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Section 1. Introduction.

Millar (1979) has illustrated the power of looking at nonparametric problems from
the viewpoint of Le Cams theory of experiments, with the parameter space indexed by
an infinite dimensional Hilbert space. This highly successful approach led to a simple
(at least conceptually!) unified theory for estimating distribution functions under for
example sup norm loss for a variety of parameter spaces. The power of Hilbert space
parametrizations has not however been exploited in pointwise estimation problems aris-
ing for example from density estimation, nonparametric regression or estimation of a
variable intensity function from a Poisson process. In fact it is only recently that Le
Cams theory of experiments has even been brought to bear on the problem of density
estimation, and then only through a sequence of one dimensional parametrizations.
Donoho and Liu [1988] however did pick these one dimensional parametrizations in an
optimal way and showed the power of Le Cams methodology. Romano (1989) has
also applied Le Cams theory to sequences of one dimensional experiments naturally
arising from estimation of the mode. In Section 2 we introduce a new sequence of
experiments with a Hilbert space parametrization, that arises naturally from density
estimation problems. The consideration of this sequence of experiments was inspired
by Donoho and Liu [1988]. However it can also be looked upon as a generalization of
some sequences of experiments given by Millar [1979]. At the end of section 2 we
state a convergence theorem for this new sequence of experiments. The limiting
experiment is a Gaussian shift experiment on a Hilbert space. We leave a proof of
this theorem to Section 4. Applications of the theorem are given in Section 3.

Section 2. A sequence of experiments.

The main theorem in this section is given in terms of the convergence of a
sequence of experiments to a Gaussian shift experiment. In other words the theorem
states that the distributions of the likelihood ratios for the sequence of experiments
converges weakly to the distributions of the likelihood ratios for the limiting experi-
ment. A more detailed and complete description for the reader unfamiliar with this
idea can be found either in Le Cam [1986] or Millar [1979].

We now turn to a description of the limiting Gaussian experiment. Let
H = (h:R >R, [h? <o, sup|h(x)| < eo, [In] < o)
X
The limiting experiment in fact is just the standard Gaussian shift experiment on H.

Following Le Cam [1986] the standard Gaussian process on H, where H has inner pro-
duct< , >and norm|| ||, is the process h = < Z,h> such that

E<Zh> =0, E|<Zh>P = ||h|?.
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Take G for the distribution of this process and take G, to be the measure whose den-
sity with respect to Gy is exp{ < Z,h> - -;— [lh]?}. It then immediately follows that

dG,
under G, the distribution of logE‘l is N(—%- Ih)2 Ih)®. The experiment
(i}

G = {Gy: h € H} is then called the standard Gaussian shift experiment on H. We may
give a more concrete representation of this shift experiment as follows. Let W (t) and
W, (t) be independent Brownian motions on [0, o) and let

W, t20
WO = lw,(1 t<0.

Then the experiment generated by
(V) dX; = h(t)dt + dW, —e<t<oo
h eH

gives a concrete representation of this standard Gaussian shift on H.
We now introduce our sequence of experiments. First fix a probability density £,
on R such that f, is continuous at 0, f5(0) > 0, supf(x) < e, [|fy| < e and [ff < ee.
X

Corresponding to f, and {o}s2;, {B,)ee; any nondecreasing sequence of positive
numbers satisfying lim o, = oo and
n—eco

2
0 By
1
M) HOn
will be the following sequence of experiments. For h € H let
h (B, x)

) = fy(x).

hy, = | PR

h, is finite since h and f, are square integrable. Furthermore the conditions we
imposed on h and f; imply that h, = O (n™}). If

h
3 1 + (gzx)-hnZOforallx
define
h(B,x)
4 f,(h;x) = (1 + o hp) fo (x)
otherwise let

®) fa(h;x) = fH(x).
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Defining f, (h;x) by (5) when (3) is not satisfied is only a technical condition. Its

only purpose is to make the sequence of experiments given below to have parameter

space H for each n. Note that since suph (x) < e» and o, increases to infinity, for any
X

given h, f, (h;x) is defined by (4) for all sufficiently large n. Finally, define P to be
the probability on R" having density

n
(©6) IIf,(h;xy).
i=1
The collection {Py': h € H} now defines an experiment for each n.

Theorem: The sequence of experiments {P': h € H} constructed above converges
weakly to the standard Gaussian experiment {Py,: h € H}.

The importance of this theorem is contained in the following corollary which is
just a statement of Hajek-Le Cam minimax theorem in the present context.

First, we need to establish some notation which we shall use throughout the rest of
this paper. Write 8, =8,(X;,...,X,) to be any decision procedure based on n
independent observations from a density f, (h) where h € H. Also by E; / (h,d,) we
mean the risk of the estimator (in estimating h) when the density is f, (h). We write 8
(no subscript) to be any decision procedure based on one observation from the Gaus-
sian shift problem given in (0) and ES/ (h, ) for the associated risk in estimating h.

Cor: Let K< H. If / is any loss function /: K x R = R, lower semicontinuous in
the second argument, then

. . G
) r}l—;ll 1£f igg Epl (h,3) 2 ugf igg E)’ 1 (h,d).

If K is compact then the inequality in (6) can be replaced by an equality.

Section 3. Applications.

In this section we give two simple applications of Theorem 1. Our main purpose
is to illustrate by an example how o, B, and K can be appropriately chosen. In our
second example we improve on some lower bounds given by Wahba (1975) for
estimating a density function at a point under Sobolev constraints. We should also
mention that Millar (1979) has exploited Theorem 1, with o, = (f5(0))2n'2, B, = 1
to obtain lower bounds for estimating distribution functions.

Example 1: Suppose we observe X, . .., X i.i.d. with density f € F and we want to
estimate f either at O or in a neighborhood of 0.
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We consider two classes of loss functions
1) I lossgivenby/,:FxR—>R
1,2 = 0 -af

2) I,plossgivenbyl,,: FxR—R
dn™ P
- nY
InpG2) = | 0= [ fx)dx-a
2d _g 4

In 2) we have suppressed in the notation the dependence on d and Y.

To the best of our knowledge noone has considered sequences of loss functions
given in 2). The motivation behind them is that if we are interested in the local
behaviour of f at 0 it might make at least as much sense to look at a shrinking neigh-
borhood of zero rather than just at the point zero.

There are two major obstacles to applying Theorem 1 in this context.

1) The loss functions I, and 'in'p are defined on the functions f; (h; ) whereas the
loss function in the corollary is defined on h.

2) As mentioned above we need to be able to choose o, B, and K appropriately.

To answer these questions we consider particular classes of F. Write £ (x) for the
k™ derivative of f.

LetF(a,k,M) = {f:R > R*;f(0) s a, [f=1, sup|fX(x)| < M}.

First fix some f, € F (a, k,M) such that
1) £f,(0) = b<a
2) |f*(x)| < M for all x
3) For some € > 0 £, (x) = f,(0) for |x| < &.
Conditions 1 and 2 make sure that f is an interior point of the set F(a, k,M).
Condition 3 facilitates the construction of the perturbations given below.
Let

K@) = {h:|h*&)| <1, h(x)=0 if |x]=2c}.

We impose the condition that h (x) = 0 for | x| 2 ¢ primarily to make K (c) compact
and hence insure strong convergence.

1 X+l k 2 =1 _1_

Now let o, = M 2k+1 (fO (1)) 2k+1 n2k-i-l , Bn = M2k+l (fO (0)) 2k+1 n2k+l . A few
simple calculations which we leave to the reader (partly made easy by requiring
h(x) =0 for |x| 2 0), show that for some N, f (h;x) € F(a,k,M) for all h when
n > N. Note also that a2B, = f,(0) - n. These same calculations should also give the
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reader a good idea of why we imposed 1) and 2) on f;.

Now /, and 7mp, are all defined on f, (h; x). To apply Corollary 1 we need to have

a loss function on h. Of course Ip is also defined on h € K(c) by
1,(,2) = @) - a)P.

We may also define 7 on h € K (c) by
P

d
Tha) = |55 [h-a
|

Cor 1 then yields
@®) lim mf 5o Ey! (h,d) = inf s% ESI (h,5)

n—eo

for [ being I, or 1.

We shall now connect equation (8) to the problem of estimating f, (h;

of h. We will examine our two loss functions, one at a time.

a) lP loss:

h
Note that /, (fo (x) (1 + (g: X

), £ 0) (1 + %»

£2(0) |
= [‘::n)] 1,(,8).

h (Bax)
Oy

Hence fim [ ), Op)

N—yoo

P
£ (0)] inf sup Enl o0 (1 +

= hmmf s}g, E,! (h,8,)
= inf ESI (h,5).
mnf sup Ex'l (1,0)

Furthermore since h, = O (n‘l) it follows that

— | o [P h (B, x)
lim f E; ! (f, 1 -
n—»e[fo(())] inf sup, nl (o) (1 + =, hy), 8;)

= inf sup ES/ (h,5).

“81 hfllé?c) n ! (h,d)
. k+l k
Now let ¢ — o and note that o, = M 21 (£,(0)) 24! nZ*! and we get
P Pk Pk

lim fim M 2*1 (£, (0)) 2+ n2H iy sup E,! (£, (h),8,)
8, heK(c)

C—)o0 N—)oo

) instead
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= liminf su sz(h 3).

c—o0 & heK
Note that since for h € K(c), f,(h) € F(a,k,M) this last equation immediately
yields on taking s}uFf )

-P -Pk Pk

9 liTnM2k+l 2k+1 2k+linf If,8
©) n—eo a n &&F?u Ef ( n)

2 hmmf Sup ESI (h,9).

b) 1

np*

For the class F (a, k,M) we shall take 7y in the loss 7mp to be such that y >

1
Tkl Lpe

. We then note that

1
reader can explore the case ¥ < T
o o h (B
n
(10) 2d j fo(h; x)dx = 2d j fo (x) + f5 (x)

X)
- fo (x) hydx

where o, and B, were defined earlier. Note that since fy(x) = f5(0) for |x| < € we
may replace the R.H.S. of (10) for sufficiently large n by

dn™?
1 n?
fo(O)[1+ ——— [ h(B,x)dx — h_].
0 o, Zd_d{.,

2 -1 1
Now B, = M2 (£,(0)) %+! n2*! | Lety =B, x. Then
an BT

dn™
= | n x)dx = 2L [ hey—=2—
n%)CX = Y) o
2d Y 2d dn*z:ld n
el

_n

11) > | 1 h(y)dy.

—dnd” 2%+1

Note that if y> as n — oo (11) has limit h (0). Hence if y>

1
2+l 2k 7 (10) equals

fo(0)A + h(i?l) + o(anl)) as n — o and asymptotically the problem is equivalent to

the case of I, loss. If y=

) a similar analysis yields (11) equal to

1 1
fo(0) (1 + T L h(y)dy) (1 + o(1)).



Hence as in a) we have when y =

2k+1
(12) fim | pinf sup Ey1, . (f,(h),8,) = inf sup EST (h,d)
e | T (0) | '8 heKey B mpm i On) = 1R O
and
P Pk Pk
Tirm 2k+1 2k+1 2k+l
(13) !}1_1)5 M a mfferz}iM E¢l,, (38,

> hmmfsllg) ESI (h,5)

Example 2: Let F={f:R 5 R, 20, If =1, f absolutely continuous, jf’z <1}
Wahba (1975) found a variety of sequences of estimators, say {8,}, satisfying

(14) 0 < liTnnmsuFEf(f(O)—Sn)z < oo.
n—eo fe

Furthermore Wahba (1975) showed that for any € > 0
1

. =+t
(15) im n? inf sup E¢ (£ (0) - 5)2 > 0.

n—eo &, fe
We will now use theorem 1 to show that the best asymptotic rate of convergence for a
sequence of estimators is n'/2. In other words
(16) lim nmmfsul? E¢(f(0) - §)% > 0.

N—yoco

First take

~

178+ x -17/8 < x < -15/8
1/4 -15/8 < x < 15/8
fo®) =T178-x 158 < x < 178
0 |Ix| > 17/8

~

Then [fo(x)dx = 1 and [f2(x)dx = %

Let gkx) =

Then Ig (x)dx—-i—. Let K={6g: 0<6<1} and o, =n'4 B = 4 02 Then
a2 P, = f(0)n and for large n



-9.

f,0g;x) € F
where £, (h; x) is defined by (4). Moreover £,(8g; 0) = f,(0) (1 + ﬂ;n‘(—o)) (1 +o(1)).

Hence

—(a#)?
an (o) gupmco -5

inf Y -8 >0
> 4,50, B0 02O =07 >

Section 4. Proof of Theorem.

Proof.
LetX;,i=1, ..., n beiid. each with density f,. Let
h(B. X)) ]
(18) =X -
R Oy
1o [hBX) 2
a9 R, = FE|—>~ -hn]-
Simple calculations show that
(20) ImEQ, = 0
n—eo
1) lim varQ, = [h?(y)dy
N—yoo
@ lim ER, = - [b?(y)dy
n—deo 2
(23) limvarR, = 0.
n—yoo
Finally note that since h, = O (™
h (B, X; :
(24)  E| B X) - h,f = Op( Ly - o@?) for j23 andso
oy o3 By
n f, (h; X))
25 logll——— - Q, - R, = 0p(1).
@5) ogll 4o = Qu ~ Ra = Op(D)

It then follows immediately from the asymptotic expansion given in (25) and the
results in (20)-(23) that the experiments {P}: h € H} converge weakly to the standard
Gaussian experiment {P;: h € H}.
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