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ABSTRACT

The smallest classes W which satisfy the Vapnik-Cervonenkis combinatorial con-
dition are assigned an index of 1. We show that over all classes iP of index 1, the
classical exponential inequalities for empirical processes are optimal.

Keywords and phrases. Empirical process, exponential bound, Vapnik-tervonenkis
class, Brownian bridge, set-indexed gaussian process, partial order.

AMS 1980 subject classifications. Primary 60F05; secondary 60G15, 60B10, 60F10.

Abbreviated Title: Vapnik - &ervonenkis classes of index 1



1. Introduction

- Let X1, X2,... be i.i.d. random variables with common distribution P on a measur-
able space (Q, Xd). We define the empirical measure

n

Pn = nl £ .xi
i=1

and the normalized empirical process on X defined by

vn n"2(P - P), n2 1.

For a given class of events Ce c X, let Dn ( WC) = sug I vn (A) 1. Under certain condi-

tions on the class W , exponential bounds for the probability that Dn ( W ) exceeds M,
M . 1 have been obtained. The inequalities which arise have the general form

(1.1) Pr{D.( W) > M) < ae__W2
where a, y are positive constants that depend on W but not on M. The results of
Dvoretzky (1956), Kiefer (1961), Devroye (1982) and Alexander (1984) are all of this
form, for various wC.

The classical example comes from considering the class of intervals on the real
line. Here, we take We, = { [ 0, t I: t E [ 0, 1 ]). The fundamental result (Kolmogorov,
1932) gives

Pr I SUT Vn (A) > M) _ e-2M2
AE

as n -e oo, for all M.

In Euclidean space we may consider another well known example. Let
W= Ed: {{x: xj < tj,j = 1, . , d), t E Rd). When d > 1, Kiefer (1961) established

(1.1) with y = 2 (1 - e), for all e > 0 and for some a = a (e, d). Unlike the case d = 1,
the form of the limiting distribution of Dn ( W ) depends on P.

A new direction was set when Vapnik and Cervonenkis (1968, 1971) introduced
combinatorial ideas that lead to results for general families W of geometric regions,
defined as follows. Let X be a set and W a class of subsets of X. A finite set A c X
is shattered by B if every subset E c A is of the form A r) C for some C E W . Now
C is called a Vapnik-Cervonenkis class (or VC class) if for some n > 1, no n-element

subset of X is shattered by W . Let S ( W ) equal the cardinality of the largest subset
A c X which is shattered by W . We will call S ( W ) the index of WC.

Several familiar classes of geometric regions are VC classes. These include the
classes of all rectangles, all closed balls, all polyhedra with at most m faces, and qua-
drants of the form (-oo,t], in Rd. If W is a VC class, then {C n D: C,D e W },
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(C u D: C,De)D ) and (AC: A e W ) are also VC classes. The class of all closed
convex sets in K2 is not a VC class. Additional facts about VC classes are presented
in Dudley (1978, 1984, etc.).

Assuming suitable measurability conditions Alexander (1984) in the more general
setting of VC classes of functions shows that for VC classes with index d and M . 8,
a bound in (1.1) of the form aexp (-(2 - e)M2) results. The exponent (2 - C)M2 can-
not be improved; a bound of the form a exp (-2M2) is the best possible. (Even a sim-
ple case where W = (A) with P(A) = 1/2 has this exact bound, Hoeffding (1963)).
However, Alexander's work (intended for asymptotic use) yields a constant a = a (e, d)
which is impractically large. Is further refinement possible?

Bounds such as those desired for (1.1) yield faster rates of convergence when vn
is indexed by some small family of sets, such as the VC classes with index 1. But we
shall give an example on [ 0, 1 ] that shows:

(1.2) there is no constant f3 < oo which will satisfy the inequality

Pr(Dn( %) > M)< e 2M for all classes with S ( W )=1.
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2. An Asymptotic Distribution when S ( W ) = 1

We inMtroduce a collection of subsets on [ 0,1]. Let X = [,1 ] and define k dis-
joint subintervals

A1 = [0,tl ]

Ai+, = (ti,9ti+I ], i = 1,2, . .. , k - 1
k

with parameters t, < VA;0 < t1< t2 < ... < tk= 1 such that X = Ai. Let Wk be a
i=l

collection of the k sets, Wi = A1 u Ai+l, 0 < i . k-i. It is easy to check that
S ( Sk) = 1 since no 2-point set (a,b) C [0, 1 ] is shattered by ek- In this section
we show that as M -4 oo

(2.1) Pr(suvn (A) > M) - (k - 1)e2M and the

and the result (1.2) follows.

In order to prove (2.1), we now consider appropriate Gaussian limit processes. Let
(fl, 4, P) be a probability space and let Wp denote the isonormal Gaussian process
with EWp(A)=0 and EWp(A)Wp(B)=P(ArB) for all A,Be- . We define

Gp (A): = Wp (A) - P (A)Wp (Q) so that Gp is a Gaussian process indexed by a class
of measurable sets W c X with mean 0 and covariance

EGp (A) Gp (B) = P (A r B) - P (A) P (B).

Now Dudley (1978) [under suitable measurability conditions] gives the weak conver-
gence result

v (A) 4 Gp(A) as n o
Ae'

which holds under different conditions on , and in particular for Vapnik-
dervonenkis classes.

Remark 2.1. When P is uniform we have Gp([0,t]) = Yt, 0 < t . 1, where Yt is the
Brownian bridge. We will use Gp (t) to denote Gp([0, t).

Remark 2.2. Instead of the usual linear ordering of the parameter sets A the collection
WK iS constructed by a treelike partial ordering. See Dudley (1984): Let c 2x

satisfy S ( if) = 1 and 0 e W. Then the partial ordering of W by inclusion is tree-
like.
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We note that a partial order ( , c) is called linear if for all A,B e W , either A C B
or B 9 A. A partial order will be called treelike iff for all B Q. W and
L(B): = (A: A Q B), the restriction of Q to L(B) is linear.

In the treelike p.o. ( Qk'c) we may successfully compare events for which t e A1 and
tj 6EAi+l i = 1,...,k - 1 but events for which ti e Ai and tj e Aj for i * j * 1 are not
comparable for inclusion.

Remark 2.3. If A and B are disjoint measurable sets then
Gp (A u B) = Gp (A) + Gp (B) a.s. since the variance of

Gp(A u B) - Gp(A) - Gp(B) = 0. Thus, if X=U Ai for disjoint Ai we have the
isk

linear relationship Gp (X) = z Gp (At) = 0.
isk

In the subsequent analysis, we will require several well-known [Doob (1965,
1949)] facts about the Brownian bridge. One such result is given here. We omit the
straightforward proof.

Lemma 2.4. Let Yt denote the Brownian bridge, 0 . s < t < 1.

Then Pr (sup Y > M I Yt = y) = exp (-2M (M - y) / t) where M > max (0, y).
Ossst

We now state our first theorem.

Theorem 2.5. Let (X, d, P) be a probability space, P Lebesgue measure, X = [0, 1]
and Wk the collection ( W , i = 0, . ,k- 1). Then as M -* oc,

Pr ( sup Gp (A) > M) is less than or asymptotic to
*~~~~~~ctf wi

(k - 1)e72M.

Proof The proof of theorem 2.5 is done in two stages. First we determine an upper
bound for Pr (sup Gp(A) > M) when A e ik; then we determine the form of the
asymptotic distribution. For the class Wk we have X = U Ai and assign probabilities

isk
to the disjoint Ai as follows:

(2.2) P (A) = pj, j=,..., k wherep1 < 1/2

and assume P (A1 u A.) > 1/2 for each j > 1. In terms of the parameters t we have

PDe=ftinPivtj-1,e 1.

Define events
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Bi: = (suepGp ([O,9t]) > M} , 1 :5 i < k.

We will indicate a method for obtaining bounds for Pr (Ba) over the collection Sk
by considering the following inequality.

(2.3) Pr( sup Gp([O,t]) > M)
tEUAki

(2.4) = Pr(uBi) < Pr(B1) + I Pr(Bj\B1).

Now let Zt: = Gp([O,t]). When t e A1, we have Zt - Yt when Yt denotes the
Brownian bridge.

We wish to find the distribution of the supremum of the Brownian bridge indexed
by the parameter sets Ai. We begin by computing the distribution on the set A1.
Later we will consider the general case.

Now

(2.5) Pr(B1) = Pr(Yt, > M)

+ Pr(supYt > M for t E [O,tl) and Yt1 < M).

The probability given in the first term is simply the tail distribution of the Brownian
bridge with EY = 0 and variance ac2 = t, (1 - tl). To evaluate the second term we

integrate the conditional probability Pr ( sup Yt > M I Yt1 = y) with respect to the distri-
NO t<t1

bution of Yt,. Using Lemma 2.4 and after some calculation the expression in (2.5)
reduces to

(2.6) Pr(BI) = K(M/a1) + exp(-2M2)K[M(1 - 2tj)/a, .

where K (X) = 1 - D (k), and I is the standard normal distibution function.

Next, to evaluate the second term in the inequality given by (2.4) we start with

(2.7) Pr(B3\Bl) = Pr[supZt>M1-Pr[suTZt>MI.
DefineVj = tj + t - . Note that vj>h. We consider the first probability in (2.7)

(2.8) Write Pr[su.pZt>M] = Pr[ sup Yt>M]
tiE j te[O,v j

= Pr[Yv.>M]+Pr[ sup Yt>MandYV < M].

= Pr1 + Pr2

The distribution for YV has the same form as in (2.6) with t, replaced by vj and vari-
ance af: = vj(l - vj). The case for the parameter Vj can be found using analysis
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similar to that used in computing (2.6). Therefore, we find that

PrN = K(M / aj), and
M

Pr2 = e2M(M-Y)/Vj_ 1 y2 (241) dy

and after combining the exponential terms and completing the square this integral
reduces to

-e2M [ 1 - K[M(2vj - 1)/aj]]
where vi > 1/2.

The inequality (2.5) may be evaluated by substituting (2.5), (2.8) and rearranging the
terms to yield the upper bound:

k
(2.9) Pr(uBj) . 2 exp(-2M2) + K[M/a,] + £ [K[M/caj] - K[M/a,]]1 j=2 j>1

+ exp(-2M2)K[M(I - 2tj)/a1]

- £exp(-2M2) [K[M(2vj - 1)/aj] + K[M(1 - 2tj)/1]a ]
j>1

(+ (I) + (I) + (IV) - (V).

We complete the proof by finding the dominant terms in the asymptotic expression for
(2.9) as M -+ oo.

In (II) + (IH) let

yj: = (2a2)-' - 2, j = l,...,k

Choosing y = min (y, ... , yk) > 0 will condense the notation.

The Mills' ratio expansion for the tail-end area K (*) gives

(II) + (III) = C) ( exp (-(2 + y)M2)). Computing along the same lines we obtain for

(1 - 2t,)2/cy2 if m = 1
sm = 1(2vj - 1)2 / (j2 if m = j > 1

that

(IV) = 01[ exp (-(2 + 81)M2)]
k

and (V) =0[ %,êx(-2 + Sj)M2)]
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The appropriate substitutions allow us to conclude that

Pr[uBi] (k - 1)exp(-2M2) + 0[I-1 exp(-<2 +6)M2)] where

6: = min (y.,1... S ) > 0. This inequality yields the desired result. 0

We consider now the remaining result of this paper.

Theorem 2.6. Let (X, X, P) be a probability space, P Lebesgue measure, X = [0,11
and Wk= {Wi i;i=O,.. .,k-1). ThenasM-+o,

Pr[ sup Gp(A) > M (k1- )e72M2
AeUCi

Proof. To prove theorem 2.6 we make the assumption used in the computation of the
upperbound namely, P (A1) < 1/2 and P (A1 u A) > 'A for each j > 1. We will deter-
mine a lower bound for (2.3) by using the inequality

(2.10) Pr [u Bi ]> 2 Pr (B) - E Pr (Bi n Bj).
i 1<]

For j > 1, we begin our evaluation with

(2.11) Pr(Bj) . Pr(B1 u B) - Pr(B1).

In view of (2.8) and (2.6) it is easy to verify that

Pr (B) > K [M / ;] +exp (-2M2) [1 - K(M (2vj -1) / j) ]

- K[M/a1] - exp(-2M2)K[M(l - 2t,)/al], j > 1.

To bound Pr (Bi n B) we refer to the simple case B2 n B3 and then generalize the
argument to account for arbitrary indices. But first we will require a calculation.

3
Remark 2.7. In W= u Wi we assume X = Ai with P(A1) = Pi, where P1 < 1V2

iS3 i=1
and P(Aj) = (1 - pl)/2, j = 2,3.

If we put Gp(Al) = x, Gp(A2) = y we have the constraint x + y + z = 0 so that
z -x - y. Now the joint distribution function of (x, y) is bivariate normal with den-
sity function f (x, y) and covariance 1xy = P (A1 n A2) - P (A1) P (A2). One easily cal-
culates X = -PI (I - pl) /2 for x .y, EXX =PI (l -P1)' and

Z,, = (1 -pl) (1 +pl) /4.

To bound Pr (B2 n B3) we will consider

Pr[supGp(t) > M, supGp(t) > M].
teA2 teA3

We will make use of the conditional distributions to obtain a bound for this expres-
sion. Now from Lemma 2.4 we have
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Pr[supGp(t) > MIGp(A1) = x, Gp(A2) = y]

{exp(-2(M-x)(M-x-y)/(t2-ti))ifx+y<Mandx<M.
l if x + y 2 M or x . M.

The formula for A3 can be obtained similarly. Thus,

(2.12) Pr [ su2pGp(t) > M, supGp(t) > M]

= fJPr[supGp(t) > MIGp(Al) = x, Gp(A2) = y
tEcA2

Pr[supGp(t)>MIGp(A1)=x,Gp(A3)=z]f(x,y)dxdy
tEA3

which in accordance with Lemma 2.4 becomes

= Jf(1(x+yMorxzM)
+ (x+y<M and x<M) exp (-2 (M - x) (M - x - y) / (t2 - to))
X ((-yM or x?M)

+ 1(-y<Mand x<M)exp (-2 (M - x) (M + y) / (t3 - t2))) f (x, y) dx dy.

To obtain an explicit formula for (2.12) we expand the product in the integrand
and transform the integrals to standard bivariate normal form. It is a simple but tedi-
ous calculation (which will be omitted here) to then show that computation of the
asymptotic bounds may be condensed and each exponential term is of the form
exp (-(2 + S)M2), 8i = Si (p1) > 0 with P1 < 1/2. Therefore,

Pr [ sup Gp (t) > M, supGp (t) > M]
teA2 teA3

=F,+F2+F3+F4+Fs-F6
where

Fi =exp(-(2 + 8)M2) i =1,* .9..s6

with 51 = (2Pi - l)2[2pj(l -pj)]-,
82 = 2(2 - 3p)2[(l + 9p1)(l - P1)I]-1
83 = 2(9p2-8pj+3)[(1+9p1)(1-pj1)]1,

842p= (1 -Pl) ]-1 - 2 when PiE (1/4, 1/2)
84=.4 2(3 - 8p1)/(1 + 8p1) when p I e (0, 1/4]
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85 = 2(l - pl)/(l + pl)
and 86 = 85.

Let 8: = m (,81i2, .. .86). then (2.12) . Qexp (-(2 + 8)M2), 8 > 0. This inequal-
ity provides an upper bound for Pr (B2 n B3).

To compute a bound for Pr (Bi r Bj) we will use a new description of the intervals
in wk. Let Wk' be the class obtained by reordering the subintervals of X as follows.
W.l.o.g. assume k is odd. Reparametrize the sets A4,A5,... ., Ak, for k odd, so that
° < tl < t2 < t4 < t2m-2 < t2 <tk.l and O< tl < t3 < ts < t2ml < t2m+l < tk. Then the
sets A2, A4,... form one branch of the treelike ordering and the sets A3, A5,... form the
other branch.

Insert Diagram 1

Thus the event B2 r) B3 occurs on S'k and Wk' with equal probability.
Hence (2.13)

Pr (B2 n B3) < Pr ((B2 u ... u Bk_l)n (B3u ... u Bk))

for which this intersection probability can be written

Pr(B2U * * * uBk-l)+ Pr(B3u ... u Bk)
-Pr(B2 u B3 u ... uBk_luBk).

To generalize our argument to include the case of pairwise intersections of the
events Bi and Bj, i * j we note the restrictions on i and j occur in (k-1) ways. There-

fore, Pr (u Bi) . (k - 1) e7 -2M 21)0 [exp (-(2 + B)M2)] 8 > O,

or passing to the limit as M - oo

Pr (u B) - (k - 1) e2M2
which completes the proof of this theorem. 0
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