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Abstract

In this paper a maximal correlation algorithm using alternating projections is inves-
tigated. This algorithm was suggested by Breiman and Friedman (1985) without a
proof. We prove the convergence of a slightly modified version of the algorithm. The

convergence is exponentially fast.



1. Introduction.

Let SOl Si, . . . , Sk be linear subspaces of a Hilbert space H. Breiman and Fried-
man (1985) considered the following problem:

(1.1) Find, if exist, si*E Si, i = 0,1,. . . , k such that IIsO*II = 1 and
k k

IIX,s*11 = co _ min {II£sill: si e Si i = 0, *, k, Ilsoll = 1).
0 0

If si exist then so and Isk is the pair of elements belonging to SO and
1

Sl + S2+ + Sk respectively with maximum "correlation" (or, with minimal angle
between them). Breiman and Friedman (1985) considered the situation where Y,
xl,. . . , Xk are random variables defined on the same probability space and one looks
for function so, ... ' Sk that maximize the correlation between so (Y) and X;si (Xi).

Breiman and Friedman (1985) suggested the following algorithm for an approxi-
mate solution of (1.1). Let Pi be the orthogonal projection on Si, i = 0, . . . , k and let

(1.2) T = (I PO (I -Pk-1) .. (I -P).

Then define
k k

S6n+1) =- p I S(n) poIir S()
1 1

(1.3) 2; Si(n+1) = Tm(n) (SPn+1) + ; n
0 1

k
where m(n) is appropriate large number and Y 5ji=l) is arbitrary. It is well known that
Tm -* I - P where P is the projection on S = Si +...+Sk.

Breiman and Friedman (1985) suggested without a proof a "single-loop" algorithm
which is more symmetrical with respect to Po,...Pk. It is defined essentially as the
above algorithm but with m(n) 1. They report that this single loop algorithm has a
better performance.

We prove in this paper that this single loop algorithm converges exponentially fast
if PPOP is compact and A2 below is satisfied. Then we prove that the algorithm actu-

* *ally converges to so, ... 'sk if the algorithm is modified as follows.

Let

(1.4) T =(I - PO) (I - P2) ***(I - PO) (I - Pk-1) ... (I - PJ)
and define

k
Un= ; Si(n)J=1J
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Then replace (1.3) by

Un+1 + szp1) - [(1 - aon)I+anT](un+sI+wl))

where cq e (0, 1) is a predeterminant sequence of positive numbers (their actual values
has no influence on the theoretical result).
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2. Preliminaries.

Let Q = PPOP: S -> S. We assume

Al: Q is a compact operator (e.g. POS - SO compact) and IIQiI > 0
k

A2: inf{II£sjIl:sje Sj,j=i+l,. . .,k, sie Si r (Si+l + + Slk))-, |sil = 1) >0,
j=i

i= 1,2.) ... Ilk- 1.

Let ao0 2 a1 2 * be the eigenvalues of Q (including multiplicities) and let a (Q)
denotes the spectrum of Q. For any operator H, N (H) denotes its null space.

Proposition 1.

i) sO = -Po 1i-J Si Po0 ,1S I,Si = -P so and
k

Q9 * = IIPoli si 11 Si-

ii) If u E S + * + Sk, Qu = cau and IIPoull = a. Then
IIu -Pou/IIPouIIII2 = 1 - . In particular, QXi si* = ao £i si* and

CO= 1 - aO.
iii) (I - T)(I - P) = O and ui+1= (1 -ci)I +aT +cXI(I - T)Q) ui i= 1,2,...

where Po= IPouiJr, i = 1,2,...

Proof.
i) Consider the problems:

(a) minimize 11 so + X, si* 11 subject to so 6 So and 11 so I =1

(b) minimize II s + u 11 subject to u e S

We get immediately that So = -Po 4 si / 11 Po ik si 11 and

(c) -1 Si = -Pso

=PPO -1 Si / 1Po 9k Si*|
- Qpp1 Si* /11Pok1 Si 11

ii) Let u be any eigenvector of Q, Qu =au, normalized such that II Pou 11 =a.
Then

< u,u> = <u,a-1PPou>
= a-1<u,POu>
= a-1<POU,POu> = a.

Therefore
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Co > IIu-PoU/IIPoUIIII2
= ouI2-2cr-'<u,Pou>+1
= 1-a.

Since IL sj" satisfies (c) we conclude that it corresponds to a0, co = 1 - a0 and

11u112 = ao.
iii) The first claim follows since (I - Pi) (I - P) = I - P. Hence

ui+1= (1 - ai)ui + aicTui + cqXi(I - T)Poui
- (1 -Uai) Ui + aq Ui (I - T) PPo Pui
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3. Main result.

In this section we prove the following theorem.

Theorem: Suppose Al and A2 hold. Let ui i = 2,3,... be defined recursively as in

Proposition l(iii). Let ci = 11u2- P0u1IllP0u1112.

i) Suppose 0 < a* < oc < 1 and that T is given either by (1.2) or by (1.4). Then

cl, c2,... converges exponentially fast and a,,. - 1 - lim c. e aY (Q). ul, u2,... con-
i-O

verges exponentially fast and lim UE N (ac, I - Q). Both rates have uniform

bounds which depend only on a,,.. In particular the convergence is uniform on

{u1: IIU, - Poul/IIPou1l 1112 < C< 1).
ii) If further 0< a* <_ ci < 1 and T is given by (1.4) then {u1: ui o- N (a0I - Q)}

is an open everywhere dense set. 0

The theorem will be proved by the following lemmas. See in particular Lemmas
3(ii), 4 and 7.

We assume for simplicity that 11 PO ul 11 > 1/2 11 ul 112, which can always be achieved
by normalization except in the trivial case where ul = u2= * * Then

11 u1 - Po U1 / 11 PO U 11 112 = 11 U1 112 - 2 1I Poul 11 + 1 < 1. Note that this is the case in par-
ticular if ul = (I - T) so . 0 for arbitrary so E SO, 11 So 11 = 1.

In the following K1, K2 and C1, C2,... are constants which do not depend on the

particular sequence ul, u2,... or on i as long as ci < c < 1. In particular they hold uni-
formlly on {u1: c < c < 1). They may depend on c.

In the remaining, all operators except P, Pi: H -e H are considered as operating
from S to S.

Lemma 1. lIT 11 < 1.

Proof. The lemma will be proved by induction on the number of subspaces

S1, . . . , Sk. For k = 1 the result is trivial (II T 11 = 0). Suppose the lemma holds for
k - 1 subspaces. Assume T is given by (1.4). Let
T = (I -P2)(I P3) ... (I -K) (I- PK-1) ... (I - P2), thus T = (I - P1)T'
(I - P1). We prove now that lIT I < 1. Assume otherwise, that

(3.1) 11 T 11 = 1.

Since T is self adjoint operator, there are wl, w2,... such that Twi = i wi, 1Iw1II = 1

i = 1,2,... and - 1. Since II(I - Pi)II< 1, i = 1,2, ... , k we have:

11(I - P1) wi II 2 11(1 - P1) T' (I - P1) wiiI = Pi. Therefore:

(3.2 IPiw~I2 = Iw, 112 - 11 (I - P1)w, 112 < 1 - j32 i = 1,2,...(3.2)
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In a similar way; 11w111w T'(I - P1) .11wi (I - P1) T'( - P1)wiI = i1lwi 11 and

(3.3) 11 P1 T'(I - Pl)w, I12 = 11 T'(I - P1)w 112 - 11 (I - P1) T' (I - P1)wI 112
.1-13, i=1,2,...

Now, (I - P1) T (I - P1) wi = Pi wi hence

(3.4) (I - T')wi = (1 -fi)wi -P1T'(I - PI)wj -TrP1 wj i = 1,2,...

Together (3.2) - (3.4) imply that

(3.5) 11 (I - T') wi 11 < 1 - Pi + 2 (1 - ,021/

Let P' be the (orthogonal) projection on S2 +* + Sk operator. By proposition
l(iii), 11 (I - T') wi 11 = 11 (I - T') P'wi 11 i = 1,2,.... Therefore (3.5) and the induction
hypotheses imply that

(3.6) lim 1l P'wI11 = O.
i-+o

Write wj = wi' + wi" where wi e S1 n {Sl n (S2 + + Sk))' and
wifES2 + *. + Sk. we conclude from (3.2) and (3.6) that

(3.7) wi' + P1 wi" -> 0 and P' wi' + wi" -> 0, hence

P1P P1wi -Wi'i- 0.

Clearly w' 1*> 0. (Otherwise lim wi" = -lim P1 wj' = 0 contradicting
11 wi' + wi" 11 = 1). Now, P1 P'P1 is a self adjoint and by (3.7) its spectral radius is 1.
This contradicts assumption A2 by Proposition 1. Hence (3.1) was contradicted.
Now, if T is given by (1.2) the same argument applies since IITw 112 = wTTT Tw. 0

Lemma 2.

i) cl c2 .2**

ii) 11 ui - ui+1 112 < (2k - 1) aji (ci - ci+1) i = 1,2,...

Proof.

i) Fix any i 2 1 let v = Poui/IIPoui 11 and define w0, w1* , by:

(3.8) w0- v =ui v,

wj+i -v =(I - P)(wj - v) j =1,) . . . ,)k - 11,

wj+1 -v = I - P2k_1_j(W' - v) j=kl, . . .,I 2k - 2.

Then
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(3.9) ui+i = (1 - aj)ui + a.W2k-1

Now,

(3.10) 11wj+I - v112 = fwj - v112 - 11w3+1 - wj 112 j = 0, . . . ,2k -2.

Hence:

(3.11) 11 W2k_1 - V112 = IIU -vV112 - j=- 11 wj+ _ W1(3.11) jI21vI i~vI-.'2Iw 11l2.
A convexity argument, (3.9) and (3.11) together imply that

(3.12) lIu+1 - v112 < (1 - al) 11 u, - v 112 + Xj 1Iw2k_l - v 11

= jjUI-vj2-_y£j=i1 || Wj+1 -wj 112.
Therefore

(3.13) ci+1 = 11U1+i - IIPou1+1 11-1 pou+i 112

< 11 u,+l - v 112
< ci - aij2ki 1I wj+ -Wj 112.

Which proves part (i).
ii) The second part follows (3.13) and the Schwartz inequality since

(3.14) iIu+1 - ui 12 = 11W2k-1 - Ui112
<O2 (2 1 w|W+1 - wj 11)2

' cx2(2k- 1)X2k51 w|Wj+l-wI2
< (2k -1)al(ci - ci+). 0

Establishing Lemma 2, we are ready to prove a stronger convergence result.

Lemma 3.

i) 11 U,
- Q U, 112 < (2k - 1) (1 - 11 T Il)-2 a-1 (C, -

xi = IIPo uiirl.
ii) lim (1 -ci) = Gr Ea(Q)

iii) I- <K1 (ci -1+ 112 i=1,2,2... wh
K1 = 1 + ((2k - 1)ai*}l2 (I - IITII)1.

iv) IIujII > 1 -ci1/2, i = 1,2.

i = 1,2,y... where

lere
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v) 2/5 < Xj < (1 - cil/2)l, i = 1,2,...

Proof.

By proposition (iii) ui+l - ui = ai(I - T) (XjQui - ut), i = 1,2,..., and part (i) fol-
lows Lemmas 1 and 2(fi). Write

(3.15) ui = ,iQui + wi,
= kjPPoui+wi i= 1,2,...

where II W,112 -(2kI 1)2 (ci - cj+1). This proves part (i). Now

(3.16) 1 = <iPoui,XiPoui>

= xi < Ui, xipoui>
= xi <ui,xiPPoui>

= i <u, ui - wi> by (3.15)

= XIIu,112 -Xj<u1,w>, i = 1,2,...

Therefore

(3.17) ci = Iu -X PoU 112
= iiu1ii2 - 2< ui, XiPOuj> + 1

= 1 -xi --< u1, w > i = 1,2,....

Since uilI <. tlui - xiPouui + 1 < 2, (3.15) and (3.17) together imply that

(3.18) Ici - 1- XJ1 < 2 2k-i (,_C+)12
(3. 1 8) (1 - 11 T 11)2 ai

Therefore X,1 = limnj¢-_ = 1 - limi., ci. Now, Q is compact and II ui11 < 2
i= 1,2,..., hence the RHS of (3.15) has a converging subsequence, i(1), i(2),..., say.
But (3.15) implies that ui(1), ui(2),... converges to u, say, such that u - X. Qu = 0. This
proves part (ii). To prove the third part conclude from (3.18) and the monotonicity of
{ci} that:

(3.19) 1X-'- 00I' Ici- 1+ X-'I+I1-cj-aJ.i ~ ~ ~ ~ ki
< 2 (l -l (C2 - + 0.2)1 + C - + 2y.

(1 - 11ThI)2cX,
Part (iv) is proved by 11 Ui 11 2. IiPoUiI -P I Ui - Xi Poui 1 - Ci

Finally, ci - 11 Ui - 11 Po Ui 11-1 po Ui 112 = UlU 112 - 2 11 Poui 11 + 1, hence
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(3.20) Xi -1PoulV = 2 (1 + 11 U, 112 -c_f1, i = 1,2,...

Since 0 < ci < 1 and (1 - ci12)-2 < 11 u, 112 < 4 the proof of the lemma is completed by
(3.20). 0

We need the following lemma to complete the proof of the first part of the
Theorem.

Lemma 4.

u4o = lim ui exists and there are e > 0, K2 and b E (0,1) which depend on ul only

through a., such that cm - 1 + a0c< e implies:

i) ci - 1+ ,,. < (cm - 1 + ajbi-m. i 2 m

ii) IXi- a,,<K2(cm-l+a )birm, i.m

iii) 11ui - u,II ' K2(cm - 1 + aYo)b'-m, i > m.

Proof. Let 4j, j = 0,1,2,... satisfy Qt4 = za4jq < 4j, 41 > = 8jl. Let J = {j : aj = (T.}
and J, = (j: aj . a..). Let Vj = Poej. Note that Pvj = aj4j, < Vj, 41 > = 0 for j # I
and < vj,v, > = < v,P1 , > = < vj, l > = < Pvj, 1 > = aj jl. Since
aYo- 2 1 -ci >0 and Q is compact operator there is y > 0 such that 2y < min I aj - a.

jE J,
Suppose e is small enough such that (3.21) and (3.25) below are satisfied when

Ci- 1 + a,0 < E.

First note that if E is small enough then for i . m:

(3.21) minI 1 - aI =j minXi xA1- aj

2 iy-K21(c -1. +a).

2, + K1 (ci - 1 + a-)1"2 by Lemma 3(iii)
y. + K, (ci - 1 + < )112

> oy

Now write ui = acqj 4j, i . m. Then
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00
(3.22) IIU,_X,QU,112 =1 I i 1 (y) 1

j=O

- l;aj 1 is2 i.2m.j=o
Therefore, by Lemma 3(i)

00

(3.23) j(1 _- oj)2 < C1 (c- c,+1) i>.m
j=0

where C1 = (2k - 1)(1 - IIT II)-2 c*-. Combine (3.21) and (3.23) and get

Cl
(3.24) < -(c -ci+i) i.M.

Lemma 3(iv) and (3.24) imply that

(3.25) j -1au -i Xj

> 1-ci 12 C1 (Ci - ci+1)

> 1/2(1 -cm

We conclude from (3.23) and (3.25) that

(1XI
~ 2C,(3.26) (1 _ y )2 < 1-I i. m.

Our last preliminary result is:

(3.27) 1 - Xk IIpoujII2
- Xi2 il z aij Vj 112

j=O

- Xi2 zcqj aj i.> m.

Now,

(3.28) ci =11 ui -xiPo UI2
_=11E X j (4j - Vj) 112

= 1;jo0G_ - 21< tj,Vj> + Xi11Vjll2)
= a2 (1 - 2kiaj + Xiaj)

= ;o aXi2 (1 - X2 a)j2 + 2 o aX 6-ioy_ ai26j2 mi 2 m.
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The last term in the RHS of (3.28) can be rewritten as:

(3.29) -a= x.I,2 <aj + zIcj2aj2 i>m,

where we have used (3.27). Combine now (3.24), (3.26), (3.27) and (3.29) and get
co

(3.30) cj = 1 - a + C 22( - 2)+ la(1J xj)2
jEJ, 1=0

Cl2s-coo + 1/2 (y x (imil + C1 (ci 9) i2m
ly

Lemma 3(v) and (3.30) imply that:

(3.31) ci - 1 + 1/2 O ) (Ci - Ci+0 < C2 (Ci Ci+0 i.m

for some C2 > 0.

Hence (note that cj+j > 1 - am):
C2- 1

(3.32) ci+ - 1 + csOO < C2- (ci - + (sm)
C2

C2
< (Cm -1 + a°) ( )-m i 2m

C2
which proves Part (i). Part (ii) follows Part (i) and (3.26). Finally, Part (iii) is proved
by Part (i) and Lemma 2(i). 0

The first part of the theorem is now proved. We introduce now some new notation
to simplify the proof of the second part. Let xi = (I - T)-1'2ui i = 1,2,... and
M = (I - T)1/2 Q (I - T)1/2 where (I - T)1/2 is the self adjoint operator such that
(I - T)1/2 (I - T)1/2 = I - T. Then it is easy to see that

xi+1 = (1 - xi) xi + ai (T + XiM) xi and 2j = < xi, Mxi > , i > 1. Define

(3.33) fi(x) = (1 - ai)x + aiTx + ai< x,Mx> Mx, x E S, i 2 1.

Clearly xi+, = fi (x) i > 1.

In the next lemma we establish some properties of the operator fi ()-

Lemma 5.

i) fi(-) is monotone coerctive self adjoint operator with F-derivative at x E S
given by

(3.34) f(y; x) = (1 - ai) y + aq Ty + ai< X,Mx > My
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< x,Mx>-1/2< Mx,y>Mx, yE S i. 1.

ii) fi has a bounded inverse.

iii) If x c S, fi (x) = x and < x, Mx > < ac23 (I - T) 12x t N (caoI - Q) then
f ( ;x)I >1.

iv) For any e > 0, and x E S, f1 (; x) has a finite number of eigenvalues including
multiplicities greater than cc + (1 - cr) lIT II + e.

Proof.

i) Immediate.

ii) Since M is self adjoint positive semidefinite operator, < x,Mx>
< y,My> - < x,My> 2 0 (Schwartz inequality). T is self adjoint positive semi-
definite operator. Hence

(3.35) < Y,f (y;x) > = (1 _- X) 11 y 112 +ac < y, Ty>
-3/2 2

+ ai< XI,MX> (< x,Mx>< y,My> - < x,My> )

2 (1 - (Xi) 1y 112.

Therefore fi (; x) is invertible (Joshi and Bose, (1985)).

iii) Let X = < x, Mx> and y = (I - T)-1/2uo where uo E N (ao I - Q). Then

(3.36) y = (T+%l1M)y.

If x = (T +XM)x, x e S withX >a 1 then

(3.37) <y,x> = y,(T+)M)x>
= <(T+XM)y,x>

= < y + (X -aY)My,x>

= < yqx> + (k - CsO)< My,x>.

Hence < y,Mx> = 0 implying that fi(y;x) = (1 - ai)y + aicTy + oqXMy and

(3.38) < y,f(y;x)> = ( X-cai)IIYI12 + X, <(T + XM)y,y>

ilyll2+ ai(O -coW)< y,My>.

Since 11T < 1, (3.36) implies that < y,My> > 0 hence < y,fi(y;x)> 2 Ily 12 which
proved part (iii).

iv) Suppose i > 1, x E S and t((yn;x) = rYnYn, n = 1,2,... where Yn E S,

< Yni Ym> = 8nm and yn > 1 -ai (1 + 11 T 11) + e.
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Then

(3.39) (1- i) Yn + cq (Tyn + XMYn-3 < x, MYn> Mx) = Yn Yn n2 1
-1/2

where X = < x,Mx> . Now fi is bounded and M is compact hence, after passing if
necessary to a subsequence, yn -*y ai + (1 - ca) 11 T 11 + e and Myn -> y E S, say.
Therefore

(3.39) yn = [yY-ajl -(1-aaT]-l (XMYn- x > Mx)

- [y- ai - (1 - aj)T)-1(Xy - X3< x,y>Mx)
n-c

contradicting the assumption 11 Yn - Ym I = 28inm. 0

Let Nr (x) denote the linear space spaned by the eigenvector of fi ( ; x), x E S with
eigenvalues greater than 1. (Note that yr(x) is independent of Xi). For any vector

e . 0 and linear spaces xy, 'V21, t (e, lfi) is the arccos of the norm of the orthogonal
projection of e / I1I e on Nf, ( t (e, Nfl) E [ 0,2 / 2 ]) and 4 (fl',4f2) = max { 4 (e, Nr1),
e E Nf2, l ell = 1). Recall that by Lemma 4 xi - xO, = (T +X. M)X,, and
Ui = (I - T)12 xi - u. = Xoo Qu,,
Lemma 6. Suppose that xi -* x,, = (T + aYZl M)x,. where cY> < ayo. Let

Xm' = xm + em

xi+1 = fi(xi'), ej+1 = xi+'1 - xi+1 i > m.

Then there are e > 0 and H> 0 such that ui' = (I - T)112xi' -4 u' = u,
Xoo' . acl whenever Icm - 1 + < c, 0 < h1em11 < e and 4: {e,f(x,.)} <8.

Proof.

Suppose cm - 1 + oo < e, 0 < Ilemll < e, 4 (e,if(x.) < and
xi' -+N (I - T - acl M). We will show that if 8> 0 and e > 0 are small enough this
is contradiction.

In the following Cl,.. , C, are appropriate constants which depends on ul only
through a,,,.

Let ci' = 11 Ui' - 11 Poui'i1h- Po U'I 112, i 2 m. Then I cm' - cmI < C1 e for some C1 > 0.
Lemma 4(iii) implies therefore that

(3.40) Ihuiui- 1uII . hu - umhl + hhui' - um'I + hum - um' |

< C2e i 2 m

for some constant C2.
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Hence

(3.41) 11ei11 = 1 -(1I- 2 - u)I- < C3 e i . M.

Moreover, xi' -* x0.', say, again by Lemma 4(iii). Therefore:

(3.42) ei+ = fi (x1') - fi (xi)

- fi(ei;xi*) Xi =xi+Piei, Pi c [0,1]

* ~ =fi(ei; x.O) + Aiei i > m

where xi -+ xO, and Am, Am,,... are self adjoint operator such that

(3.43) 11A11 < C4eb1-m i > m.

Let y> 0 be such that i ( ; x.) does not have any eigenvalue in (1, 1 + 3,y). The
existence of such y is ensured by Lemma 5(iv). Now, Lemma 5(iii) ensures that
fi( ,x,x,) has p (including multiplicities) eigenvalues greater than 1 + 2y(1 < p < coo).
If I1 ( ; x *) - f(-( , xe,.) < y then f X(,*x*) has exactly p eigenvalues greater than
(1 + 2y) and none in (1 + y, 1 + 2y). Let Oi = t: (ei,r(xuf)),x i = 4 (j(xi ),9(xi+)}
and 4i = t4 (ei+i,V (xu)) i 2 M. Then,

(3.44) sin (6i) < Ai-1i+,+ i>M.
y

See Davis and Kahan (1970).

Now if (II AjI1 + 11Ai+,11h)Iy < 1/2 then (3.44) is equivalent to

(3.45) 6i < 2 sin8i
< 2C4Eb-bm i >m

(the last inequality follows (3.43)). Clearly 4i . Oi, i > m. Hence

(3.46) ei+1 < 4i+
ei+18i

< em + 6 i>m.j=-m

So, (3.45) and (3.46) can be combined to give

(3.47) Oi < Om+2C4(1 -b)-1e i m.

If 4t (em,i (x00)) < 0 then

(3.48) 0 <0+ 4hy(x.jlt(x50} < 0+C5e.

Choose now 0 and £ such that
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(3.49) (1 + 2y)cos0+ 2C4e(1 -b)1 + C5e) > 1.

Then

(3.50) 11 ej+j 11 > (1 + 2y) 11 ei 1Icos Hi<- as i - oo

contradicting (3.41). 0

Lemma 7.

i) Suppose ui -* u.o = a-' Q u., and ao < a.. Then for any open ball Bo such that

ul E Bo there is an open ball B1 C Bo such that the algorithm starting at any u1' E B1
converges to N (a0 I - q).

ii) If ui -* N (aoI - Q) then there is an open ball B2, ul E B2 and the algorithm
starting at any point of B2 converges to N (aoI - Q).

Proof.

Let gi(u) = (1 - ai)u + aiTu + aillPoull-1 (I - T)Qu i = 1,2,... and let

g9,m = gm-1°gm-2 *... 0g1. Then um = gj,m(uj). By Lemma S glm and its inverse
have continuous bounded derivatives, hence both take open sets to open sets. But by
Lemma 6, for m large enough, glm (BO) has an open subset such that for any point in
the later the algorithm does not converge to N (I - aZl Q)0 gj1 maps this open set to
an open set B1' included in Bo. Since
a: o(Q) n {a: a> 1 - 1lul - IIPoul11-1PouiII2l is a finite set by taking B1' small
enough we ensure that the algorithm starting at points in B1 converge to
k
U N (ai I - Q) for finite k. Repeating the above argument k times results in an open
j=o
set B1 c Bo such that the algorithm starting at points of B1 converges to N (a0 I - Q).

ii) If ui - N (ToI - Q), then ci 1 -a0 and for some m, cm < 1 -aTI where
a0 = a1 = * * *= aI-1 > aI. Now take B2' open such that 11 u- I Pou 11-1 Pou 112< 1 -a<
for all u E B2' and um E B2'. Let B =g-1 B ' Then B2 is open, ul E B2 startig2 2tioe,ts2, and the
algorithm, starting at points of B2, converges to N (a0 I - Q). El
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