes.

(a) implies that (X, A) = (X!, X?, A}, A?) (on (¥, F', F}, P') and (X, A)o
7 on (Q, F,F;, P) have the same law and, more significantly have the same
adapted distribution in the sense of Hoover-Keisler (1984). This means that
all random variables obtained from (X, A), respectively (X, A) o w, by the
operations of composition with bounded continuous functions and taking con-
ditional expectation with respect to (F}), respectively (F;), have the same
laws. It implies, for example, that if we identify (X1, X2, A, A%, Z1, Z?) with
(X1, X2, A A%, Z', Z?) o, then (M1 sn2) holds on (2, F, Fy, P) (this is es-
tablished in the previous proof). Therefore in studying properties of (X, A)
we may as well work with (X, A)or on (2, F,F:, P) and hence we may, and
shall, assume there are independent (F;)-super-Brownian motions (Y?,Y?)
starting at m! and m?, respectively, and such that Yy > X; for all ¢ > 0,
i = 1,2. In the future when working with systems such as (M1 n2) we will
simply assert the existence of dominating super-Brownian motions (Y?,Y?)
“without loss of generality by enlarging the probability space if necessary”.

Let A and R, denote the generator and a-resolvent of 2d-dimensional
Brownian motion, respectively. It will be understood that a > 01if d < 2.

Lemma 5.2 For any ¢ in D(A),
Xi x X} (p) = m!xm’(p)
t
+ /0 / / (1, 22)[X1(dz1) Z%(ds, dz3) + X2(dz2) Z*(ds, dzy))]
t
- /0 //cp(a:l,xg)[X,l(dml)Az(ds,d:cg) + X?(dz;)A'(ds, dz;))]
¢
+ /0 //.A(p(ml,zz)Xal(dxl)Xf(dxg)ds.
Proof. If ¢(z, ;) is a linear combination of functions of the form ¢, (z1)p2(z2)

where ¢; € D(A) (call this class of ¢’s £) this is immediate from (M1 sm2)
and Itd’s lemma. A theorem of S. Watanabe (see Ethier-Kurtz (1986, p.17))
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implies £ is a core for A and the result follows for all ¢ in D(A) by taking
limits. O

To obtain a Tanaka formula for collision local time we want to set ¢(z1,z2) =
—6o(z1 — z2)¥((z1 + 72)/2) in the above. If ¥ € bB(IRY) we introduce some
approximate identities and set t(z1,z2) = pe(z1 — z2)¥((z1 + z2)/2) and
(B, B; are independent Brownian motions in IR9)

Gact(e1,2) = Rathlar,za) = P= x P=([” e=5p(B} — B2 (B} + BY)/2)ds

= k[ e puresal(@1 - 22)2)Pp((@1 + 2)/2)ds,

where kg = 2(479/%?) and we have used the independence of B! + B? and
B! — B2, Let
Gap(z1,22) = kd/o e 2%p,((z1—22)/2) PY((z14+22)/2)ds = Gaoth(z1, T2).

If ¢ € Co(IR?) then v(z1,72) € Co(R?) and Ga %) € D(A) solves AGq ) =
aGoet) — he. (f @ = 0 and d > 3 it is easy to check G4 % "'£ GoY
and AG, % "=|:|$ —1e as a | 0.) Hence the previous lemma gives us, first
for ¢ € Co(R?) and then for any 3 € bB(R?) by taking bounded pointwise
limits,
(Te) X} X X} (Gaetp) = m! x m*(Ga,)

+ [5 | | Gaeto(z1,22)[ X2 (dz1)Z%(ds, dx2) + X2 (dz2) + Z1(ds, dz,)]

— I3 [ | Gaeth(z1, 22)[X2(dz1) A%(ds, dz2) + X2 (dz2) A (ds, dzy))

+a 5 [ [ Gaetp(z1,22) X2 (dz1) X2 (dz2)ds

= Jo J I pe(z1 = 22)9((21 + 22)/2) X} (dz1) X2 (dz2)ds,

for all ¢ € B(IRY).

We now show that each term in (T;) converges as € | 0.

Notation. g,(z) = Jg° e~*!p;(z)dt if d > 3 or a > 0. Here go(z) = c5.1|z|*~¢
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if d > 3. Define

1+log*(1/|z|]) d=2
go\T) = .

A bit of integration shows that

(5.5) 2G31(z1,22) = ga(z1 —22) d>3 or a>0,
(5.6) cs2(e)log*(1/z]) < ga(2) < es3(a)go(z) d =2,
(5.7) 9a(z) < csa@)go(z) d=1.

Lemma 5.3 Assume 1) € bB(RY) and a >0 (a >0 ifd <2).

. o) - - d
(a) |Ga,c¢(z1,z2)—Ga¢(x1,mz)|s{E:HQLEE%‘ ! 7

If > 0, im0 Go (21, 22) = Gatp(z1,z2) for all (z1,2,).
(b) |Gaeth(21,22)| < €*/2|[$logarsa(21 — 22)

Proof. (a)
(5.8) IGa,c¢(ml)x2) - Gad’(xl’z?)l <

Kallblloo [ € prrera(es = 22)/2) = pul(@1 = 22)/2)lds

< Kal|9loo /0 g2 / % (Bpa/0u)((21 — 22)/2)|duds.

Use |(9pu/0u)(2)| £ pu(2)(2u)~1(d+|2|?>/u) and an elementary calculation to
obtain the inequality in (a) for d > 2. If d = 1 the above bound on |8p,/dul|
implies |(8pu/0u)(2)] < ciu=32.  As we also have |p,44(z) — po(z)| <
s~1/2(27)-1/2 (5.8) shows that

(Gacth = Gath| < allllol [ (2ms)2ds + [~ e22%,575/2(e/4)ds]
0 €
< kl[$lleole”? + c16/7/2].
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For d > 2, pointwise convergence off the diagonal is clear from the above.
On the diagonal, the pointwise convergence of Gq¥(z1,21) to Go¥p(z1,21)
if 4 > 0 is a simple consequence of Monotone Convergence.

|Gaep(z1,72)| < kal|Plloo S5 €72 Patesa((z1 — 22)/2)ds
(b) = kal|Y)]lo J T, €*/%e72%py (21 — 22)/2)du
< €/?||Y||ooas2(z1 — T2). O

In order to control the martingale term on the right-hand side of (T;) as
€ | 0 we need the following estimate which is proved in Section 7.

Lemma 5.4 Let Y! and Y? be independent (F;)-super-Brownian motions
starting at m! and m?2, respectively.
(a) If 3 < d < 5 there are constants cs¢(t) (£ > 0) such that

P([ [([ gulur — y2)Y2(dyn)*¥2(dy)ds)

J J(log*(1/|z1 — 22) + 1)m?(dz1)m*(dzs), if d =3,

J J(lz1 = 22|°-% + 1)m? (dz1)m?(dz,), if d=4,5,
forall a>0,t>0.

(b) If d < 2 there are constants csz(a,t) (a,t > 0) such that

< cse(t)(m(1) + 1) {

P([ [(f alus — )V (d02) Y2 dy)ds)

< esa(a, t)m!(1)(m! (1) + 1)m?(1).

Recall that M = M(m?1, m?) is the set of all continuous adapted processes
(X1, X?) satisfying (M1 g2 )-

Corollary 5.5 Assume d <5 and

(5.9) / / log*(1/|z1 — 22|)m?(dzy)m?(des) < 00 if d =3

(5.10) / / |21 — 2|5~ %} (dz;)m?(dzs) < 00 if d = 4,5.
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Then for any ¢ € B(R?), T >0 and >0 (a >0 ifd <2),

li Go(T1,22) X (dz1) 2 (dz1, d
= (le(lg)eM |§1<1p/ // acth(21,22)X, (d21) 2% (dz1, dz2)
t
_/0 //Ga¢(z1,-172)X:(d$1)z2(d$1d272)”2.

For any (X', X?) € M, [s [ [ Gatp(z1,22)X}(dz1)Z%(ds1,dz) s a continu-
ous L?-martingale.

Proof. For € > 0 and (X!, X?) € M, Doob’s inequality and X* < Y* shows
the above L2-norm is bounded by

aP([ [ ([ 1Gucth(s1,92) — Gatblus,12) V2 () ¥ (dz)ds)
=P ([ [ [ [1Gactlony) — Gutblun,p2)

(5.11) X|Gae(y1,¥2) — Gat(y1, 42) Y, (dy1)Y; (dy1) Y, (dy2)ds).

By Lemma 5.3(b), if € < 1 the integrand in (5.11) is bounded by 4e*||¢¥||%,
9as2(¥1 — Y2)9as2(y7 — y2) which is integrable with respect to the measure
(Y} (dy:)Y}(dy;)Y2(dy2)dsdP) by Lemma 5.4. The integrand approaches 0
as € | 0 on {(v1,¥},¥2): ¥1 # y2 and y; # y2} and this set is not charged
by the above measure because Y2 is independent of Y'! and does not charge
points. The Dominated Convergence Theorem implies (5.11) approaches 0
as € — 0+ and the corollary follows. O

Lemma 5.6 (a) Assume d < 5, and (5.9) and (5.10) hold. Then for any
Y e bBRY), T>0anda>0 (a>0ifd<2)

t
(5.12) hm sup || sup|/ //Ga,cz/)(a:l,a:g)X,l(dml)Xf(dxg)ds
t(x1,x2)eM  t<T 0

._/Ot//Ga'(,[)(:vl,:Bg)X,l(d-Tl)Xz(dx2)d3”|1
=0.
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For any (X!, X?%) € M, [; [ [ Ga¥p(z1,72) X} (dz1)X?(dz2)ds is a continuous
process with P integrable total variation over compact time intervals.
(b) Assume d < 5 and

(5.13) //go(:vl,:zg)dml(xl)dmz(:cg) <oo if d<4,

(5.14) / / |21 — za|~*dm*(21)dm?(z3) < 00 if d =5.

Then for any ¢ € bB(RY), T >0and >0 (> 0if d < 2)

(5.15) zl—i}(%- sup |sup|//G V(1 22) X} (dzy) X2 (dz)

(x1,x2)eM T

_//Gal/’(ml, z2) X} (dzy) X2 (dz2)|||l1 = 0.

For any (X!, X?) € M, X} x X2(Gn%) is a continuous process such that
supicr | J [ Gapd(X{ x X?)| € L! for any T > 0.

Proof. (a) The supremum inside the L!-norm in (5.12) is bounded by

(516) [ [ [1Gach(yi,2) ~ Gath(sr, 1)V (dyn) Y2 (dyz)ds

If d =1 the above integrand converges uniformly to 0 and hence (5.16) ap-
proaches 0 in L!. Assume now d > 1. By Lemma 5.3 the integrand in (5.16)
converges to 0 as € | 0 for all y; # y», and is bounded by 2¢%/2||4)||coga/2(y1 —
y2) for € < 1. Lemma 5.4 and Cauchy-Schwarz imply g,/2(y1 — y2) belongs to
L'(1(s £ T)Y}(dy1)Y?2(dyz)dsdP ), and since this measure does not charge
the diagonal {y; = y,}, Dominated Convergence implies (5.16) converges to
0in L'(P) as € | 0. This gives (5.12). Since Ga % is bounded and con-
tinuous, [ [ [ Gacp(z1,22)X2(dz1)X2(dz;)ds is a continuous process with
integrable total variation over compact intervals. The convergence estab-
lished above now gives the same conclusion with € = 0.

(b) If d = 1 the uniform convergence of |Gy — Go%| to 0 (Lemma 5.3)
and the bound X} < Y/ make (5.15) obvious. Assume therefore d > 2 and
for a fixed ¥ € B(IR?) define

77(0, €, 6) = SuP{|Ga1/’(~"71, 2)2) - Ga,c¢(zlaz2)| : le - $2| Z 6}
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Recall that lim,_.o4 n(,€,6) = 0 for all § > 0 by Lemma 5.3 (a). Let
(X', X?)eMand T > 0. Then for e <1,

sup | X; x X}(Gaet) — X; x X}(Ga¥)| < n(e &, 6) sup X; (1) XF(1)
+eci(e, ) fl(lg//l(lxl—xgl < 8)gaj2(T1—22) X} (dz1) X} (dz;) (Lemma 5.3 (b))
(5.17) < n(a, €, 8) sup ¥} (1)Y,(1)
t<T

ter(@$)sup [ [ 1y — val < 8)gass(vr — va) Vi (dyn) Y2(do).
t<T

Let R, denote the image of Y;! x Y, under the mapping (y1,¥2) — |y1 — ¥2|.
Then if B > 0, r1(w,B) > 6 (r1 as in Theorem 4.11) and we write go(|y|) =

go(y)a
s [ 1= el < Oolur — 1) ) ¥dwe)
< sup Ri([0,8))90(6) — [ 1(r < O)gb(r)Re((0,r])dr
BLtLT

< caalsup Y1) V 1)[5*(10g 1/8)442g0(8) — [ 1(r < E)gb(r)r=4(1og 1/r)4+*dr
t

(Theorem 4.11)
— 0 as 6|0 (recall d<5).

We have shown
(5.18)

lim ﬂ?tl_gT//l(lyl — y2) < 8)go(y1 — ¥2) Y} (dy1)Y*(dy2) =0 VB> 0 ass.
Let v = 1in (T¢) with (X*,X?) = (Y,Y?) to see
(5.19) sup / / Ga,e1(y1,92)Y; (dy1)Y, (dy2)
t<T
t
< mtxm(Gacl)+sup [ [ [ Gacll¥} (dyn) 23 (ds, dya)+ Y2 (dys) Z*(ds, dya)]
t<T Jo
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+a/(;T//Gaﬁllf',l(dyl)}’,z(dyz)ds.

The right side converges in L! as € | 0 to
(5.20)

t
mt x m*(Gal) +sup [ [ [ GallY(dy)2(ds, dya) + Y2(dy2) 2 (ds, dyn)]
t<T JO

T
+c\:/0 //GalY,l(dyl)Y?(dyz)ds =m! x m3(G,1) + I'r

by Corollary 5.5, (a) and the hypotheses on m?!, m? (see (5.5)). Apply Fatou’s
lemma in (5.19) (use Lemma 5.3 and (5.5)) to conclude that

(5.21) fgg( / / 9as2(y1 — y2) Y (dy1) Y (dy2)

B / /ga/Z(yl — yz)m? (dy;)m*(dy2))
<27t

and in particular
(5.22) E(sup [ [ galsn — 5a) ¥ (d32) Y2(dy2) < oo.
t<T
Let 6, | 0 satisfy m! x m?(|y, — y2| = 6n) = 0. Then
sup [ [ gapa(an = v2)1lus — | < 8% (don) ¥ (dya)
t<pB
< sup([ [ gopalvs = v2)¥dn)¥2(d) = [ [ gaps(ys = va)m’ gy (dua)
+5up | [ [ gapalus — 2)1(1y1 = wal > 8a)¥2(dya) ¥ (dy)
t<p

~ [ [ gapalas = )11 = 3l > 8a)m* (dya)m?(dy2)|

+//9a/2(y1 — y2)1(Jy1 — y2| < 8p)m’ (dy1)m?(dy,)

(5.23) = I(B) + I11(éy, B) + I11(6,).
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Fix w outside of a null set such that I's(w) — 0 as # | 0, (5.18) holds and
II(én,8) — 0 as B | O for all n. The latter is a simple consequence of the
weak continuity of ¥;! x ¥;?2 and the choice of {6,}. If ¢, > 0 choose NV; so
that I1I(6,) < € for n > N;. Next use (5.21) and the choice of w to find
B > 0 such that I(8) + II(én,, B) < €. (5.23) implies that for n > Ny,

up [ [ gualyr = 42)1(lvs — ol < )Y (d9n) V2 (d) < 260
Now use (5.18) to find another N; so that for n > N,

s0p [ [ garays = 92)1(1y1 — 2l < 62V (dyn)Y2(dya) < 2eo.

BT

We have proved

lim sup [ [ gapen = 92)1(01 — val < Y (dyn)¥P(dyz) = 0 as.
10 o<t<T

and hence also in L! by (5.22). Returning to (5.17) we may first choose §
sufficiently small and then € so that the L! norm of (5.17) is less than our
given €. As the estimate is uniform in (X!, X?) € M, the proof of (5.15)
is complete. The last statement is immediate from (5.15) and the weak
continuity of X} x X2. O

Remark. It is clear from the above arguments that if one drops the sup
over (X', X?) and deals with a single (X!, X?) € M then a.s. convergence
as well as L-convergence holds in both (a) and (b).

Lemma 5.7 Assume (X',X?) € M, d < 5, and (5.9) and (5.10) hold.
Then for any ¢ € bB(R?), T >0 and a >0 (> 0 ifd < 2),

/OT / f |Gaet(21,22) — Gath(21,22)| X (dz1) A% (ds, dz,)

(5.24) —0 a.s. andin L',

and [ [ [ Gatp(z1,22) X2 (dx1)A%(ds,dz;) is a continuous process with inte-
grable total variation over compact time intervals.

40



Proof. We may assume % > 0. From (7,) we have

/ot//G""d’(ml’x2)Xsl(d$1)A2(ds,da:2)
(5.25)

< mxm? (G )+ /0 ' / / G (21, 22)[ X1 (d21) Z%(ds, do2)+X2(dz2) 22 (ds, dzy )]

+a/0t//Ga,czb(:cl,xg)X:(d:cl)Xf(d:cg)ds.

The hypotheses on m‘, Corollary 5.5 and Lemma 5.6(a) imply the right side
of (5.25) converges in L! uniformly in ¢t < T to

t
A =m! x m¥(Gap) + / //Gc,,r/J(:vl,:vg)[X}(dxl)Zz(ds,d:cg) + X%(dz;)Z"(ds, dz1))
0
t
+ a/ //Gazb(xl,a:z)X}(dxl)Xf(dmg)ds.
0
Apply Lemma 5.3 and Fatou’s lemma to conclude (take 1 = 1 and use (5.5))
t
(5.26) / //ga/g(:z:l — z2) X} (dzy)A*(ds,dzs) < 2A, forall t>0 as.
0
If d > 2 (5.26) shows that X}(dz,)A?(ds,dz;) does not charge {z; = z,} a.s.
Since sup,<r A; € L', (5.26) and Lemma 5.3(b) allow us to apply Dominated
Convergence to derive (5.24). (fd =1 ||Gaet — Ga?|lco — 0 and there is
no need to worry about the diagonal.) The last statement of the lemma is

then obvious from the convergence in (5.24) and (5.25) (the latter for the
integrability of the total variation on compacts.) O

Lemma 5.8 Assume d <3 and
1
(5.27) / r1=¢D(m!, r)dr < co.
0
Then for any ¢ € bB(R?), T >0 anda>0 (a>0ifd<2)

T
g swp fmin( [ [ [1Gach(zr, o)~ GCatler,22)|X; (der) 4%(ds, da2), 1) = 0.
= (x1,x2)eM 0
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Proof. If n(a,¢,d) is defined as in the proof of Lemma 5.6(b) then Lemma
5.3(b) gives us

[ 1Gacth(@1,23) = Gath(a,22) | X} (d2:)

< n(a,6,6)X,(1)

+ei(a, ¥) J1(|21 — 22| < 6)gasa(z1 — 22) X3 (dzy)

< n(a, e, 6)Y(1)

+co(a,¥) [ 1(|z1 — 22| < 6)go(z1 — 72)Y.}(dz1) (by (5.6, 5.7)) .

If R#2([0,7)) = Y}(B(x2,r)) then, integrating by parts, we have for d = 2 or
3, and 6 < ro(w) (ro(w) as in Theorem 4.7)

(5:29) [ 1(ler = 2al < E)go(a1 — 22) ¥} (dar) = [ 1(r < 8)go(r)dRE (r)

(5.28)

< R22(00,8)90(8) ~ [ gh(r)BE?I0,rldr
< cqr(D(m?, cs86) + ¢(6))g0(6)

§
- /0 gb(r)car(D(m?, casr) + o(r))dr

(Lemma 4.6(a) and Theorem 4.7)
£(8).

Note that if 6g > &

bo ce.880
/ —go(r)D(m?,cagr)dr = ¢ / —g5(s)D(m!, s)ds
6 cs.86
> ¢ D(m',cs86)(go(casd) — go(casdo)).
Therefore

lim sups;o D(m?, c486)go(6) < cz(limsups o D(m?, c486)go(cssbo)
b0
+ [ =gh(r)D(m?, casr)dr)

86
c3 /oq e —g5(s)D(m!, s)ds.
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Taking 8o | 0 we see that the left side of the above is zero and hence by
(5.27) the same is true for f(§). Returning to (5.28), we have proved (for
d=2or3)

mjn(/oT// |Gactp(21,22) — Ga¢($1,mz)lxel(dxl)Az(dS,dwz), 1)

(5.30)
< Yro(w) < 6) + n(a, €, 6) sup, 7 Y} (1) A%(1) + c2(ex, ) F(8) AR(1)

< 1(ro(w) < 6) + (e, €, 8) sup,.7 Y7} (1)(m*(1) + Z7(1))

+ea(a, ) f(8)(m*(1) + Z2(1)) (by (Mmt,m2))-

Recall that

T T
(5.31) E(ZX(1)*) =E / X2(1)ds < E /0 Y2(1)ds = Tm?(1),

0
lim, o n(c, €,6) = 0, and limg)o P(ro < 6) = 0 (Theorem 4.7). It is therefore
clear that by first choosing é and then e sufficiently small we can make the
mean value of (5.30) uniformly small over all (X!, X?) in M. This gives the
required result for d = 2 or 3. If d = 1 the result is immediate from the

uniform convergence of |Ga.p — Go¥| to 0 (see Lemma 5.3) and the fact
that

T
([ X}(1)A3D) < E(supX}(1)) 2 B(A}(D?)

S E(sup Y[ (1)*)2[m*(1) + B(Z2(1)*)'?] (by (Mt m2))

is uniformly bounded (over (X!, X?) € M) by (5.31). O

Theorem 5.9 Assume d < 5,

(5.32) //go(:cl — z3)dm!(z1)dm?*(z2) < 00 if d <4,
(5.33) // |21 — 22| ~*dm!(z,)dm?(z2) < 00 if d =5,
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and (X',X?) satisfies (M1 m2). Then (X', X?) has a continuous (in t)
collision local time Ly(X',X?). For any ¢ € bB(R?), L,(X*, X?)(¢) is a.s.-
continuous in t and satisfies

(5.34) Iim | sup IL§(XY, X2) (%) — Lo(X', X2)($)|]1 = 0, for all T >0,
€lo U <T

and, foralla >0 (a>0ifd <2)
X} x X2(Gat)

=m! x m?(Ga¥)+
(T) /OL / / Galz1,22)[ X1 (d21) Z%(ds, dz2) + X2(dz2) Z* (ds, dz1)]

- ' [ [ Gath(ar,22)[X2(de1) A%(ds, da) + X2(dz2) A' (ds, d1)]

+a/0t//Ga1/’(-’E1, 22) X (dz1) X2 (dz2)ds—Ly(X, X?)(¢) forall t>0 a.s.

Each process in (T) is a.s. continuous in t. The first process on the right-
hand side of (T) is an L?-martingale and each of the other processes on the
right-hand side has integrable total variation on compact time intervals.

Proof. Let 1) € bB(R?). The hypotheses on (m!,m?) and Lemma 5.3 allow
us to apply Dominated Convergence to conclude

(5.35) lelf(l)l m! x m*(Gqp) = m' x m?(Ga).

(Note that if d = 1 this is trivial by the uniform convergence of G4 % and for
d > 1, m! x m? does not charge the diagonal by (5.32) and (5.33).) Corollary
5.5 and Lemmas 5.6 and 5.7 show that as € | 0 each of the remaining terms in
(T.), except possibly for the last term on the right-hand side, converge in L!
uniformly in £ < T for any T > 0. Hence there exists an adapted continuous

process L;(X?', X?)(¢) such that

(5.36) lim||sup |Li(X*, X*)() — L(X*, X))l = 0 for all T > 0.
el0 " <T

44



We may now obtain (T') (this is (T) but with L in place of L) by letting € | 0
in (T,) and applying Corollary 5.5 and Lemmas 5.6 and 5.7.

We now show there is a continuous, non-decreasing Mp(IR¢)-valued pro-
cess Ly(X', X?) such that L,(X?, X?)(¢) = Ly(X?, X?)(¢) for all t > 0 a.s.
and all o € bB(R?). Let D be a countable dense set in C,(IR?) containing 1.
(5.36) and a diagonalization argument show there is a sequence ¢, | 0 such
that

(531 lmsup|Lin (X, X)) - LX", X)) =0
n—0 <

forall T>0 and ¥ € D a.s.

The bound X* < Y* and Theorems 1.1 and 1.2 of DIP (1989) imply w.p.1 for
any § > 0 thereis a compact set K which supports Lt (X!, X2?)—L§* (X!, X?)
for all n € IN. Fix w outside a P-null set so that this conclusion and (5.37)
both hold and let n > 0. Since L,(X?, X?)(1) is continuous thereis a § > 0
such that L§* (X, X?)(1) < n for all n € IN. Choose a compact K as above.
Then

Len(XY, X?)(K®) < n forall neN

and hence {L{"(X',X?): n € IN} is tight. (5.34) and Prohorov’s theorem
imply L{* (X', X?) = Ly(X', X?) where the limiting Mz (R¢)-valued process
satisifies

(5.38) Ly(X*, X?)(¢) = Ly(X', X?)(¢) forall t>0 and all y €D as. .

This implies L,(X?, X?) is weakly continuous. It is also clearly increasing in
t since L{* (X, X?) is. Let ¢, LY (¢ € bB(RY) and 8 indicates bounded
pointwise convergence). Then Gotn(z1,22) = Gotp(1,22) for all z; # z,
(and for all (z1,z;) if d = 1) and |Ga®n(z1, T2)| < €1gas2(T1 — 2) (this is
clear from the estimates in Lemma 5.3.) Set ¢ = 9, in (T') and let n — oo.
The martingale term will converge uniformly in ¢t < T in L? to the same
expression with 3 in place of v, (by Lemma 5.4). Each of the remaining
terms in (T') except possibly the very last will converge for all £ > 0 a.s. by
Dominated Convergence to the corresponding term with ¢ in place of ¥p,.
Therefore for an appropriate subsequence we have

Ly(X!, X?)(%n,) = L(X*, X?)(¢) forall t>0 as. .
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As this is trivial for L, it follows from (5.38) that L,(X!, X2)(¢) = L(X*, X?)(¢)
for all ¢ > 0 a.s. for all ¢ € bB(R?). Therefore (5.36) implies (5.34) and
shows L,(X?', X?) is the collision local time of (X, X?). This also gives the
a.s.-continuity of L,(X?, X?)(¢) for each 3 € bB(IR?), and shows that (T')
implies (T'). The required properties of the other processes in (T') (continuity,
martingale property and integrable variation over compacts) are immediate
from Lemmas 5.6, 5.7 and Corollary 5.5. O

Theorem 5.10 Assume d < 3 and
1 .

(5.39) / r1=4D(m',r)dr < co i=1,2.
0

Then for any ¢ € bB(R?) and T > 0

lim sup |lmin(sup |L{(X", X*)() — Lo(X*, X*)(¥)], )|l = 0.
elo (X1,x2)eM t<T

Proof. An integration by parts shows that (5.39) implies the finite energy
conditions ((5.32), (5.33)) in Theorem 5.9 (see (5.29)). Comparing (T) and
(T.) we see that the result is a consequence of Corollary 5.5, Lemmas 5.6, 5.8
and (5.35). O

Proposition 5.11 Suppose that (Y!,Y?) are as in Theorem 1.2, and are
therefore independent super-Brownian motions starting at m; and m,, re-
spectively. Assumed <5, and m' #0 (i =1,2).

(a) P(G(Y)NG(Y?) #£0) > 0.

(b) If (ml,m?) satisfy (5.82) and (5.88) then P (L,(Y*,Y?) > 0) > 0 for
allt > 0.

Proof. (a) An easy first moment argument shows that for any § > 0,
(X3,X2) a.s. satisfies the hypotheses (5.32) and (5.33) on (m!,m?). An
application of Theorem 5.9 and the Markov property shows that if

5.(Y,Y?) = Li(Y',Y?) - Li(Y',Y?), t26
then there is a continuous measure-valued process Lss(X?, X?) such that

lim P( sup [L3,(Y",Y*)(#) - Las(Y", Y)(W)IIFs) = 0

€l0
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for all 4 € bB(IR?), and T > 6. Note therefore that (take ¢ = 1) for t > §

P(Lsy(Y',Y?)(1) | F5) = lim P (L5, (Y7, Y*)(1)| Fs)

—tim [ [ [ p(@1 = 22)(¥3 P.)(dz1)(¥2P.) (de2)ds

€l0 Jo

t-5
= / / / p2s(21—22) Yy (dz1) Y2 (dz2)ds ((5.5), (5.6) and Dominated Convergence)
0

(5.40) >0 as. on {Y;#0,Y? #0}.

Therefore (1.1) shows that P (G(Y!) N G(Y?) # @) > 0. The results
of Section 4 of Perkins (1990) (see especially Proposition 4.7) show that
G(Y') — G(Y?) is countable. As t — Ls,(Y?,Y?)(1) is continuous we can in
fact infer from (1.1) that P (G(Y') N G(Y?) # @) > 0.

(b) This is immediate from (5.40) because in this case Lsy(Y?,Y?) =
L(Y',Y?) - Lsg(Y,Y?). O

Remarks 5.12. (1) If d > 6, Theorem 3.6 implies that
(5.41) ].ilrg/:o//pe(yl — y2)Y; (dy1)Y3(dyz)dt =0 forall § >0 as.

since G* N ([6, 00) xIR?) (¢ = 1,2) (G* is the closed graph of Y*) are a positive
distance apart. Since X* < Y?, (5.41) must also hold for X' and X?2. Hence
the only possible collision local time for (X1, X?) is 0 (recall Ly(X?, X?) is
right-continuous at ¢t = 0 by definition).

(2) Theorem 5.10 is false for d = 4 or 5. As was mentioned in the
Introduction it will be used in a future work to comnstruct pairs of super-
processes which may interact when particles collide. We will show there that
these interacting processes can only exist if d < 3 and the failure of Theorem
5.10 for d > 3 will then follow.

(3) The hypothesis on (m!,m?) in Theorem 5.9 are clearly necessary for
(T) to make sense if d < 4. If d = 5 we do not know if the power in (5.33)
may be increased to —3.

(4) The results of Section 4 of Evans-Perkins (1989) show that given a
pair of independent super-Brownian motions (Y?,Y?), as in Theorem 1.2, if
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d < 3 there is a progressively measurable measure-valued process K,(Y?,Y?)
such that

[ [ plnr—sy(rtva) 12)Y () V() > K (Y, Y?)(#) as. and in L7

for each p < 2 and s > 0 (the LP-convergence is implicit in the Fourier
analytic approach of Evans-Perkins (1989)). Assuming (m!, m?) satisfy the
hypotheses of Theorem 5.9, it is then easy to see that

L(Y, Y2)(4) = /OtK,(Yl,YZ)(zb)ds for all ¥ € bB(R?Y) and ¢t >0 as.

(> is clear by Fatous lemma and equality follows by checking the means of
the total mass are equal.) A Radon-Nikodym argument, using the fact that
X*? < Y?, then shows that if d < 3 and the hypotheses of Theorem 5.9 are
satisfied there is a progressively measurable measure-valued K,(X?, X?) such
that

(5.42) L, X)) = [ CKL(XY, X2)($)ds

for all + € bB(R?) and t>0 as.

6 A Tanaka Formula for a Class of Measure-
Valued Processes

Let us briefly show how the methods of the previous section also apply to the
Tanaka formula of Adler-Lewin (1989) for super-Brownian motion in three
or fewer dimensions (see Tribe (1989) for an interesting treatment of the
one-dimensional case). The estimates required are considerably simpler than
those in Section 5.

Assume X, is a cadlag, adapted Mp(R9)-valued process on (2, F,F, P)
such that

(61)  Xi(o) = m(e) + Zlo) + [ Xi(Ap)ds — Adg),t 2 0, € D(A),
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Zy(y) is a continuous F,-local martingale such that (Z(p)): = J§ X,(¢?)ds,
Aq(p) is a cadlag, non-decreasing, adapted Mp(IR%)-valued process, starting
at 0. Here m is a fixed measure in Mp(R?).

Recall that the resolvent densities g, were introduced at the beginning of
the previous section.

Theorem 6.1 Assume d < 3 and [ go(z)dm(z) < oco. There is a continuous
non-decreasing, adapted process LY (the local time of X at 0) such that
t
(6.2) sup |LY — / X,(pe)ds| 5o forany T >0
t<T 0

and foralla >0 (a>01ifd<2)

Xi(9a) =m(9a) + Z¢(9a) — At(9a)

(6.3)
+a f5 X,(ga)ds — L? forall t>0 a.s.

Each term in (6.3) is cadlag, all but X;(g,) and A.(g,) are a.s. continuous,
and if A, is continuous then each term in (6.3) is continuous. Z;(gq) is on L2-
martingale and the other terms on the right-hand side of (6.3) have integrable
variation on compacts.

Remark. Assume A = 0 and m has a bounded density with respect to
Lebesgue measure. Theorem 6.1 is then due to Adler-Lewin (1989) (see
Tribe (1989) for a stronger result if d = 1). Under these hypotheses Sugitani
(1987) proved the existence of a jointly continuous process L7 such that

t
/ X,(B)ds = /B Ldz for all B e B(R%),t> 0.
0
(6.2) and the continuity of LY shows our notations are consistent. By replac-
ing go With go z(y) = ga(y — ) in (6.3) one obtains a Tanaka formula for L7.

(The latter observation holds in the general context of Theorem 6.1 where
the obvious change in the hypothesis on m is required.)

Proof of Theorem 6.1. Let go(z) = [5° e **psre(z)ds. Then Ag,. =
gae — Pe (@ > 0if d < 2) and so

(6'4) Xt(ga,c) = m(ga&)+Zt(ga,c)_At(gay€)+a/ot Xo(gaﬁ)ds_Lt Xa(pe)ds'
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As in Theorem 5.9 we will obtain (6.2) and (6.3) by letting € | 0 in (6.4) and
showing that each term in (6.4), except for the last, converges uniformly in
t < Tin L! to the corresponding term in (6.3). As the argument required for
each term is similar to but much simpler than the argument used to handle
the corresponding term in Theorem 5.9 we only give the details for X;(gq.),
i.e., we will show

(6.5) SUP | X1(gare) — Xe(9a)| Boaselo

It is easy to see that g,(z) — go(z) as € | 0, the convergence is uniform
on |z| > § for any § > 0 (and uniform if d = 1), and

Jae(z) < c1(a)go(z) forall 0<e<1(a>0 if d<2).
(6.5) is obvious if d = 1 by the above uniform convergence so we will assume
d=2on3. IfY; > X, is a super-Brownian motion (see Theorem 5.1 and the
ensuing discussion) and
n(€,6) = sup |gac(z) — ga(2)l,
l=|>6

then

sup Xi(|90 — al) < (e, 6) sup ¥i(1) + ex2sup [ 1(J2] < 6)ga(2)¥i(da).

t<T t<T t<T

HT > p >0 and R(A) = Y;(Jy] € A) then for § < ro(w) (ro as in Theorem
4.7)

(6.6) sup [ 1(ja| < 8)g0(c)Y¥i(de)
BLtLT

5
= sup go(r)Re(dr)
p<i<t Jo

< ﬂs<1t1£>T c4,7[g0(6)(D(mPt,C4,86)V(p(6))+/06(D(mP¢,c4,8r)V<p(r)g(',(r)dr (Theorem 4.7)

—0 as 6|0

50



because D(mP;,cqsr) < m(l)ﬂ‘s/zczrd for all ¢ > . Just as in the proof of

Lemma 5.6(b), (6.4) with Y in place of X and Fatou’s lemma show that
6n ST Y(9a) = m(9a) < (suPrcr Ze(9a)) + a Jy Ya(ga)ds
' e I!

(the last by the arguments used to handle the second and fourth terms on
the right side of (6.3) — the martingale term is now much easier to handle
than in Theorem 5.9). (6.6) and (6.7) imply that

sup [ 1(|z] < 8)ga(z)Yi(dz) 550 forall 0 < B < T < oo.
BT

To handle the supremum over ¢t € [0, 5] we use (6.7) and argue exactly as
in the proof of Lemma 5.6(b). This completes the proof of (6.5) and hence
(6.2) and (6.3). The remaining properties of the processes in (6.3) are clear
from the uniform (in ¢ < T') L! convergence of each of the terms in (6.4). O

7 Proof of Lemma 5.4

Lemma 7.1 (a) P*(ga(B: — y)) = e** [ e~ **p,(z — y)dv

(v) If
a~1/2g-av d=1
h(a,v) = ¢ (logt(1/v) +a1)e > d=2
pl-d/2¢—av d>3
then

P2([PP(ga(Be = 9))) < cr26™ [ h(, 0)pusa(s — y)dv.
Proof. (a) is trivial.
(b) P*(PB+(ga(B: - y))*)
= et / /t °° / :’o e~ +2)p, (w — Y)pu, (w — y)pu(w — z)dvydvidw (by (a))

< celet ®[% —av, —d/2d —av, — — 2)dv,d
< ce [ ey due Po, (W — ¥)pu(w — z)dvidw
1
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If d > 2 the above is bounded by
C7.162at‘/t v}—d/2e—av1pv1+u(x - y)dvl-

The results for d < 2 are similar. O

Proof of Lemma 5.4. We may assume t > 1.

P([ [(f galus = )V (d00)) Y2 dya)ds)

/ / /Ot P(( / 9a(v1 — ¥2)Y (dy1))?)ps (y2 — 2)dsdym?(dz,)
=[] [1P™ (0u(B. = 2)pulss - w2)dsdyzm? (dz:)

* omiy [*1pB. _ 2 _ 2
(1.1 + [ [ [P ([ (PP (9a(Be-u — 1)))dup (32 = 22)dsdyam?(dz2)
(see for example Fitzsimmons (1988, (2.7)))
=I+1I.
Consider I first. By Lemma 7.1(a)

I = ///Ot 62""[/ /’oo e py(z1 — z2)dvm?(dz1))?p,(y2 — z2)dsdy,m?(dz,)

= 2///(: eza.[///’” /':0 e "2p,, (21 —y2)e ™" py, (T1—y2)dvodvym’ (dz} )m' (dz1)

ps(y2 — z2)dsdy,m?(dz,)
(7.2)

t ) oo
Sq///(; 62‘"/‘ (/v e"‘“”v;dlzdvg)e"’"‘p.,l.,.,(ml—:cg)dvldsml(dzl)mz(dxz)ml(Rd).

Assume now d > 2. Then

t poo

I < czml(Rd)///O/ v}_dlzpvl+,(z1—wg)dvldsml(dxl)mz(dxg)
t poo

cam’(R?) / / /0 /‘ vi_d/zpz.,l(:cl—zg)dvldsml(dxl)m2(d:c2)

t (=)
C3ml(Rd)//[‘/o vf_dﬂpg,,l (.’Bl - mg)dvl + t/t v}“ddvl]ml(d:cl)mZ(dxg)

IA

INA
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(7.3)
- { cam! (R[S [(|z1 — 22|86~ + 1)m? (dz1)m3(dz2) if d>3

cam(RY)[f f(log™* (t/|z1 — x2|?) + 1)m!(dz,)m?*(dz,) if d=3

by an elementary calculation where c; depends only on d (recall ¢ > 1). By
making minor modifications to the above arguments we find

(7.4) I < cq(a, t)ym*(RY)*m2(R?) if d <2, a > 0.

Now consider Il in (7.1). Lemma 7.1 implies that

II<
t s 00
Cs////o /0 et ~/a—u h(ct, v1)poy +u(Z1—y2)dvidup, (Y2 —z2)dsdy,m? (dzz)m' (dz,)

t rs roo
= Cs / //0 A ‘/;_u 620(‘_“)’2(0, vl)pvl+u+s($l — :z:z)dvldudsmz(d:cg)ml(dzl)

t 8 oo
< co / / /0 /0 /a-uez"("“)h(a,vl)pg(,,+.,l)(a:1—-xz)dvldudsmz(dzg)ml(dxl)

because po, yuts(T1—T2) < CPa(utv,)(Z1 —T2) when u < s < u+wv;. Therefore,
setting w = u + vy, we get

oo t
II < ceez‘"///o /(;min(t—u,vl)h(a,vl)pg(“.,.ul)(:vl—xg)dudv1m2(dm2)ml(d:c1)
0 v+t
< cee™ / //0 / min(t — w + v1,v1)k(@, v1)P2w(z1 — z2)dwdvym?(dz2)m* (dz;)
v
t rw
cee™™ / / [ /0 /o v1h(a, v1)dvip2w (Y1 — y2)dw

0o vy +¢
+ / / t1(w > t)h(a, v1)p2w(z1 — 22)dwdv)m?(dz2)m! (dz,)
0 L%

IA

(7.5)
t w t
< ceez"‘//[/o /0 vih(a, v1)dvipaw(T1 — :cg)dw+t/0 h(a, vl)t‘d/zvldvl

00 v+t
+t/ h(a,vl)/ l w2 dwdv, Jm?(dz,)m* (dz,).
t v
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If 3 <d<5and a=0 this gives
t rw
II < Ce//[/o /0 vf"d/zdvlpgw(xl — z3)dw
t oo
+ tl'dﬂ/ v2"2 gy, +t2/ vi~4dv,|m?(dz;)m? (dz,)
0 ¢
t
< o / /[/(; w3 %p,, (21 — z2)dw + t*~9m?(dz2)m? (dz,)
m?(R*)m!'(RY) if d=3
(7.6) < cs(t)S [ +1ogt(1/]|z1 — z2|))m?*(dzs)m!(dzy) if d=4

JJ(1 + |21 — z2|~2)m?(dz2)m (dzy) if d=5
Ifd =2 and o > 0, (7.5) implies

t rw
II< csez"‘//[/o /o v1((log* 1/v1) + o 1)e " dvi pow (21 — Z2)dw
t
+/0 (log*(1/v1) + @~ 1)e™ " v1dvy
+t /oo(log+(1/v1) + a7 log(1 + t/v1)e~ " dvy Jm?*(dz2)m' (dzy)
t

(7.7) < (e, t)ml(Rd)m2(Rd)

and a simpler argument gives the same upper bound if d = 1 and a > 0.
The result now follows from (7.3) and (7.6) if d > 3 (it suffices to consider
a =0) and (7.4) and (7.7)ifd < 2. O
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