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1. INTRODUCTION.

Splines are of increasing importance in statistical theory and method-
ology. In particular, Stone and Koo (1986) and Stone (1988) considered
exponential families of densities in which the logarithm of the density is a
spline. Such exponential families are the subject of the present paper, as
are corresponding exponential response models. In each context we use an
extension of a key result of de Boor (1976) to obtain a bound on the Ly
norm of the approximation error associated with maximizing the associated
expected log-likelihood.

Let Y be a real-valued random variable ranging over a compact interval
T; without loss of generality, let Z = [0, 1]. Suppose that ¥ has a density
f that is continuous and positive on Z.

Let S be a standard vector space of spline functions of a given order
¢ > 1 on T (piecewise polynomials of degree ¢ — 1 or less that are right-
continuous on 7 and continuous at 1) having finite dimension K > 2. Let
By,..., Bk be a B-spline basis of S (see de Boor, 1978). Then By,...,Bg
are nonnegative and sum to 1 on Z.

Let 6y,...,08k be real constants. Set

c(61,...,0K) = log (/ exp (E BkBk(y)> dy)
k
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and

f(y:61,...,6K) = ezp (Z 6 Bi(y) — 0(01,---,0;()) » y€eL
k
This defines an exponential family of densities on Z. Observe that, for
a€R,
c(b1+a,...,0x +a)=c(by,...,0k)+a

and hence

f(y;61+a,...,0k +a) = f(y;61,...,0K), YER.

Consequently the exponential family fails to be identifiable. In order to
make it identifiable, we require that 6 = 0.

Let © denote the collection of ordered (K —1)-tuples ,...,6x_1 of real
numbers. For 8 = (64,...,0k_-1) € O, set

s(y;0) = 61B1(y) +---+0k-1Bk-1(y), y€T,

c(6) = tog [ explotu: O)ay)

and
f(y;0) = exp(s(y;0) — C(6)), y€T.
This defines an identifiable exponential family; it is referred to as a logspline
model since log(f(+;0)) € S.
Let Y3 ...Y, be independent random variables having common density
f, which is not necessarily a member of the indicated logspline model. The
corresponding log-likelihood function {(6), 8 € O, is defined by

1(6) = 3 log(f(¥:;6)) = 3 [s(Y::6) - C(6)], 6 €.

Suppose that (for given values of ¥71,...,Y},) the log-likelihood function has
a maximizing value § € ©. Then this maximizing value is unique and is
called the maximum-likelihood estimate of 8; the corresponding density f
defined by f(y) = f(y;6) for y € Z, is referred to as the logspline density
estimate corresponding to the given logspline model.

The expected log-likelihood function A(6), 8 € O, is defined by

\0) = B10) = n | [ s(w) iy - c(6)|, @€,

It follows by a convexity argument that the expected log-likelihood function
has a unique maximizing value 8* € ©. (Recall that f is a positive density



on 7 and that s(-;8) is a nonconstant function for @ # 0.) Consider the
corresponding density Qsf on I defined by Qsf(y) = f(v;0%), y € T.
The density f belongs to the logspline model if and only if f = Qsf on
Z. When f does not belong to this model, the function f — Qsf plays an
important role in the analysis of the asymptotic behavior of the logspline
density estimate (see Stone, 1988); roughly speaking, it acts as a bias term.

Given a real-valued function g on Z, set || g ||co= supz | g(y) |. Let F
denote a family of positive densities on Z such that the family {log(f) : f €
F} is an equicontinuous family. Set

65(f) = inf || log(f) = s oo f € F.

(For an upper bound to és(f) in terms of the smoothness of log(f), see
Theorem XII.1 of de Boor, (1978.) In Section 4 we will obtain an inequality
of the form

(1) || log(f) — log(@sf) llc< Més(f), fE€F,

where the positive constant M depends only on F, the order of S, and a
bound on a suitable “global mesh ratio” of S. The main point of this result
is that M does not depend on K = dim(S). It follows from (1) that

| f — @sf lloo< [exp(Ms(f) = DI f lloor  f € F.

Suppose now that the distribution of Y depends on a real variable z that
ranges over a compact interval Z; without loss of generality, let 7 = [0,1].
Let f(- | =) denote the dependence of density of Y on z. It is supposed
that f(y | ), z,y € Z, is a continuous and positive function.

Let H be a standard finite-dimensional vector space of spline functions
of a given order on 7 having dimension J > 1, and let Hy,...,H; be a
B-spline basis of H.

Let B denote the collection of J x (K — 1) matrices 8 = (Gjx) of real
numbers Bj;, 1< j<Jand1<k<K-1l.LetB€B. For1<k<K-1,
let hi(-;8) be the real-valued function on Z defined by

hi(z;8) = BixHj(z), z€L.
J

Set
h(z; 8) = (h1(2;8),....hx-1(2;8)), z€T.

Then h(-; 8) is an R¥~1-valued function on Z.
The logspline response model corresponding to X and S is defined by

f(y | =58) = f(y; h(z; B)) = exp(s(y; h(z; B)) — C(h(z; B)))



for B € B and z,y € Z. Observe that, for € Bandz € Z, f(-|2;8) isa
positive density on Z. '

Let z;,...,24 € T and let Y3,...,Y, be independent random variables
such that Y; has density f(- | ;). The corresponding log-likelihood function
1(B), B € B, is defined by

1(B) =2 log(f(¥: | 26:8)) = D _(s(¥is bz B)) - C(h(zi; B)), B € B.
The expected log-likelihood function A(8), B € B, is defined by
N8 = B8 = 1 | [ susbies )1y | 29y~ Ch(ai )|, BB

Suppose that H is identifiable from z1,...,Z,; that is, that if h € H
and h(z1) = --- = h(zn) = 0, then h = 0 on Z. Then, by a convexity
argument, the expected log-likelihood function has a unique maximum 8* €
B. Consider the corresponding function Qs f on Z x T defined by

Qsf(ylz)=f(ylz:8"), =zyel.

Let 7 denote the tensor product of X and S; that is, the vector space of
real-valued functions on Z x Z spanned by functions of the form h(z)s(y),
z,y € 7, as h and s range over H and S respectively. Then 7 has dimension
JK, and the functions H;(z)Bx(y), 2,y €Z,1 < j<Jand 1<k <K
form a basis of 7.

Given a real-valued function g on T x Z, set || ¢ ||oo= supr«z 9(z,¥).
Let F denote a family of continuous and positive functions f on T x T
such that f(- | z) is a density on Z for z € T and {log(f) : f € F} is an
equicontinuous family of functions on Z x Z. Set

$7(f) = inf || log(f) —tllw, fE€F.

(For an upper bound to é67(f) in terms of the smoothness of log(f), see
Theorem 12.8 of Schumaker, 1981.) In Section 5 we will obtain an inequality
of the form

(2 || log(f) — log(QTf) ll< Mér(f), fE€F,

where the positive constant M depends on F, the orders of H and S,
bounds on the global mesh ratios of 1 and S, and a measure of regularity
of 21,...,z, that depends on H. The main point of this result is that M
does not depend on J = dim(H) or K = diin(S).



2. PRELIMINARY INEQUALITIES

The bound on the global mesh ratio for S described in de Boor (1976) is
equivalent to a bound of the form

3) M-lK-1< /Bk(y)dy <MK', 1<k<K,

where M; > 1 is a constant. Since the support of By is an interval having
length ¢ [ Bi(y)dy, where g is the order of S, (3) can be written as a
two-sided bound on this length. Under (3) there is a constant M; > 1
(depending on the order of S) such that, for 6y,...,0x € R,

2
(4) M{M7'KYY 6 < / (Z&Bk(y)) dy < M K'Y 6}
k k k

(see (7) of de Boor, 1976).
Similarly, we assume that

®) Mt < [ By@de < I, 15550

Under (5) it can be assumed that, for 4,...,3; € R,

2
(6) M;IM;lJ-IEﬂ?s/(EﬂjHj(z)) de < MUY B
. J ) 1

J J

For a given order q of M, the functions in H are piecewise polynomials
of degree ¢ — 1 or less. In light of (5), a natural regularity assumption on
Z1,...,Zq is that

(7 M;ln/hz(:c)dz < Zh2(:c.-) < Mgn/hz(z)dz, h €eH,

for some constant M3 > 1. It follows from (7) that M is identifiable from
Zyy..-,Zq. It also follows from (7), by choosing M3 larger if necessary
depending on the order of H, that

(8) S Hj(zi) < MsJ'n, 1<j<U
i

(Let h denote the sum of the Hy’s whose support overlaps with that of Hj;
note that H; < 1= h = h? on the support of H;.)



Let p be a positive (Borel) function on Z such that, for some constant
Mi>1, )
(9) M <p(y) <My, yeL

For the real-valued function g on Tx Z, let || g |2 be the nonnegative square
root of

l91=3 [ Pen sy
For1<j<J and1<k<K,define Bjz onZ x I by
Bji(z,y) = Hj(z)Br(y), = y€l.

It follows from (4), (6), (7) and (9) that, for 8 € B,

2
M2M3M4n
< =522 B
2 ik

n 2
e <
MZIMZMsMJK XJ: zk: P <
(10)

> BikBi
ik

3. THE INVERSE GRAM MATRIX

Consider the K x K matrix M whose (k,!)th entry is [ Bx(y) Bi(y) p(y)dy.
It follows from (4) that M is invertible. Let aj; denote the (k,!)th entry
of M—1, Then

1M~ [lo< mfxz | ok | .
1

By a slight extension of a result in de Boor (1976), there is a constant
Mg > 1, depending on M;, M2 and My, such that

(11) | M~ Jlo< MsK

(see the proof of (18) below). This has the following consequence.
LEMMA 1. Set g =), 6 By. Then

g | 60 1 MoK x| [ o(6)Bu) (1)



For real-valued functions g, and g; on Z x Z such that the norms || a1 ||z
and || g2 ||2 are finite, set

(g1, 92) = Z / 91(zi, ¥)g2(i, y) p(y)dy.

Then || g ||3= (g,9). Consider now the JK x JK matrix M whose
((4, k), (1, m))th entry is the inner product (Bjx, Bim) of Bjx and Bim. It
follows from (10) that M is invertible. Let & jxim denote the ((j, k), (I, m))th
entry of M-1, Then

(12) | M~ o= maxZZ | bt | -

We will now imitate the elegant proof of (11) above in de Boor’s paper (see
also Descloux, 1972).
Set

fik = Z > @jkimBim.
I m

Then (fji, Bim) equals 1 if j = [ and k¥ = m and it equals zero otherwise.
Consequently,

0 <[l fix lI3= ajkje-
Set Ms = MIM2M3M, > 1. Then, by (10),

MY T K ol S Mg PTAK I Y Y ady,, < fik (3= agriee
I m

Therefore
ajrjk < MsJKn™?!
and
(13) ZZ a?klm S J‘IsJKn_lajkjk S (Mstn—l)Z.
I m

Set Mg = Mlzﬂffgﬂl3]‘.'f4 > 1.

LEMMA 2. There i3 a constant Mz > 1, depending on Mg, such that

| @jiim |< MsMeM;J KMy Ui=lHE=mD -1

PROOF. Let (j,k) be given and let v,w € R with v + w? = 1. For
c € R, set
Se={,m):v(l =)+ w(m—k) > ¢}



and

ge = 22 Cijlm-Blm-
Se

Let ¢ > 0. Since fj is orthogonal to By, for (I, m) # (j, k), gc is orthogonal
to fjx. There is a positive constant u, depending only on the order of % and
S, such that if (I, m) € S, and (I3, m;) # Sc—y, then By, and By, have
disjoint support and hence are orthogonal to each other. Consequently, g,
is orthogonal to fjix — gc-4 and hence to g.—4. Therefore,

I ge-u 117 + Il 9¢ 3=l ge-u — gc |13

and hence
(14) Il ge—u 113<I] Geu — gu 113 -
Now
Jewu — Ju = E Z ajklmBlm’
Sc—u,c
where

Se—u,e = Se—u\Se = {(lym) :c—u<v(l - j)+w(im—k) < c}.

We conclude from (10) and (14) that

(15) .SZZ Gum 2 Mg? Y oy, > 0.
c—u,c c—u
Set
a, = ZZ a?“m, V=0,1,2,....
By (15) Sc+(u—1)u,c+uu
k]
(16) lay 12 Mg%(law |+ lavpa | +-9), v =0,1,2,..

According to Lemma 2 of de Boor (1976), (16) implies that
(17) lay |<|lao | M |2(1 - Mg, v=0,1,2,....
By (13) and (17),
|ay |< (MsMeJKn~1)? (1 - M%), v=0,1,2,....
It follows by choosing v, w, and ¢ appropriately that if
v <l = )2 + (m = k)2,

then
| ajkim |< MsMeJ K (1~ Mg %)/ 201,



This yields the conclusion of the lemma.
Set
Mg = M5M5M7(M7 + 1)2(M7 - 1)_2 > 1.

It follows from (12) and Lemma 2 that
(18) I M™! ||o< MgJKn~1.

This inequality has the following implication.

LEMMA 3. Set

9= BjBjx.
P
Then

max | Bjx |< MgJKn~! max | {9, Bjx) | -

4. LOGSPLINE MODELS

In this section, we obtain (1). For f a positive densityon Tand0 < a < 1,
let f, denote the density on 7 defined by

_ 'y
fa(y) = TFly)dy

It can be assumed that f, € F for f € F and 0 < a < 1. (Extend F if
necessary.)
Choose s € § and define the real-valued function g on R by

[ exptasto) - s)@s fwhy = 1.

Then -
70 = [ swQsFw)
Also

Juos@s ) + ts(0) ~ o0 )y

is maximized at t = 0; hence

70 = [ sy



Thus
[ swi@ss@) - swidy =o.

Consequently,
(19) / Bu(w)[Qsf(v) - fw)ldy =0, 1<k<K,

or, equivalently,

(20) / Bi(w)[@sf(w) - FWldy =0, 1<k<K -1

Formula (20) can also be written as

(21) @) = [ By, 1<k<K-1.

Let K be a fixed positive integer and let S otherwise vary subject to (3).
Then B, ... Bk depend continuously (in the L; norm) on the knot sequence
defining 8. Thus it follows from (21) and the properties of the Hessian
matrix of C(-) (e.g., it is negative definite) that 6* depends continuously
on [ Bi(y)f(y)dy, 1 <k < K — 1, and the knot sequence defining f.

Let f € F. There is an s € S such that || log(f) — s ||o= s(f). Since f
is a density on Z, we conclude that

log ( / exp(S(y))dy> | < 8s(f).
Consequently, there is a 8 € © such that

(22) || log(f) — log(f(+; ) lleo< 285(f)-

Note that Qsf = f, where f = f(-;8). Thus it follows from (22) and the
continuity properties of 8* described above that there is a positive constant
Mk (depending on M; and F as well as K) such that

Il log(£(-;8")) — log(f(+38)) llo< M1k 5(f)

and hence

(23) || log(f) — log(@sf) llo< (Mix +2)és(f), fE€F.
Choose 8 € O such that (22) holds and set f = f(-;8). Then

(29) Il log(£) — log(£) lleo< 285(f)-

10



There are constants Mg, M9 > 1, depending on F, such that

(25) | f = f llo< Mobs(F)
and
(26) M3 < f(y) < My, yeL.

By (3)’ (19) and (25)’

(27) U Bi(v)[@sf(y) — f(y)]dy‘ < MiMoK~'6s(f), 1<k<K.

Write
log(Qsf) — log(f) = Y _ 6eBs
k

and set € = maxy | 6 |. Now || log(Qsf) — log(f) || < € and hence

(28) || log(f) — log(@s f) lleo < €+ 285(f).

It follows from (viii) on Page 155 of de Boor (1978) that there is a positive
constant M;,, depending on the order of S, such that

(29) € < My || log(Qs f) — log(£) |leo -

Suppose that € < 1. Since Qsf = fexp(3_; 6xBk), we conclude from
(26) that :

Qsf—F—FY 6Bkl < Mioé?
k

[> <]

and hence from (3) and (27) that, for 1 < k < K,

(30) < MlMgK_lés(f) + M]MloK_léz.

/Bk(y) > 6Bi(y)f(y)dy
]

According to (26), (30) and Lemma 1, there is a constant M3 > 1, de-
pending on M,;, M, and Mg, such that

e< Afl.ﬂIngg&s(f) + M1M10A412€2.

Suppose now that
1
(31) A11A110M126 S 5.

Then € < 2M; MgM1265(f) and hence, by (28),

(32) || log(f) — log(Qsf) llo< M136s(f),

11



where My3 = 2(M1MoMy3 + 1). According to (29), a sufficient condition
for (31) and hence for (32) is -

(33) || 1og(Qs f) — log(f) llw< My,
where M14 = 2M1M10M11M12.
Let

0< <2 tMp M.

There is a positive integer Ko, depending on M; and the order of S, such
that
(349) 05(f) <6, K>Koand fEF

(see Page 167 of de Boor, 1978). Let K > Kj. Suppose that
(35) || log(f) — log(@sf) llo< 27 M7,

Then (33) follows from (24), so (32) holds.
We will now verify that (35) necessarily holds for K > K¢. Suppose not.
Now

” log(fa) - 10g(sta) "oo

is continuous in a for 0 < a < 1 and it approaches 0 as a — 0. (According
to an earlier argument, 8* is continuous in a.) Thus there is a value of
a € (0,1) such that

[l log(fa) — log(@s fa) llo= 27 * M7,".
By the previous argument, (32) and (34) hold with f replaced by f4; hence

|| log(fa) — 10g(Qsfs) llo< M13bs(fa) < Mi3é < 27 M,

which yields a contradiction.
We have now shown that

(36) || log(f) — log(Qsf) llo< M13és(f), K > Ko and f € F.

The desired inquality (1) follows from (36) together with (23) for 1 < K <
K.

12



5. LOGSPLINE RESPONSE MODELS

In this section, we obtain (2). For f a positive function on Z x Z such
that f(- | z) is a density on Z for each z € 7 and for 0 < @ < 1, let f,; be
defined on 7 x 7 by

- _flyl=)
RIS TR Ta

It can be assumed that f; € F for f € F. (Extend F if necessary.)

Let 1 < k < K — 1. Choose h € H and let h be the RK—!.valued
function on Z whose kth component is A and whose other components are
zero. Define the real-valued function g on R by

o0 = 3 [ [ s(ush(ass ) + thia)f(y | 2y ~ Clb(ai 87 + th(z1)|.
Then

'0) = . z)dy — 26 (h(zs: B*

0= 00 = S || Bty 20y - Foluies )]
Thus,forl1<j<Jand1<k<K-1,
ac

67 Hi() g bz ) = X Hy(ed) [ Be) (v | z)dy.,
which can also be written as

> #i(e) [ Bu)lf( |20 - Qrf(w | 20)ldy =0
or, equivalently, as
(38) Z Hj(z:) / Br(y)[f(y | z:) — Q7 f(y | z:)ldy = 0.

Let f € F. There is at € T such that || log(f) — t ||l= é7(f). Let
z € I. Since f(- | z) is a density on Z, we conclude that

log (/ e‘("y)dy)\ <ér(f), =€l
Consequently, there is a 8 € B such that

(39) Il tog(f) — log(f(: | 5 B) lleo < 267 (£).-

13



Let J and K be fixed positive integers and let H,S and z; ...z, otherwise
vary subject to (3), (5) and (7). It follows from (37) that there is a positive
constant Mk (depending on My, M3 and F as well as J and K) such that

(40) || log(£(- | +38") — log(£(- | = B) llee < Mk 61 (f).
We conclude from (39) and (40) that
(41) || log(f) — 1og(Q7 ) llo< (Myk +2)67(f), fE€F.

There are positive integers Jo and Ko and there is a positive constant
Mgy, depending on F, M, ... M, and the orders of H and S such that

(42) log(f) — 1og(Q7 f) |l Mobr(f), J >Jo, K > Koand f € F.

The argument used to prove (42) is a refinement of that used to prove (36).
To start off, choose ¢ € T such that || log(f) — f ||eo= é7(f), set

é(z) = log (/ exp(f(:c,y))dy) , ZTE I?

and note that
|&(z) IS 67(f), z€T.

Define f on I x I by f(y | ) = exp(#(z,y) — &(z)). Then
Il log(f) — log(f) [l < 267(f).

There are constants Mjg, M;; > 1, depending on F, such that

(43) | f = f llo< Mi0b7(f)

and
MP'< flylz) < My, z,yel

By (3)’ (8)’ (38) and (43)»

'2 By(e0) [ B@@r ity 120 — Fly | 2)ldy| < 232 0ns1(s)

for1<j<Jand1<k<K.
Write
log(Qrf(y | 2)) = t*(z,y) — ¢’ (), =zy€T,
where t* € 7, and set t = t* —{. Then-

Q7f(y | ) = exp(¥(z,y) + &(z) — " (x)f(y | ), =,y €T,

14



() = log ([ expltta) + e(a)F | D)
= tog (1 + [lexpltte) +2(2) - Uftw | )d))
for z € Z, and

Q7f(y|2)— f(y|z) = [exp(t(z,y) + &(z) - ¢*(¢)) — 1f(y | 2), = y€eT.

Thus
@) -ae)~ [ iwlob, zeT,

and hence
(44) Qrf(y|z) - fly|a)~ [t(x,y) - [tewiv] z)dy] Fw12)

forz,y €.
Write

t(z,y) = Z Z BixHj(z)Bi(y), = ye€LT.
ik

It follows by a double application of (viii) on Page 155 of de Boor (1978)
that there is a positive constant M,, depending on the order of X and S,
such that

max | Bk 1< Mz || t||oo -

Choose n > 0. Now
LR S LX) IO D
i
Choose z; in the support of Hj. Define h € H by
h@) = X [ BT s @] =)
k J
= T H@ Y o [ Bw)iw] 2.
J k
There is a positive integer Jo, depending on M, M;2 and F such that

<nlltlley J2>Joandz €T

[tz iz -n)

15



After replacing t*(z, y) by t*(z, y)—h(z) and replacing ¢*(z) by ¢*(z)—h(z),
we have that '

(45)

/ t(z,9)f(y | 2)dy| <nlltlloos T2 JoandzeL.

The argument used to prove (42) from (44) and (45) is similar to that
used to prove (36), except that Lemma 3 is used instead of Lemma 1 and
Theorem 12.8 of Schumaker (1981) is used instead of Page 167 of de Boor
(1978).

Next it will be shown that, for each positive integer K, there is a positive
integer Jo and there is a positive constant M;3, both depending on F,
M;i,...,M4 and the order of H and S, such that

(46) || log(f) — 1og(@7S) llw< Misbs(f), I > Joand f € F.

To this end, write

Qsf(y | z) = exp (Z 6k (<) Bu(y) — c(z)) , zyeL
k

From (21) we conclude that (as f varies over F, etc.) the resulting functions
6k(+), 1 < k < K —1, are uniformly bounded and equicontinuous, and there
is a positive constant M;4 such that

(47) 11 u(6e() < Misdr(f).
Observe that
152?1’{‘_16"(0"('))

can be made arbitrary small by making J sufficiently large (see Page 167
of de Boor, 1978). According to (1), there is a positive constant M;5 such
that

(48) < Misér(f), =z yel.

log(f(y | 2)) (E 6u(2) Bi(y) — c(z))
k

It follows from (19) that

/ Bi(y)

for z € T and 1 < k < K and hence that

Z Hj(z:) / Bi(y)

exp (Z Om(2)Bm(y) — c(a:)) - fy | x)] dy=0

exp (Z 6m(2:)Bim(y) - c(m-)) - fyl xs)] dy=0

16



for 1< j < J and 1 < k < K. Thus we conclude from (38) that

3 Hjz:) / Bi(y) [exp (E O1m(2:) Bm(y) — c(z.-)) - Qrf(y| ,,.)]' dy=0
k m

for1<j<Jand1<k<K.
For 1 < k < K — 1, choose h; € H such that

| 6x(z) — hi(2) |= 6n(6k()), z €T
Set

&(z) = log (/ exp (Z I_zk(x)Bk(y)) dy) , T€lI,
k
and define f on Z x Z by
f(y|z)=exp (Z hi(z)Be(y) — é(z‘)) .
k
Write
QTf(y | z) = exp (z h*(z)Bk(y) — C'(ic)) y T,y €L,
k

where h* € H for 1 < k < K — 1. It now follows by arguing as in the proofs
of (36) and (42) that there is a positive constant Mje such that

| Ok(z) — h*(2) |< Mye ls:}:‘nsala(c_léu(ok(-)), 1<k<K-landzel.

Thus there is a positive constant Mj7 such that

< Mir 1<heR-1 S (O())-

log(Qr f(y | 2)) — (Z 6x(z)Bx(y) — c(z))
k

(49)
The desired result (46) follows from (47)-(49).
Finally it will be shown that, for each positive integer J, there is a positive

integer Ko and there is a positive constant Mg, both depending on F,
My,..., M4 and the order of H and S, such that

(50) || log(f) — log(QTf) llo< M1gd7(f), K > Ko and f € F.

To this end, let B3;(-),...,8s(-) be the real-valued functions on Z such

that
2

> llog(f(y | ) = D Bi(w) Hj(=:)
J

17



minimizes

2
2 [log(f(y EDEDY ﬁjHj(zs)]
i i

for y € Z. It follows from the appropriate analog of Lemma 2 that, as
f varies over F, etc., the resulting functions £i(:),---, 3s(:) are uniformly
bounded and equicontinuous, that there is a positive constant Mj¢ such

that

(51) R 85(Bi(-)) < Miobr(f),

and that there is a positive constant M,o such that

(52) < M206T(f)1 T,y € 7.

log(f(y | 2)) — > Bi(y) Hj(z)
J

Observe that
max 6s (B;(-))

1<5<T

can be made arbitrarily small by making K sufficiently large. For1< j < J
choose 5; € S such that

(53) | Bi(y) — 3i(y) I=6s(B; (")), weEL

Set
é(z) = log (/ exp (Z Hj(:c)Ej(y)dy)) , z€T.
J

There is a constant M3, such that
(54) | &(z) |< M2 67(f), =z €.

Define f on Z x I by f(y | z) = exp(¥; Hj(z)5;(y) — &(z)). Write

Qrf(y|z) = exp (Z Hj(z)sj(y) - c"(-":)) » Ty€el
i

where s* € § for 1 < j < J. It follows as in the proofs of (36), (42) and
(49) that there is a positive constant My such that

(55)  |log(Qrf(y | =) - log(f(y | 2)) IS Mzz max. &s(8y(-).

The desired result (50) follows from (51)-(55).

18



Inequality (2) follows from (41), (42), (46), and (50).
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