Lower Bounds for the Integrated Risk in
Nonparametric Density and Regression Estimation

Mark G. Low

Technical Report No. 223
October 1989

Department of Statistics
University of California
Berkeley, California



Lower Bounds for the Integrated Risk in
Nonparametric Density and Regression Estimation

Mark G. Low



-2-

Abstract

Lower bounds for the minimax risk are found for density and regression functions
satisfying a uniform Lipschitz condition. The measure of loss is integrated squared
error or squared Hellinger distance. Ratios of known upper bounds to these lower
bounds are shown to be as small as two in a specific example.
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0. Introduction

Lower bounds for the asymptotic minimax risk under squared error loss have
recently been found for a variety of nonparametric problems. The pointwise estima-
tion of regression functions or densities has received particular attention. For a large
class of models, ratios of the maximum risk of best linear estimators to the minimax
risk has been shown to be close to one. (See Brown and Farrell (1987), Brown and
Low (1988), Donoho and Liu (1987, 1988).)

When interest has focused on estimating an entire density or regression function
loss functions typically considered are L, or integrated squared error. The L, approach
to density estimation has been summarized by Devroye and Gyorfi (1985).

For an integrated squared error loss Stone (1982) has established best asymptotic
rates for nonparametric regression and density estimation. For certain ellipsoidal
parameter spaces, Efroimovich and Pinsker (1982) and Nussbaum (1985) found first
order asymptotically optimal solutions.

In this paper we consider density or regression functions satisfying a uniform
Lipschitz condition '

(0.1) Ifx) - £ < M|x-yl.

We denote by R(M) the set of funcﬁons defined on [——;-, %] which satisfy (0.1).

The subset of all density functions which belong to R(M) will be written D (M).
These parameter spaces are not ellipsoidal. In Section 1 we derive lower bounds for
the minimax risk over the classes D(M) and R(M) for density estimation and non-
parametric regression respectively. For density estimation we look at both integrated
squared error loss and squared Hellinger distance losses. For nonparametric regression
we only consider integrated squared error. We have restricted attention to densities
and regression functions satisfying (0.1) so that we can compare these lower bounds to
known upper bounds. This is done in Section 2. We should point out, however, that
the method we use to construct lower bounds can be applied in a variety of other con-
texts evert if sometimes more ingenuity is needed. Essential to our arguments is a
knowledge of good lower bounds for the corresponding pointwise estimation problem.
The proof of Theorem 1 then shows how to connect the pointwise estimation problem
to the global estimation problem.

The results in this paper should therefore be understood as part of an ongoing
effort to find general techniques for bounding the minimax risk in nonparametric prob-
lems. See for example Donoho and Johnstone (1989). The contribution of this paper
is to show how to connect local problems to global problems.
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1. Lower Bounds

a) Local

We consider two nonparametric statistical problems. In density estimation we
observe i.id. random variables X;, ..., X, each with density fe D(M). In the
regression problem observe Y; ~ N(r(y;,1), independent, y; = n—_:T, i=1,...,n,
where r € R(M). Estimators of f or r will be written f’n or f, where the subscript n will
indicate that f, and , are functions of X, .. ., X, and Y,..., Y,

Before establishing lower bounds for estimating an entire density or regression
function we need corresponding results for the pointwise problem. This local problem
has recently been addressed by Donoho and Liu (1987, 1988). In particular the propo-
sition given below is essentially contained in these papers. For this reason we only
give a brief outline of a proof here.

In both the pointwise and global estimation problems the lower bounds are
expressed in terms of the minimax risk for the bounded normal mean problem. Let
pd, 02%) be the minimax risk of estimating 6 from one observation for the family
(N(®,0%),10] < d). |

We write f§ and sg for densities and regression functions on the interval [—%, -l—]

2
defined by
) = [1 + gg(x)] (G (O)™
s6 (x) = g§(x)

where
- o Axl
(L1 . glx) = 0 [1 Dn-“3]+'
(12) Ca(®) = (1+fgfxdx) = 1 + 6D,
Let
5 12
(1.3) d = [?] MD?*2
Proposition‘
a) If Xy, ..., X, are ii.d. random variables with common density fg, then

273
: 23 _A - m233 423
(14 11;11_)s°l°1pn 1&1"9'3141 . Efg(e 0)° = M [2] d“’p(,1).
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b) If Y,,..., Y, are independent N (sg (y;), 1) then

3
(1.5) limsupn?3inf sup E(0 -0, = M3 [-3-] d23pd,1).
_ n—dee 6, 10| -1 2
Proof
5 12 n
Let y = ?] D'2n!3@ and P§ be the probability with density l;Ifé‘(xi) with

respect to Lebesgué measure on R". Straightforward calculations show that the experi-

12
ments {PJ:|y]| < [-%-] MD*2}  converge to the experiment {N(y, 1):
5 172
Iyl < [3-] MD??2). Similar calculations may be found in Donoho and Liu (1988).
Hence
s 273, A \2
LA W L
3 5 12
(1.6) = [=|[Dp||=| MD*%21|.
2 3
5 172
Since d = [3] MD?2
5 113
1.7) D! = [3] MZ3 423

(1.6) and (1.7) taken together yield (1.4). (1.5) is established in a similar way.

b) Global

To obtain our global lower bounds we construct perturbations of a fixed density f
and regression s;. We choose

fO:[O,l] — R, fO(X)

n
[

v -

and

$0: [0,1] > R, sp(x) 0.

Let D>0 and B,(D) = [n1’3/2D] where [ ] denotes the greatest integer less than.
Our subfamilies of interest are

B
fe(x) = |fo(x) + zl:ggi(x - (2i - 1)Dn713) | (C™ (g™))~!

" = (8,...,05), 16| s MDn!3, i=1,...,B,
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Ba
cm@m = ?l Ca(8)

Ba
Sga(X) = so(x) + legé‘i(x-(Zi- 1)Dn™13)

where g§ and C, (0) are defined in (1.1) and (1.2).
Lower bounds for the global problem will be written in terms of sgp d?3pd,1).

This is facilitated -by a recent study of m(q) = sgp dzq'zp(d, 1) by Donoho and Liu

(1987). They found m [%] = supd ¥ p(d,1) = 0.450

Theorem 1 Let X, . .., X, be i.i.d. random variables with density f ¢ D(M). Then
a)

1 ( V173
) . 5 1
1.6 lim sup n?3 inf E [ (x) - (x)?dx| 2 |—| MZPsupd?Pp(,1
(L6 Hmoupn®®inf gy B ([0 hetex = 53] MPapdp@n
'1’1/3
= |—| M230.45
»12J

b)

v

1
—) 2
(1.7)  limsupn®3inf sup E [\/'f— 3 x] dx
P £ feD&) d { v n ()

N—yco

173
[—1—] M> supd 2 p(d, ).

Proof
2iDn™?
a) L Ri@“ D= [ (fgu(x) - F(x))2and
B @i-2)Dn'? T
6'©®M=(0,...,0,6,0,...,0). Then
| . "
" inf fo(x) - f(x)2dx | 2 i ; (0,
nf sup Ee {‘n"‘) x)dx | 2 lgfsgnplsfi:zl R; (0" )
2

By .
z inf sup Ry 8" £)

¥

1
: s 2
Bnlgfsg})ell(i‘én) f'; (g6 (x) — f,(x))*dx

l

since |C®™ (6" — 1| — 0 as n — oo, uniformly for all 6" s.t. |§;| < MDn~3. Hence
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v

1
. _ 2 2 . E n _ b 2 dx
lgf &sg&)Ef g(f(x) £, 0Y2dx| 2 Baf [nif SUP ., - (gg, %) — £, (x))]

2
) x| A (w112
= nf 1- E (8, - 0(x))*dx
P gt o8 Dn‘1’3]+9‘(§’)( 1= 00
)
n'? 2 13y23 |3 —2/3
- — « 2 Dn = 1D +0(1)).
oD 3D PMB S| a2 pd 1)(1 + o (D)

where d is defined in (1.3). Now (1.6) follows on taking sgp.

(1.7) Follows from the observation V1 +0 =1+ %9 +0(0% and the analysis
given in a).

Theorem 2 Let Y; = r(y; + ¢; where e; are i.i.d. N(0, 1) random variables, r € R(M)
and y; are equally spaced in the interval [0,1]. Then

1 13
lim n?3 igfmséx&)s, g #,(x) - r(x))®dx| 2 [L] M3 sup d¥p,1)

nN—o 12

Proof
Replace f by r and D by R in the proof of Theorem 1.

2. Upper Bounds

Throughout this section minimax risk refers to an integrated squared error loss. An
obvious but crude upper bound for the minimax risk can be given in terms of the
asymptotic linear minimax risk for the pointwise estimation problem under squared
error loss. Let D(M, 1) be the class of densities such that fe DM) and f(xg) < 1.
Then clearly the asymptotic minimax risk of the best linear estimator for estimating
f(xo) when f is assumed to belong to D ((M, 1) is an upper bound for the minimax risk
under integrated squared loss over the class D (M). Similarly in the regression context
the asymptotic linear minimax risk over the class R (M) for the pointwise problem is
an upper bound for the minimax risk of the global problem.

For the classes D(M, 1) and R (M) the asymptotic best linear estimators for the
pointwise estimation of density and regression functions can be found in Sacks and
Ylvisaker (1978, 1981). Alternatively the hardest linear subfamily methodology of
Donoho and Liu (1987, 1988) also yields these best linear estimators.
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The asymptotic minimax risk for these best linear estimators over the classes
DM, 1) and R(M) for the density and regression problems respectively is the same
and is given by
2.1) BL(M)n 23

1

173
where BL(M) = M?3 [3-] i

The ratio of these upper bounds to the lower bounds given in Theorem 1 and
m23 (Lyis
Theorem 2 is given by I 3 = 3.5.
M> (512045

The upper bounds given in (2.1) are quite conservative. For the class of densities
(2.3) EP(B) = {f:[0,1] - R, £20, [f=1, [f2<B?}.

Efroimovich and Pinsker (1982) found the asymptotic minimax risk. Nussbaum (1985)
did likewise for the regression problem with -

NM) = {f:[0,1] > R, jf'2sBz}.

Since D(M,1) SEP(M) and R(M,1) =« N(M), these numbers are also upper
bounds for the classes D (M) and R(M). The ratios of these upper bounds to our
lower bounds are the same and equal to

173
32
4
——7 = 22.

1
—| -04
7 0.45

Moreover, we believe the upper bounds derived from Efroimovich and Pinsker are
an overestimate of the minimax risk.

v .

Conjecture
173
Let oy = (-1)'Dn 13, N_ = 2| 2~
%= 1D Ny =21 25
A 1 = Ix - Xl
f(x) = 1 - Dn'®<x<1-Dn!B
n (X) D13 i=1[ Dn-13 |, X n
£.(x) = £ (Dn13) 0<x<Dnl3

f.x) = £, -Dn13) 1-DnP<xc<1



and
. N.
) =1+ Zgg(x-Qi- 1)Dn~13).

Then we conjecture

1 1
.23 7, _ 24x| = 1im n23 r YR 24x|.
@4  limn® S?Bl)sf g(fn (x) - f(x))2dx lim n**Ey, g(fn(x) £, (x))%dx

Calculation of the right hand side of (2.4) is straightforward and yields

D? 2
. == + =
2:5) 63 3D
(2.5) takes its minimum value of e when D = (21)13, This gives a ratio
(21)—1/3

] = 1.84.
—H\13.04
(12) 0.45
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