IMS Lecture Notes–Monograph Series

Brownian motion on time scales, basic hypergeometric functions, and some continued fractions of Ramanujan

Shankar Bhamidi, Steven N. Evans,^∗ Ron Peled,^† Peter Ralph^‡

University of California at Berkeley

Abstract: Motivated by Lévy’s characterization of Brownian motion on the line, we propose an analogue of Brownian motion that has as its state space an arbitrary unbounded closed subset of the line: such a process will a martingale, has the identity function as its quadratic variation process, and is “continuous” in the sense that its sample paths don’t skip over points. We show that there is a unique such process, which turns out to be automatically a Feller-Dynkin Markov process. We find its generator, which is a natural generalization of the operator f →^1_2 f^{′′}.

We then consider the special case where the state space is the self-similar set {±q^k : k ∈ Z} ∪ {0} for some q > 1. Using the scaling properties of the process, we represent the Laplace transforms of various hitting times as certain continued fractions that appear in Ramanujan’s “lost” notebook and evaluate these continued fractions in terms of basic hypergeometric functions (that is, q-analogues of classical hypergeometric functions). The process has 0 as a regular instantaneous point, and hence its sample paths can be decomposed into a Poisson process of excursions from 0 using the associated continuous local time. Using the reversibility of the process with respect to the natural measure on the state space, we find the entrance laws of the corresponding Itô excursion measure and the Laplace exponent of the inverse local time – both again in terms of basic hypergeometric functions. By combining these ingredients, we obtain explicit formulae for the resolvent of the process. We also compute the moments of the process in closed form. Some of our results involve q-analogues of classical distributions such as the Poisson distribution that have appeared elsewhere in the literature.

1. Introduction

A time scale is simply a closed subset of the real numbers. There is a well-developed theory of differentiation, integration, and differential equations on arbitrary time scales that simultaneously generalizes the familiar Newtonian calculus when the time scale is the real numbers and the theory of difference operators and difference equations when the time scale is the integers (as well as the somewhat less familiar theory of q-differences and q-difference equations when the time scale is {q^k : k ∈ Z} for some q > 1). The time scale calculus is described in [BP01], where there is also discussion of the application of time scale dynamic equations to systems that evolve via a mixture of discrete and continuous mechanisms. An example of such a system is the size of an insect population that alternates between periods of continuous

∗Supported in part by NSF grant DMS-0405778. Part of the research was conducted while the author was visiting the Pacific Institute for Mathematical Sciences, the Zentrum für interdisziplinäre Forschung der Universität Bielefeld, and the Mathematisches Forschungsinstitut Oberwolfach_†

Supported in part by a Liné and Michel Loève Fellowship ‡Supported in part by a VIGRE grant awarded to the Department of Statistics at U.C. Berkeley AMS 2000 subject classifications: Primary 60J65, 60J75; secondary 30B70, 30D15 1

growth in summer after eggs hatch and individuals are feeding and mating, and periods of stasis in winter while eggs are dormant or incubating.

Our first aim in this paper is to investigate a possible analogue of Brownian motion with state space an arbitrary time scale – we stress that our process takes values in the time scale and the time scale is not the index set of our process. A celebrated theorem of Lévy says that Brownian motion on R is the unique R-valued stochastic process (ξ_t)_{t∈R+} such that:

(I) ξ has continuous sample paths, (II) ξ is a martingale, (III) (ξ^2_t − t)_{t∈R+} is a martingale.

A similar set of properties characterizes continuous time symmetric simple random walk on Z with unit jump rate: we just need to replace condition (I) by the analogous hypothesis that ξ does not skip over points, that is, that all jumps are of size ±1. Note that for both R and Z the Markovianity of ξ is not assumed and comes as a consequence of the hypotheses.

We show in Section 2 that on an arbitrary unbounded time scale T there exists a unique (in distribution) càdlàg process ξ that satisfies conditions (II) and (III) plus the appropriate analogue of (I) or the “skip-free” property of simple random walk, namely

(I’) if x < y < z are in T, and ξ_r = x and ξ_t = z, then ξ_s = y for some time s between r and t,

and, moreover, this process is a Feller-Dynkin Markov process with a generator that we explicitly compute. The proof of existence is via an explicit construction as a time change of standard Brownian motion. The proof of uniqueness (which was suggested to us by Pat Fitzsimmons) relies on a result of Chacon and Jamison, as extended by Walsh, that says, informally, if a stochastic process has the hitting distributions of a strong Markov process, then it is a time change of that Markov process.

As well as establishing the existence and uniqueness of the time scale Brownian motion in Section 2, we give its generator, which is a natural analogue of the standard Brownian generator f →^1_2 f^{′′}. Note that a simple consequence of (II) and (III) is that ξ has the same covariance structure as Brownian motion on R, that is E^x[ξ_sξ_t] − E^x[ξ_s]E^x[ξ_t] = s ∧ t for all x ∈ T.

The assumption that the state space T is unbounded is necessary. Recall that if (M_t)_{t∈R+} is any martingale, then almost surely either lim_{t→∞} M_t exists as a finite limit, or lim inf_{t→∞} M_t = −∞ and lim sup_{t→∞} M_t = +∞. If T is bounded above or below, then property (II) ensures that lim_{t→∞} ξ_t exists almost surely and is finite, and hence lim_{t→∞} ξ^2_t − t = −∞ almost surely, which contradicts property (III).

It is natural to ask about further properties of the time scale Brownian motion. In the present paper we pursue this matter in a particularly nice special case, when T = T_q := {±q^k : k ∈ Z} ∪ {0} for some q > 1. In this case, the process ξ started at x has the same distribution as the process (^1_{qk} ξ_q2k_t)_{t∈R+} when ξ is started q^kx for k ∈ Z. This Brownian-like scaling property enables us to compute explicitly the Laplace transforms of hitting times and the resolvent of ξ in terms of certain continued fractions that appear in the “lost” notebook of Ramanujan. We can, in turn, evaluate these continued fractions in terms of basic hypergeometric functions (where, for the sake of the uninitiated reader, we stress that “basic” means that such functions are the analogues of the classical hypergeometric functions to some “base” – that is, the q-series analogue of those functions). We recall that, in general, a q-analogue of a mathematical construct is a family of constructs parameterized by q such that each generalizes the known construct and reduces in some sense to the known construct in the limit “q → 1”. This notion ranges from the very simple, such as (q^n − 1)/(q − 1) being the q-analogue of the positive integer n, through to the very deep, such as certain quantum groups (which are not actually groups in the usual sense) being the “q-deformations” of appropriate classical groups [CP94, Kas95, Jan96].

For a very readable introduction to q-calculus see [KC02], and for it’s relation with q-series, see the tutorial [Koo94], or the more extensive books [GR04] or [AAR99]. What we need for our purposes is given in Section 10.

The interplay between q-calculus (that is, q-difference operators, q-integration, and q-difference equations), q-series (particularly basic hypergeometric functions), and probability has been explored in a number of settings both theoretical and applied. The recent paper [BBY04] studies the connection between q-calculus and the exponential functional of a Poisson process

I_q :=

∫_∞ 0 q^{Nt} dt, q < 1,

where N_t is the simple homogeneous Poisson counting process on the real line. A purely analytic treatment of the distribution of I_q using q-calculus is given in [Ber05]. It is interesting to note that the same functional seems to have arisen in a number of applied probability settings as well, for example, in genetics [CC94] and in transmission control protocols on communication networks [DGR02]. In [Kem92] the Euler and Heine distributions, q-analogues of the Poisson distribution, are studied: distributional properties are derived and some statistical applications (such as fitting these distributions to data) are explored. These analogues have arisen in contexts as varied as prior distributions for stopping time strategies when drilling for oil and studies of parasite distributions, see the references in [Kem92]. The qanalogue of the Pascal distribution has also been studied in the applied context, see [Kem98]. The properties of q-analogues of various classical discrete distributions are also surveyed in [Kup00]. Both I_q and the Euler distribution appear in Section 6, where they come together to form the distribution of a hitting time.

Probabilistic methods have also been used to derive various results from qcalculus. A number of identities (including the q-binomial theorem and two of Euler’s fundamental partition identities) are derived in [Raw98] by considering processes involving Bernoulli trials with variable success probabilities. Several other identities (for example, product expansions of q-hypergeometric functions and the Rogers–Ramanujan identities) are obtained in [Raw97] using extensions of Blomqvist’s absorption process. Some properties of q-random mappings are explored in [Raw94]: in particular, the limiting probability that a q-random mapping does not have a fixed point is expressed via a q-analogue of the exponential function. Connections between q-series and random matrices over a finite field (resp. over a local field other than R or C) are investigated in [Ful00, Ful01, Ful02] (resp. [AG00, Eva02]).

2. Brownian motion on a general unbounded time scale

Let T be an unbounded closed subset of R (that is, an unbounded time scale). We now show existence of a Feller-Dynkin Markov process satisfying conditions (I’), (II) and (III) by explicitly constructing such a process as a time-change of Brownian motion. Let (B_t)_{t∈R+} be standard Brownian motion on R and let ℓ^a_t be its local time at the point a ∈ R up to time t ≥ 0.

We introduce the following notation from [BP01]. For a point x ∈ T set

ρ(x) := sup{y ∈ T : y < x} σ(x) := inf{y ∈ T : y > x}

If ρ(x) ≠ x say that x is left-scattered, otherwise x is left-dense, and similarly if σ(x) ≠ x say that x is right scattered, otherwise x is right-dense. Denote by T_{ss}, T_{sd}, T_{ds} and T_{dd} the left and right scattered, left-scattered right-dense, leftdense right-scattered and left and right dense subsets of T, respectively.

Define a Radon measure on R by μ := 1_T · m + ∑ x∈(T\T_{dd}) σ(x)−ρ(x)

2 δ_x, where m is Lebesgue measure. Note that the support of μ is all of T. Define the continuous additive functional A^μ_u := ∫ R ℓ^a_u μ(da)

and let θ^μ_t be its right continuous inverse, that is,

θ^μ_t := inf{u : A^μ_u > t}.

By the time change of B_t with respect to the measure μ [RW00a, III.21] we mean the process ξ_t := B_θ^μ_t . It is easily seen that ξ has T as its state space, and if B_0 = x ∈ T then ξ_0 = x also. Moreover, it is not hard to show that ξ is a Feller-Dynkin Markov process on T. We remark that ξ is a particular instance of a generalized diffusion as discussed in [Yam89, Yam90, Yam92, Yam97], and the results of those papers apply to ξ.

We will need the generator of ξ. For that purpose, we introduce the following notation. Write

C_0(T) := {f : T → R : f is continuous on T and tends to 0 at infinity}.

Define a linear operator G on C_0(T) as follows. For x ∈ T, set y_{x,r} := ρ(x − r) and z_{x,r} := σ(x + r). Put

(Gf)(x)

:= lim_{r↓0} ( z_{x,r} − x z_{x,r} − y_{x,r} f(y_{x,r}) + x − y_{x,r} z_{x,r} − y_{x,r} f(z_{x,r}) − f(x) ) / ((x − y_{x,r})(z_{x,r} − x))

= lim_{r↓0} ( f(y_{x,r}) (x − y_{x,r})(z_{x,r} − y_{x,r}) − f(x) (x − y_{x,r})(z_{x,r} − x) + f(z_{x,r}) (z_{x,r} − x)(z_{x,r} − y_{x,r}) )

= lim_{r↓0} ( f(y_{x,r}) − f(x) (x − y_{x,r})(z_{x,r} − y_{x,r}) + f(z_{x,r}) − f(x) (z_{x,r} − x)(z_{x,r} − y_{x,r}) )

on the domain Dom(G) consisting of those functions f ∈ C_0(T) for which the limits exist for all x ∈ T and define a function in C_0(T).

Note that G is a natural analogue of the standard Brownian generator f →^1_2 f^{′′} and coincides with this latter operator when T = R. Note also that if f is the restriction to T of a function that is in C^2_0 (R), then f ∈ Dom(G) and

(Gf)(x) =

f (ρ(x)) (x−ρ(x))(σ(x)−ρ(x)) − f (x) (x−ρ(x))(σ(x)−x) + f (σ(x)) (σ(x)−x)(σ(x)−ρ(x)) , x ∈ Tss, f (ρ(x))−f (x)

(x−ρ(x))^2 + f^′ (x) x−ρ(x) , x ∈ Tsd,

−^{f ′(x)}

σ(x)−x + f (σ(x))−f (x) (σ(x)−x)^2 , x ∈ Tds, 1 2 f^{′′}(x), x ∈ T_{dd}.

Proposition 2.1. The time change ξ of standard Brownian motion B with respect to the measure μ is a Feller-Dynkin Markov process on T that satisfies conditions (I’), (II) and (III). The generator of ξ is (G, Dom(G)).

Proof. We have already noted that ξ is a Feller-Dynkin Markov process. Property (I’) is clear from the fact that the support of μ is all of T. Before establishing properties (II) and (III), we first show that the generator of ξ is (G, Dom(G)).

Write (H, Dom(H)) for the generator of ξ. We begin by showing that (H, Dom(H)) = (G, Dom(G)). Set T_{x,r} := inf{t : d(ξ_t, x) > r}. By Dynkin’s characteristic operator theorem [RW00a, III, 12.2], f ∈ Dom(H), if and only if

lim_{r↓0}

E^x[f(ξ_{Tx,r} )] − f(x) E^x[T_{x,r}]

(2.1)

exists at every x ∈ T and defines a function in C_0(T), in which case this function is Hf.

Set y_{x,r} := ρ(x − r) and z_{x,r} := σ(x + r). Because the support of μ is all of T,

θ^μ_{Tx,r} = inf{t ∈ R_+ : B_t ∈ {y_{x,r}, z_{x,r}}} =: U_{x,r}.

Thus P^x{ξ_{Tx,r} = y_{x,r}} = z_{x,r} − x z_{x,r} − y_{x,r} and P^x{ξ_{Tx,r} = z_{x,r}} = x − y_{x,r} z_{x,r} − y_{x,r} . Consequently,

E^x[f(ξ_{Tx,r} )] = z_{x,r} − x z_{x,r} − y_{x,r} f(y_{x,r}) + x − y_{x,r} z_{x,r} − y_{x,r} f(z_{x,r}).

Hence it is enough to show for all x ∈ T and r > 0 that

E^x[T_{x,r}] = (x − y_{x,r})(z_{x,r} − x). (2.2) Now T_{x,r} = ∫ R ℓ^a_{Ux,r} μ(da) = ∫ (y_{x,r} ,z_{x,r} )

ℓ^a_{Ux,r} μ(da), P^x − a.s.,

and in particular,

E^x[T_{x,r}] = ∫ (y_{x,r} ,z_{x,r} )

E^x[ℓ^a_{Ux,r} ] μ(da) = ∫ (y_{x,r} ,x]

2(a − y_{x,r})(z_{x,r} − x) z_{x,r} − y_{x,r} μ(da) + ∫ (x,z_{x,r})

2(x − y_{x,r})(z_{x,r} − a) z_{x,r} − y_{x,r} μ(da) = 2 z_{x,r} − y_{x,r} ( (z_{x,r} − x) ∫ (y_{x,r} ,x]

(a − y_{x,r}) μ(da)

+ (x − y_{x,r}) ∫ (x,z_{x,r} )

(z_{x,r} − a) μ(da) ) .

(2.3)

But, as we now show, for any points u, v ∈ T, u < v, ∫ (u,v)

μ(da) = v − u − σ(u) − u 2 − v − ρ(v) 2 , (2.4) ∫ (u,v)

a μ(da) = v^2 2 − u^2 2 − u σ(u) − u 2 − v v − ρ(v) 2 (2.5)

(note the similarity to Lebesgue integration up to boundary effects). Substituting this into (2.3) gives (2.2) after some algebra.

Let us prove the identities (2.4) and (2.5). For simplicity, we prove them in the special case when T_{ds} ∩ (u, v) = ∅. The proof of the general case is similar. Fix u, v ∈ T, u < v. Since T is closed, we can write (u, ρ(v)) \ T as a countable union of disjoint (non-empty) open intervals {(a_n, b_n) : n ∈ N}. We note that for any such interval (a_n, b_n] ⊆ (u, v) and ∫ (a_n,b_n]

μ(da) = σ(b_n) − a_n 2 = b_n − a_n − σ(a_n) − a_n 2 + σ(b_n) − b_n 2 . Summing up over all these intervals the boundary effects cancel telescopically (since T_{ds} ∩ (u, v) = ∅) and, since σ(a_n) = b_n, we get ∑ n ∫ (a_n,b_n]

μ(da) = ∑ n (b_n − a_n) − σ(u) − u 2 − v − ρ(v) 2 = ∫ ⋃ n(a_n,b_n]

dm − σ(u) − u 2 − v − ρ(v) 2 , where again m is Lebesgue measure. Identity (2.4) now follows since (u, v) = ⋃ n(a_n, b_n] ∪ ((u, v) ∩ T_{dd}) and, by the definition of μ, ∫ (u,v)

μ(da) = ∫ (u,v)∩T_{dd}

μ(da)+ ∫ ⋃ n(a_n,b_n]

μ(da) = ∫ (u,v) dm− σ(u) − u 2 − v − ρ(v) 2 . To prove identity (2.5), we note similarly that for any n ∈ N ∫ (a_n,b_n]

a μ(da) = b_n σ(b_n) − a_n 2 = b^2_n 2 − a^2_n 2 − a_n σ(a_n) − a_n 2 + b_n σ(b_n) − b_n 2 , so that again ∑ n ∫ (a_n,b_n]

a μ(da) = ∑ n ( b^2_n 2 − a^2_n 2 ) − u σ(u) − u 2 − v v − ρ(v) 2 = ∫ ⋃ n(a_n,b_n]

a dm − u σ(u) − u 2 − v v − ρ(v) 2 , and (2.5) follows since ∫ (u,v)

a μ(da) = ∫ (u,v)∩T_{dd}

a μ(da) + ∫ ⋃ n(a_n,b_n]

a μ(da) = ∫ (u,v)

a dm − u σ(u) − u 2 − v v − ρ(v) 2 .

By the Markov property of ξ, in order to show (II) and (III) it suffices to show that E^x[ξ_t] = x and E^x[ξ^2_t ] = x^2 + t for all x ∈ T and t ∈ R_+. By Dynkin’s formula [RW00a, III.10], for any f ∈ Dom(G)

M_t := f(ξ_t) −

∫_t 0 (Gf)(ξ_s)ds (2.6)

is a martingale (for each starting point). Note that if we formally apply the expression for Gf to f(x) = x (resp. f(x) = x^2), then we get Gf(x) = 0 (resp. Gf(x) = 1), and this would give properties (II) and (III) if x → x and x → x^2 belonged to the domain of G. Unfortunately, this is not the case, so we must resort to an approximation argument.

Fix x ∈ T. Given any r > 0, for R > r sufficiently large we have [ρ(x − r), σ(x + r)] ⊂ (ρ(x−R), σ(x+R)). For any such pair r, R, there are functions g, h ∈ Dom(G) such that g(w) = w and h(w) = w^2 for w ∈ [ρ(x − R), σ(x + R)], and hence Gg(w) = 0 and Gh(w) = 1 for w ∈ [ρ(x − r), σ(x + r)]. It follows that (ξ_{t∧Tx,r} )_{t∈R+} and (ξ^2_{t∧Tx,r} − t ∧ T_{x,r})_{t∈R+} are both martingales under P^x.

Hence, if 0 < r^′ < r^{′′}, then

E^x[(ξ_{t∧Tx,r′′} − ξ_{t∧Tx,r′} )^2] = E^x[ξ^2_{t∧Tx,r′′} ] − E^x[ξ^2_{t∧Tx,r′} ]

= E^x[t ∧ T_{x,r}′′ ] − E^x[t ∧ T_{x,r}′ ].

Thus ξ_{t∧Tx,r} converges to ξ_t in L^2(P^x) as r → ∞, and so

E^x[ξ_t] = lim_{r→∞} E^x[ξ_{t∧Tx,r} ] = x and E^x[ξ^2_t ] = lim_{r→∞} E^x[ξ^2_{t∧Tx,r} ] = x^2 + t,

as required.

We next establish a uniqueness result that complements the existence result of Proposition 2.1.

Proposition 2.2. Suppose that ζ is a càdlàg T-valued process that satisfies properties (I’), (II) and (III). Let ν denote the distribution of ζ_0. Then ζ has the same distribution as the Feller-Dynkin process ξ of Proposition 2.1 under P^ν . In particular, any Feller-Dynkin process that satisfies properties (I’), (II) and (III) for all initial points has the same distributions as ξ.

Proof. We wish to apply Corollary 3.5 of [Wal84] that extends results of [CJ79]. This result says, roughly speaking, that if a process has the same state-dependent hitting distributions as some strong Markov process, then the process is a timechange of that Markov process. (For example, a consequence of this theorem is the celebrated result of Dubins and Schwarz that any continuous martingale is a time change of Brownian motion, from which Lévy’s characterization of Brownian motion that we mentioned in the Introduction is an immediate corollary.) However, a hypothesis of the result is that the Markov process doesn’t have holding points, which generally fails to hold for our process ξ, so we need to adapt an artifice presented in Remark 1 after Theorem 3.4 in [Wal84] to circumvent this difficulty.

Without loss of generality, we may suppose that ζ is defined on a complete probability space (Σ, A, Q), that this probability space is equipped with a filtration

(A_t)_{t∈R+} satisfying the usual conditions, and that (ζ_t)_{t∈R+} and (ζ^2_t − t)_{t∈R+} are both martingales with respect to (A_t)_{t∈R+} .

Let S be a finite (A_t)_{t∈R+} stopping time, and put T := inf{t > S : ζ_t ≠ ζ_S }. From an argument in the Introduction, properties (II) and (III) imply that lim inf_{t→∞} ζ_t = −∞ and lim sup_{t→∞} ζ_t = +∞ almost surely, and so T < ∞ almost surely. Moreover, by properties (I’) and (II) and the right-continuity of paths, ζ_T ∈ {ρ(ζ_S ), σ(ζ_S )} almost surely with

Q{ζ_T = ρ(ζ_S ) | A_S } = σ(ζ_S ) − ζ_S σ(ζ_S ) − ρ(ζ_S ) and Q{ζ_T = σ(ζ_S ) | A_S } = ζ_S − ρ(ζ_S ) σ(ζ_S ) − ρ(ζ_S ) on the event {ζ_S ∈ T\T_{dd}}. Thus ζ_T = ζ_S almost surely on the event {ζ_S ∈ T\T_{ss}} and hence, by property (III), S = T almost surely on the event {ζ_S ∈ T \ T_{ss}}. On the other hand, it is certainly the case that S < T almost surely on the event {ζ_S ∈ T_{ss}}.

We next claim that, conditional on A_S , the random variable T − S is exponentially distributed with expectation (ζ_S − ρ(ζ_S ))(σ(ζ_S ) − ζ_S ) (where the exponential distribution with expectation 0 is of course just the point mass at 0). To see this, define a function Ψ : T × T → R by

Ψ(x, z) :=

{_{(z−ρ(x))(σ(x)−z)}

(x−ρ(x))(σ(x)−x) , x ∈ Tss,

0, x ∈ T \ T_{ss}.

Note that for each fixed x the function Ψ(x, ·) is quadratic. It follows from properties (II) and (III) that the process

M_t := 1{ζ_S ∈ T_{ss}} [ Ψ(ζ_S , ζ_{(S+t)∧T} ) − t ∧ (T − S) (ζ_S − ρ(ζ_S ))(σ(ζ_S ) − ζ_S ) ] , t ∈ R_+,

is a martingale with respect to the filtration (A_{S+t})_{t∈R+} . Note that

M_t = 1{ζ_S ∈ T_{ss}} [ 1{T − S > t} −

∫_t 0 1{T − S > u} (ζ_S − ρ(ζ_S ))(σ(ζ_S ) − ζ_S ) du. ]

Hence

1{ζ_S ∈ T_{ss}} (Q{T − S > t | A_S } − 1) =

∫_t 0 1{ζ_S ∈ T_{ss}}Q{T − S > u | A_S } (ζ_S − ρ(ζ_S ))(σ(ζ_S ) − ζ_S ) du, and so

1{ζ_S ∈ T_{ss}}Q{T − S > t | A_S } = 1{ζ_S ∈ T_{ss}} exp ( − t (ζ_S − ρ(ζ_S ))(σ(ζ_S ) − ζ_S ) ) , as claimed.

We apply the device from [Wal84] mentioned above to “decorate” the process ξ in order to produce a Feller-Dynkin process that doesn’t have holding points. Set T̄ := (T_{ss} × R) ∪ ((T \ T_{ss}) × {0}) ⊆ T × R. Put U := inf{t > 0 : ξ_t ≠ ξ_0} and C_t := t − sup{s < t : ξ_s ≠ ξ_t}, with the convention sup ∅ = 0. That is, C_t is the “age” of ξ in the current state at time t. There is a Feller-Dynkin process (ξ̄_t, P̄^{(x,u)}) with state-space T̄ such that under P̄^{(x,u)} the process ξ̄ has the same distribution as the process

(ξ_t, u + t), 0 ≤ t < U, (ξ_t, C_t), t ≥ U,

under P^x.

Fix a Borel set B ⊆ T̄, write T̄_B := inf{t ∈ R_+ : ξ̄_t ∈ B} for the first hitting time of B by ξ̄, and denote by H̄_B the corresponding hitting kernel. That is,

H̄_B ((x, u), A) := P̄^{(x,u)}{ξ̄_{T̄B} ∈ A}

for (x, u) ∈ T̄ and A a Borel subset of T̄. It is not hard to see that T̄_B is finite P^{(x,u)}- almost surely for all (x, u) ∈ T̄, and hence H̄_B ((x, u), ·) is a probability measure concentrated on the closure of B for all (x, u) ∈ T̄.

Let (D_t)_{t∈R+} be the analogue of (C_t)_{t∈R+} for ζ. That is, D_t := t−sup{s < t : ζ_s ≠ ζ_t}. Given a finite (A_t)_{t∈R+} stopping time S̄, put T̄ := inf{t ≥ S̄ : (ζ_t, D_t) ∈ B}. From what we have shown above, it follows by a straightforward but slightly tedious argument that if B is a finite set, then

Q{(ζ¯_T , D¯_T ) ∈ A | A_S } = H̄_B ((ζ¯_S , D¯_S), A) (2.7)

(in particular, T̄ is finite Q-almost surely). If B is arbitrary, then taking a countable dense subset of B and writing it as an increasing union of finite sets shows that (2.7) still holds.

Corollary 3.5 of [Wal84] gives that there is a continuous increasing process (τ_t)_{t∈R+} such that each τ_t is an (A_t)_{t∈R+} stopping time, τ_0 = 0, and ((ζ_{τt} , D_{τt} ))_{t∈R+} has the same distribution as ξ̄ under P̄^{ν⊗δ0} , where ν is the distribution of ζ_0. In particular, (ζ_{τt} )_{t∈R+} has the same distribution as ξ under P^ν . Since property (III) holds for both ξ and ζ, we have that (ζ^2_{τt} −t)_{t∈R+} is a martingale and (ζ^2_{τt} −τ_t)_{t∈R+} is a local martingale. Thus (τ_t − t)_{t∈R+} is a continuous local martingale with bounded variation, and hence τ_t = t for all t ∈ R_+, as required.

We note that, by a proof similar to that of Proposition 2.2, one can show that any cádlág T-valued process with properties (I’) and (II) is a time-change of a process with the distribution of ξ from Proposition 2.1. It may be necessary to introduce extra randomness in the time-change to convert the holding times of the process at points in T_{ss} into exponential random variables, and it may also be necessary to introduce extra randomness to “complete” the sample paths of the copy of ξ – as the original process may “run out of steam” and not require an entire sample path of a copy of ξ to produce it (the most extreme example is a process that stays constant at its starting point). This observation is the analogue of the result of Dubins and Schwarz that any continuous martingale on the line is a time-change of some Brownian motion.

3. Hitting times of bilateral birth-and-death processes

In order to compute certain hitting time distributions for ξ, we recall and develop some of the connections between Laplace transforms of hitting times for a birth-and-death process and continued fractions. This connection has already been explored, for instance, in [FG00, GP99]. See Section 11 for some relevant background and notation for continued fractions.

Suppose that Z is a bilateral birth-and-death process. That is, Z is a continuous time Markov chain on the integers Z that only makes ±1 jumps. We assume for concreteness that Z is killed if it reaches ±∞ in finite time, although this assumption does not feature in the recurrences we derive in this section. Write β_n (resp. δ_n) for the rate of jumping to state n + 1 (resp. n − 1) from state n.

For n ∈ Z, let τ_n = inf{t ≥ 0 : Z_t = n} be the hitting time of n, with the usual convention that the infimum of the empty set is +∞. Set

H^↓_n(λ) := E^n[e^{−λτn−1} ] H^↑_n(λ) := E^n[e^{−λτn+1} ] H_{n,m}(λ) := E^n[e^{−λτm} ].

Note that H_{n,m}(λ) = H^↑_n(λ)H^↑_{n+1}(λ) · · · H^↑_{m−1}(λ), m > n, and H_{n,m}(λ) = H^↓_n(λ)H^↓_{n−1}(λ) · · · H^↓_{m+1}(λ), m < n, and so the fundamental objects to consider are H^↓_n and H^↑_n.

Conditioning on the direction of the first jump, we get the recurrence

H^↓_n(λ) = E^n [ e^{−λτn−1} 1_{τn−1<τn+1} + e^{−λτn+1} 1_{τn+1<τn−1} E^{n+1} [ e^{−λτn−1} ]] = δ_n δ_n + β_n + λ + β_n δ_n + β_n + λ

H^↓_{n+1}(λ)H^↓_n(λ),

which, puting ρ_n :=^{δn}_{βn} , can be rearranged as a pair of recurrences

H^↓_n(λ) = ρ_n 1 + ρ_n +^λ_{βn} − H^↓_{n+1}(λ)

(3.1)

H^↓_{n+1}(λ) = 1 + ρ_n + λ β_n − ρ_n H^↓_n(λ)

. (3.2)

This leads to two families of terminating continued fractions that connect the Laplace transforms H^↓_n for different values of n, namely,

H^↓_n(λ) = ρ_n

1 + ρ_n +^λ_{βn} − ρ_{n+1} 1 + ρ_{n+1} +^λ_{βn+1} − ... − H^↓_{n+m+1} and H^↓_n(λ) = 1 + ρ_{n−1} + λ β_{n−1} − ρ_{n−1} 1 + ρ_{n−2} +^λ_{βn−2} − ... −^{ρn−m−1}

H^↓_{n−m−1} .

By exchanging δ_n and β_n we get similar relations for H^↑_n,

H^↑_n(λ) = 1 1 + ρ_n +^λ_{βn} − ρ_nH^↑_{n−1}(λ)

ρ_nH^↑_{n−1}(λ) = 1 + ρ_n + λ β_n − 1 H^↑_n(λ) .

If we define

s_n(z) :=

−ρ_n 1 + ρ_n +^λ_{βn} + z and ŝ_n(z) :=

−ρ^{−1}_n 1 + ρ^{−1}_n +^λ_{δn} + z , then we can write the resulting four continued fraction recurrences as

−H^↓_n(λ) = s_n ∘ s_{n+1} ∘ · · · ∘ s_{n+m−1}(−H^↓_{n+m}(λ)) (3.3) − 1 H^↓_n(λ)

= ŝ_{n−1} ∘ ŝ_{n−2} ∘ · · · ∘ ŝ_{n−m}(− 1 H^↓_{n−m}(λ)

) (3.4) − 1 H^↑_n(λ)

= s_{n+1} ∘ s_{n+2} ∘ · · · ∘ s_{n+m}(− 1 H^↑_{n+m}(λ)

) (3.5)

−H^↑_n(λ) = ŝ_n ∘ ŝ_{n−1} ∘ · · · ∘ ŝ_{n−m+1}(−H^↑_{n−m}(λ)). (3.6)

In the context of a unilateral birth-and-death chain (that is, the analogue of our process Z on the state space N), the context considered in [FG00, GP99], there is theory giving conditions under which such continued fractions converge and their classical values give the corresponding Laplace transform. In the bilateral case, not all of the above continued fraction expansions can converge to the classical values, because that would imply, for instance, that H^↓_n(λ) = (H^↑_{n−1}(λ))^{−1}, but two Laplace transforms can only be the reciprocals of each other if both are identically 1, which is certainly not the case here.

In the next section we consider bilateral chains arising from instances of our process ξ on T and discuss circumstances in which Laplace transforms of hitting times are indeed given by their putative continued fraction representations.

4. Hitting times on a scattered subset of T

Suppose in this section that for some a ∈ T the infinite set T ∩ (a, +∞) is discrete with a as an accumulation point. Write T ∩ (a, +∞) = {t_n : n ∈ Z} with t_n < t_{n+1} for all n ∈ Z, and define Z : T ∩ (a, b) → Z by Z(t_n) := n. Then the image under Z of ξ killed when it exits (a, +∞) is a bilateral birth-and-death process that can “reach −∞ in finite time and be killed there”.

From Proposition 2.2, the jump rates of Z are

δ_n = 1 (t_n − t_{n−1})(t_{n+1} − t_{n−1}) and β_n = 1 (t_{n+1} − t_n)(t_{n+1} − t_{n−1})

, (4.1)

and so ρ_n =

(t_{n+1} − t_n) (t_n − t_{n−1})

. (4.2)

The convergence properties of the continued fraction expansions given in (3.3)– (3.6) can sometimes be determined by the behavior of T ∩ (a, +∞) in the neighborhood of its endpoint a. We refer the reader to Section 11 for a review of the theory of limit-periodic continued fractions that we use.

It is clear from the construction of ξ as time change of Brownian motion that inf{t > 0 : ξ_t = a} = 0, P^a-a.s. and inf{t > 0 : ξ_t ≠ a} = 0, P^a-a.s. That is, a is a regular instantaneous point for ξ. Thus

lim_{n→∞} P^{−n}[e^{−λτ−n−1} ] = 1 (4.3) and lim_{n→∞} P^{−n}[e^{−λτ−n+1} | τ_{−n+1} < ∞] = 1. (4.4)

Note that β_{−n} → ∞ as n → ∞. Suppose further that ρ_{−n} → ρ ∈ (1, ∞) as n → ∞, Then ŝ_{n−m} → ŝ^∗ as m → ∞, where ŝ^∗(z) :=^{−ρ−1}_{1+ρ−1 +z} , a transformation with attractive fixed point −ρ^{−1} and repulsive fixed point −1. It follows from (4.3) that lim_{n→∞} H^↓_{−n}(λ) = 1. So, by Theorem 11.1, H^↓_{−n} is not equal to the classical value of the non-terminating continued fraction corresponding to (3.4). Also, by (4.3),

H^↑_{−n}(λ) := E^{−n}[e^{−λτ−n+1} ] = P^{−n}{τ_{−n+1} < ∞}E^{−n}[e^{−λτ−n+1} | τ_{−n+1} < ∞] = (t_{−n} − a) (t_{−n+1} − a)

E^{−n}[e^{−λτ−n+1} | τ_{−n+1} < ∞] → 1 ρ as n → ∞.

Thus, Theorem 11.1, applied with indices reversed, implies that the continued fraction expansion in (3.6) converges to the classical value. So, for each n ∈ Z, H^↑_n = − lim_{m→∞} ŝ_n ∘ · · · ∘ ŝ_{n−m}(0) = Ũ_n/Ũ_{n+1}, where {Ũ_k} is the minimal solution in the negative direction to

U_{k−1} = (1 + ρ^{−1}_k + λ δ_k

)U_k − ρ^{−1}_k U_{k+1}. (4.5)

In particular, this says that the Laplace transform of the upwards hitting times for the process killed at a are given by a simple formula in terms of the {U_m},

H_{n,n+m}(λ) = m−1∏ k=0 H^↑_{n+k}(λ) =

U_{n+m+1} U_{n+1}

, m > 0.

Suppose now that β_n and δ_n converge to 0 as n → ∞ in such a way that ρ_n → ρ ∈ (1, ∞). An equivalence transformation of continued fractions relate the continued fraction implied by the recurrence (3.3) and the continued fraction implied by the equivalent recurrence

−β_{n−1}H^↓_n(λ) =

−β_{n−1}δ_n β_n + δ_n + λ − β_nH^↓_{n+1}(λ)

. (4.6)

Since β_n and δ_n tend to zero as n → ∞, the limiting transformation is singular and the fixed points tend to zero and −λ. Since 0 < H^↓_n(λ) < 1, lim_{n→∞} β_{n−1}H^↓_n(λ) = 0 for all λ > 0, which is the attractive fixed point of the transformation. Theorem 11.1 implies that the continued fraction converges to the classical value, which is given by the ratio of the minimal solution in the positive direction of the recurrence

V_{k+1} = (β_k + δ_k + λ)V_k − β_{k−1}δ_kV_{k−1} (4.7)

However, U_0 := V_0 and

U_k := { V_k/

∏_{k−1}

i=0 β_i, k > 0, V_k

∏_{−1}

i=k β_i, k < 0, defines a one-one correspondence between solutions to (4.7) and solutions to

U_{k+1} = (1 + ρ_k + λ β_k

)U_k − ρ_kU_{k−1}, (4.8)

and, since this correspondence maps minimal solutions to minimal solutions, if we denote by {Ũ_k} the minimal solution in the positive direction to (4.8), then

H^↓_n(λ) =

Ũ_n Ũ_{n−1} and H_{n,n−m}(λ) = m−1∏ k=0 H^↓_{n−k}(λ) =

Ũ_{n−m−1} Ũ_{n−1} , m > 0.

5. Introducing the process on T_q

Note: For the remainder of the paper, we restrict attention to the state space T = T_q := {q^n : n ∈ Z} ∪ {−q^n : n ∈ Z} ∪ {0} for some q > 1.

In this case the measure μ defining the time change that produces ξ from Brownian motion is given by μ = μ^q, where μ^q ({q^n}) = (q^{n+1} − q^{n−1})/2, μ^q({−q^n}) = μ^q ({q^n}), and μ^q({0}) = 0. Let ξ̂ denote the Markov process on T_q ∩ (0, ∞) = {q^k : k ∈ Z} with distribution starting at x which is that of ξ started at x and killed when it first reaches 0.

By Proposition 2.2 the generator G of ξ is defined for all f ∈ C_0(T_q ) for which the following is well-defined and defines a function in C_0(T_q ),

(Gf)(x) := 1 c_q

(_{f (qx)}

x^2 + qf (q^{−1} x) x^2 −

(1+q)f (x) x^2 ) , x ∈ T_q \ {0}

lim_{n→∞}^1_2^{f (q−n)+f (−q−n)−2f (0)}

q^{−2n} , x = 0,

(5.1)

where c_q := q^{−1}(q − 1)^2(1 + q). In particular, when our process is at any point x ≠ 0, it waits for an exponential time with rate proportional to x^{−2} and then jumps further from 0 with probability 1/(1 + q) or closer to 0 with probability q/(1 + q).

We first reinforce our claim that the process ξ on T_q is a reasonable q-analogue of Brownian motion by showing that ξ converges to Brownian motion as the parameter q goes to 1.

Proposition 5.1. For each q let x_q ∈ T_q be such that x_q → x as q ↓ 1. Then the distribution of ξ started at x_q converges as q ↓ 1 (with respect to the usual Skorohod topology on the space of real-valued càdlàg paths) to the distribution of Brownian motion started at x.

Proof. Let (B_t)_{t∈R+} be a standard Brownian motion with B_0 = 0 and let ℓ^a_t denote the jointly continuous local time process of B. Set A^{μq}_u := ∫ R ℓ^{a−xq}_u μ^q (da) and θ^{μq}_t := inf{u : A^{μq}_u > t}.

Then the process (x_q + B(θ^{μq}_t ))_{t∈R+} has the distribution of ξ under P^{xq} .

Since μ^q converges vaguely to the Lebesgue measure m on R as q ↓ 1, we have

lim_{q↓1} A^{μq}_u = ∫ R ℓ^{a−x}_u m(da) = u

uniformly on compact intervals almost surely, and hence

lim_{q↓1} θ^{μq}_t = t

uniformly on compact intervals almost surely. Thus x_q + B(θ^{μq}_t ) converges to x + B_t uniformly on compact intervals (and hence in the Skorohod topology) almost surely.

The following lemma shows that ξ obeys a scaling property similar to that of Brownian motion.

Lemma 5.1. The distribution of the process (ξ_t)_{t∈R+} under P_x is the same as that of (^1_q ξ_q2_t)_{t∈R+} under P_{qx}. A similar result holds for the killed process ξ̂.

Proof. The claim for the process ξ is immediate by checking that properties (I’), (II) and (III) hold for (^1_q ξ_q2_t)_{t∈R+} . Alternatively, one can verify that the generators of the two processes agree, or use the time-change construction of ξ from Brownian motion and the scaling properties of Brownian motion. The claim for the killed process follows immediately.

Perhaps the easiest things to calculate about the distribution of ξ are the moments of ξ_t. Formally applying the formula for the generator of ξ from Proposition 2.2 to the function f(x) = x^k gives Gf(x) =^{q1−k}_{cq} (1 − q^k)(1 − q^{k−1})x^{k−2}. As for the particular cases of k = 1, 2 considered in the proof of Proposition 2.1, we can use Dynkin’s formula (2.6) and an approximation argument to get the recursion formula

E^x[ξ^k_t ] = x^k +

∫_t 0 E^x(Gx^k )(ξ_s) ds = x^k +

∫_t 0 q^{1−k} c_q

(1 − q^k)(1 − q^{k−1})E^x[ξ^{k−2}_s ] ds,

and hence, using the notation introduced in Section 10,

E^x[ξ^k_t ] = k∑ m=0 2|(k−m)

c^{− k−m2}q

(q; q)_k (q; q)_m q^{m2−k24} t^{k−m2} (_{k−m} 2 ) ! x^m.

where we mean that the sum goes over all 0 ≤ m ≤ k with the same parity as k.

The formula shows that, say for x = 0, the k^{th} (even) moments grow like q^{k24 (1+o(1))}t^{k2} . This rate of growth is too fast to guarantee that the moments characterize the distribution of ξ_t. Note that some well known distributions have moments with this rate of growth, for example, the standard log-normal distribution has k^{th} moment e^{k22} , as does the discrete measure which assigns mass proportional to e^{−k22} at the points e^k, k ∈ Z, [Dur96, 2.3e].

From Proposition 5.1 we would expect informally that the moments of ξ_t should converge to those of a Brownian motion at time t as q ↓ 1. Recall that c_q = q^{−1}(q − 1)^2(1 + q) and observe that lim_{q↓1}(q − 1)^{−ℓ}(q; q)_ℓ = (−1)^ℓℓ!. Therefore, if we take x_q ∈ T_q with lim_{q↓1} x_q = x ∈ R, then we have

lim_{q↓1} E^{xq} [ξ^k_t ] = k∑ m=0 2|(k−m) k! m!(k − m)! ( 1 2 ) k−m_2

(k − m)! (_{k−m} 2 ) ! t^{k−m2} x^m.

We recognize the expression on the right hand side as being indeed the k^{th} moment of a Gaussian random variable with mean x and variance t.

6. Hitting time distributions for T_q

We once again stress that for the remainder of the paper we are considering the process ξ on the state space T_q .

The general considerations of Section 4 apply to T_q ∩ (0, ∞). In the notation of that section, t_n = q^n for n ∈ Z. The death and birth rates for the corresponding bilateral birth-and-death process on Z are, respectively,^{q−2n+1}_{cq} and^{q−2n}_{cq} , where we recall that c_q = q^{−1}(q − 1)^2(1 + q).

To avoid the constant appearance of factors of c_q in our results, rather than work with ξ and its counterpart ξ̂ killed at 0, we will work with the linearly time-changed processes X = ξ(c_q ·) and X̂ = ξ̂(c_q ·). Of course, conclusions for X and X̂ can be easily translated into conclusions for ξ and ξ̂.

The corresponding bilateral birth-and-death process on Z has death and birth rates δ_n = q^{−2n+1} and β_n = q^{−2n}. In the notation of Section 4, ρ = ρ_n = q and

s_n(z) = −q (1 + q) + λq^{2n} + z . Moreover, we have τ_n = inf{t ∈ R_+ : X̂_t = q^n}. Note, by the scaling properties in Lemma 5.1, that H^↓_0 (λ) = H^↓_n(q^{−2n}λ), and H^↑_0 (λ) = H^↑_n(q^{−2n}λ). Moreover, recall that H_{n,n−m}(λ) = H^↓_n(λ)H^↓_{n−1}(λ) · · · H^↓_{n−m+1}(λ) and H_{n,n+m}(λ) = H^↑_n(λ)H^↑_{n+1}(λ) · · · H^↑_{n+m−1}(λ),

so to compute H_{n,n−m}(λ) and H_{n,n+m} it suffices to compute H^↓_0 (λ) and H^↑_0 (λ).

From Section 4 we have

H^↓_0 (λ) = q 1 + q + λ − q 1 + q + λq^2 − q 1 + q + λq^4 − .. .

(6.1)

H^↑_0 (λ) = 1 1 + q + λ − q 1 + q + λq^{−2} − q 1 + q + λq^{−4} − ...

. (6.2)

Closed-form expressions for continued fractions of this form are listed in Ramanujan’s “lost” notebook (see the discussion in [BA84]), and evaluations for various ranges of the parameters (although not all the values we need) can be found in [Hir74, GIM96, BA84] (although in the last several parameter restrictions are omitted).

Theorem 6.1. i) The Laplace transform of the time to go from 1 to q^{−1} for both X and X̂ is H^↓_0 (λ) = q λ 0ϕ_1(−; 0; q^{−1};^1_{λq} ) 0ϕ_1(−; 0; q^{−1};^1_{λq−1} ) . An alternative expression is

H^↓_0 (λ) = 1 (λq^{−1} + 1)

1ϕ_1(0; −^1_{λq} ; q^{−2}; −^1_{λq2} ) 1ϕ_1(0; −^1_{λq−1} ; q^{−2}; −^1_{λq} ) .

ii) The Laplace transform of the time to go from 1 to q for X̂ is

H^↑_0 (λ) = 1 (q + λ)

1ϕ_1(0; −λq^{−3}; q^{−2}; q^{−3}) 1ϕ_1(0; −λq^{−1}; q^{−2}; q^{−3}) . Proof. i) Consider the first expression. Since the continued fraction (6.1) converges, by Lemma 11.1 and equation (4.6), the value of q^{−2n}H^↓_n(λ) is given by the ratio of consecutive terms of the minimal solution to

W_{n+1} = ((1 + q)q^{−2n} + λ)W_n − q^{−4n+3}W_{n−1}.

This recurrence is found in [GIM96] (but with their q as our q^{−1}), and the minimal solution is shown to be

Ũ_n(λ) := q^{−2n(n−1)} ( 1 qλ )_n

0ϕ_1(−; 0; q; 1 λq^{2n+1} ). For the second expression, we evaluate (6.1) as follows. Set

r_n(λ) :=_1ϕ_1(0; − 1 λ q^{−2n−1}; q^{−2}; − 1 λ q^{−2n−2})e_q−2 (−λq^{2n−1}) (6.3)

h_n(λ) := −q^{−2n+2} r_n(λ) r_{n−1}(λ) = − q^{−4n+3} (λ + q^{−2n+1})

1ϕ_1(0; −^1_λ q^{−2n−1}; q^{−2}; −^1_λ q^{−2n−2}) 1ϕ_1(0; −^1_λ q^{−2n+1}; q^{−2}; −^1_λ q^{−2n})

(6.4)

Then, from equation (17) in [BA84] ,

h_n =

−q^{−4n+3} (1 + q)q^{−2n} + λ + h_{n+1}

. (6.5)

This transformation tends to a singular transformation as n → ∞ and the fixed points tend to x = 0 and y = −λ. By (6.4), q^{4n}h_n →^{q3}_λ as n → ∞, so h_n → 0, and convergence to the classical value holds. However, the continued fraction coming from (6.5) is related by an equivalence transformation to the continued fraction coming from the relation

q^{2(n−1)}h_n = −q 1 + q + λq^{2n} + q^{2n}h_{n+1} .

This is exactly what is needed to evaluate (6.1), and hence

H^↓_n(λ) = −q^{2(n−1)}h_n(λ) = r_n(λ) r_{n−1}(λ) . Note that this also shows that q^{−n(n−1)}r_n(λ) is a minimal solution in the positive direction to the recurrence

U_{n+1}(λ) = ((1 + q)q^{−2n} + λ)U_n(λ) − q^{−4n+3}U_{n−1}(λ),

and is hence equal to Ũ_n above up to a constant multiple. ii) Define

r^′_n(λ) = q^{−n}_1ϕ_1(0; −λq^{2n−3}; q^{−2}; q^{−3})/e_q−2 (−λq^{2n−3})

g_n(λ) = r^′_{−n+1} r^′_{−n} = − 1 q (1 + λq^{−2n−1})^1 ϕ_1(0; −λq^{−2n−1}; q^{−2}; q^{−3}) 1ϕ_1(0; −λq^{−2n−3)}; q^{−2}; q^{−3}) . Equation (13) in [BA84] simplifies to

g_n(λ) = −q 1 + q + λq^{−2n} + g_{n+1}(λ)

. (6.6)

The fixed points of the limiting transformation are −1 and −q, and

lim_{n→∞} g_n(λ) = − 1 q 1ϕ_1(0; 0; q^{−2}; q^{−1}) 1ϕ_1(0; 0; q^{−2}; q^{−1}) = − 1 q . Hence, by Theorem 11.1, g_n(λ) is equal to the classical value of the continued fraction implied by (6.6), and r^′_n is a minimal solution in the negative direction to the recursion U_{n+1} = (1 + 1 q + λq^{2n−1})U_n − 1 q U_{n−1}.

Let τ_{−∞} denote the death time of X̂ Equivalently, τ_{−∞} is the first hitting time of 0 by X. Write H_{n,−∞}(λ) := E^{qn} [e^{−λτ−∞} ].

Corollary 6.1. The Laplace transforms of various hitting times for X̂ are given by H_{n,n−m}(λ) = q^{m2 −2mn}

λ^m

0ϕ_1(−; 0; q^{−1};^1_{λq2n+1} ) 0ϕ_1(−; 0; q^{−1};^1_{λq2(n−m)−1} ) = 1 (−λq^{2n−1}; q^{−2})_m

1ϕ_1(0; −^1_{λq2n+1} ; q^{−2}; −^1_{λq2n+2} ) 1ϕ_1(0; −^1_{λq2n−1} q^{2m}; q^{−2}; −^1_{λq2n} q^{2m}) ,

H_{n,−∞}(λ) =_1ϕ_1(0; − 1 λq^{2n+1}

; q^{−2}; − 1 λq^{2n+2}

)e_q−2 (−λq^{2n−1})/e_q−2 ( 1 q ), and H_{n,n+m}(λ) = 1 q^m(−λq^{2n+2m−3}; q^{−2})_m

1ϕ_1(0; −λq^{2n−3}; q^{−2}; q^{−3}) 1ϕ_1(0; −λq^{2n+2m−3}; q^{−2}; q^{−3}) .

Proof. The only result that requires proof is that for H_{n,−∞}(λ). However, by (10.2)

lim_{n→∞ 1}ϕ_1(0; − 1 λ q^{−2n−1}; q^{−2}; − 1 λ q^{−2n−2}) =_1ϕ_0(0; −; q^{−2}; 1 q ) = e_q−2 ( 1 q ).

We can apply known identities to obtain alternatives to the expressions for the Laplace transforms in Theorem 6.1 and Corollary 6.1. For example, equation (13) in [BA84] gives

H^↑_0 (λ) = 1 −^1 ϕ_1(0; −q^{−1}λ; q^{−2}; q^{−1}) 1ϕ_1(0; −q^{−1}λ; q^{−2}; q^{−3}) . Similarly, equation (17) in [BA84] gives

H^↓_0 (λ) = q q + λ^{1 ϕ1(0;− 1qλ ;q−2 ;− 1λ )}

1ϕ_1(0;−^1_{qλ} ;q^{−2};−^1_{q2 λ} ) .

The relation

(w; q)_{∞ 1}ϕ_1(0; w; q; c) = (c; q)_{∞ 1}ϕ_1(0; c; q; w)

follows from (III.1) in [GR04] upon sending b → 0, letting a = w/z, and sending z → 0. Similarly, the recurrence

1ϕ_1(0; −λq^{k−4}; q^{−2}; q^{−3}) = (−^1_{λqk−2} ; q^{−2})_∞ (−^1_{λqk−1} ; q^{−2})_∞^1 ϕ_1(0; −λq^{k−3}; q^{−2}; q^{−1})

− (−^1_{λqk−2} , q^{−1}, q^{−1}; q^{−2})_∞ (−^1_{λqk−1} , −λq^{k−2}, −λq^{k−3}; q^{−2})_∞^1 ϕ_1(0; − 1 λq^k

; q^{−2}; − 1 λq^{k+1} ) comes from (III.31) in [GR04] by sending b → 0, letting a = w/z, and sending a → 0. Both of these identities can be used to obtain alternative formulae for H^↓_0 and H^↑_0 .

We can invert the Laplace transform H_{0,−∞} in Corollary 6.1 to obtain the distribution of the time τ_{−∞} for X to hit 0 starting from q^n. Note first of all that 1 (−λq^{2n−1}; q^{−2})_∞ = ∞∏ i=0 1 1 + λq^{2n−1}q^{−2i} = ∞∏ i=0 q^{2i−2n+1} q^{2i−2n+1} + λ . Similarly,

1ϕ_1(0; − 1 λq^{2n+1}

; q^{−2}; − 1 λq^{2n+2} ) = ∞∑ k=0 [ (λq^{2n+2})^kq^{k(k−1)}(− 1 λq^{2n+1}

; q^{−2})_k(q^{−2}; q^{−2})_k

]_{−1}

= ∞∑ k=0 k−1∏ l=0 [ q^{−2(l+n)−1} (q^{−2(l+n)−1} + λ) ] q^{−k} (q^{−2}; q^{−2})_k .

Thus under P^{qn} the killing time τ_{−∞} has the same distribution as the random variable

q^{2n}

(_0 ∑ i=−∞

q^{2i−1}T_i + N∑ i=1 q^{2i−1}T_i ) = q^{2n} N∑ i=−∞

q^{2i−1}T_i

where the T_i are independent rate 1 exponentials and N is distributed according to a q-analogue of the Poisson distribution [Kem92], namely,

P{N = k} = 1 e_q−2 (^1_q ) q^{−k} (q^{−2}; q^{−2})_k

, k ≥ 0.

It follows that under P^{qn} the distribution of τ_{−∞} is also that of the random variable q^{2n+2N−1} ∞∑ i=0 q^{−2i}T_i.

A partial fraction expansion of the Laplace transform shows that a convolution of exponential distributions, where the i^{th} has rate α_i, has density t → ∑ i α_ie^{−αit} ∏ j≠i

α_j α_j − α_i . Hence

∑_∞ j=0 q^{−2j} T_j has density

f(t) := ∞∑ j=0 q^{2j} e^{−q−2j t} j−1∏ k=0 ( 1 1 − q^{−2(k−j)}

)_∞∏

k=j+1 ( 1 1 − q^{−2(k−j)} )

= 1 (q^{−2}; q^{−2})_∞ ∞∑ j=0 q^{2j} e^{−q2j t} (q^2; q^2)_j

= e_q−2 (−q^{−2}) ∞∑ j=0 (−1)^j q^{−j(j−1)}e^{−q2j t} (q^{−2}; q^{−2})_j . We note in passing that the random variable

∑_∞ j=0 q^{−2j} T_j has the same distribution as the exponential functional of the Poisson process I_q−2 investigated in [BBY04] (see also [Ber05]).

The following result is now immediate.

Proposition 6.1. Under P^{qn} , the hitting time of 0 for X has density 1 e_q−2 (^1_q ) ∞∑ m=0 q^{−m} (q^{−2}; q^{−2})_m q^{2(m+n)+1}f(tq^{2(n+m)+1}), t > 0.

Recall that for Brownian motion started at 1, the hitting time of 0 has the stable(^1_2 ) density 1 √ 2πt^3 exp ( − 1 2t ) , t > 0.

It follows from Proposition 5.1 that the distribution of c_q q^{2N}

∑_∞

i=0 q^{−2i}T_i converges to this stable distribution as q ↓ 1. From Lai’s strong law of large numbers for Abelian summation [Lai74] we have that

lim_{q↓1} ∞∑ i=0 (1 − q^{−2})q^{−2i}T_i = E[T_0] = 1, a.s.

and so c_q(1 − q^{−2})^{−1}q^{2N} also converges to the same stable distribution. Taking logarithms, we obtain the following result.

Proposition 6.2. As q ↓ 1, the distribution of the random variable 2(log q)N + log(q − 1) converges to the distribution with density 1 √ 2π exp ( − 1 2 (x + exp(−x)) ) , −∞ < x < ∞.

7. Excursion theory for T_q

Recall that X = ξ(c_q ·) under P^x has the same distribution as (B(θ_{cq t}))_{t∈R+} , where B is a Brownian motion started at x with local time process ℓ, θ is the rightcontinuous inverse of the continuous additive functional A_t = ∫ ℓ^a_t μ(da), and μ^q is the measure supported on T_q that is defined by μ^q ({q^n}) = (q^{n+1} − q^{n−1})/2, μ^q ({−q^n}) = μ({q^n}), and μ^q ({0}) = 0.

Recall also that 0 is a regular instantaneous point for X. Thus X has a continuous local time L at 0 that is unique up to constant multiples. We can (and will) take L_t = ℓ^0_{θcq t} . The inverse of the local time is a subordinator (that is, an increasing Lévy process). Also, there is a corresponding Itô decomposition with respect to the local time of the path of X into a Poisson process of excursions from 0. In this section we determine both the distribution of the subordinator (by giving its Lévy exponent) and the intensity measure of the Poisson process of excursions.

Let R_λ denote the λ-resolvent of X for λ > 0. That is,

R_λ(x, Γ) :=

∫_∞ 0 e^{−λt}P^x{X_t ∈ Γ} dt

for x ∈ T_q and Γ ⊆ T_q .

Lemma 7.1. The process X is reversible with respect to the measure μ^q . In particular, μ^q is a stationary measure for X.

Proof. It suffices to show that μ^q ({x})R_λ(x, {y}) = μ^q ({y})R_λ(y, {x}) for x, y ∈ T_q \ {0}. By two changes of variable we have

R_λ(x, {y}) =

∫_∞ 0 e^{− λcq t}P^x{ξ_t = y} 1 c_q dt = 1 c_q

E^x [∫_∞ 0 e^{− λcq t}1{B_{θt} = y} dt ]

= 1 c_q

E^x [∫_∞ 0 e^{− λcq As} 1{B_s = y} dA_s ]

= 1 c_q μ^q ({y})E^x [∫_∞ 0 e^{− λcq As} dℓ^y_s ] ,

(7.1)

and hence, by the reversibility of B,

R_λ(x, {y}) = 1 c_q μ^q({y})E^y [∫_∞ 0 e^{− λcq As} dℓ^x_s ]

= μ^q ({y}) μ^q ({x})

R_λ(y, {x}),

(7.2)

as required.

We use the excursion theory set-up described in Section VI.8 of [RW00b], which we now briefly review to fix notation. Adjoin an extra cemetery state ∂ to T_q . An excursion from 0 is a càdlàg function f : R_+ → T_q ∪ {∂} such that f(0) = 0 and f(t) = ∂ for t ≥ ζ, where ζ := inf{t > 0 : f(t) = ∂ or f(t−) = 0} > 0. Write U for the space of excursion paths from 0. Using the local time L, we can decompose that paths of X under P^x into a Poisson point process on R_+ ×U with intensity measure of the form m ⊗ n, where m is Lebesgue measure and n is a σ-finite measure on U called the Itô excursion measure. The measure n is time-homogeneous Markov with transition dynamics those of X killed on hitting 0 (and then being sent to ∂). Thus n is completely described by the family of entrance laws n_t, t > 0, where

n_t(Γ) := n({f ∈ U : f(t) ∈ Γ}), Γ ⊂ T_q .

In order to identify n, we begin with the following general excursion theory identity (see equation (50.3) in Section VI.8 of [RW00b])

κ_λ

∫_∞ 0 e^{−λt}n_t({y}) dt = R_λ(0, {y}) (7.3)

where κ_λ := E^0 [∫_∞ 0 e^{−λs} dL_s ] . (7.4)

Now, setting T_x := inf{t ∈ R_+ : X_t = x}, x ∈ T_q ,

R_λ(0, {y}) = lim_{x→0} R_λ(x, {y})

= lim_{x→0} μ^q({y}) μ^q({x})

R_λ(y, {x})

= lim_{x→0} μ^q({y}) μ^q({x})

E^y [ e^{−λTx} ] R_λ(x, {x})

= lim_{x→0} μ^q({y}) μ^q({x})

E^y [ e^{−λTx}

] R_λ(0, {x}) E^0 [e^{−λTx} ]

= μ^q ({y})E^y [ e^{−λT0} ] lim_{x→0}

R_λ(0, {x}) μ^q({x})

= μ^q ({y}) 1 c_q

E^y [ e^{−λT0} ] lim_{x→0} E^0 [∫_∞ 0 e^{− λcq As} dℓ^x_s ]

= μ^q ({y})E^y [ e^{−λT0} ] 1 c_q

E^0 [∫_∞ 0 e^{− λcq As} dℓ^0_s ]

= μ^q ({y})E^y [ e^{−λT0} ] E^0 [∫_∞ 0 e^{−λt} dℓ^0_{θcq t} ] , where we used (7.2) in the second line, (7.1) in the sixth line, and a change of variable in the final line.

Thus, ∫_∞ 0 e^{−λt}n_t({y}) dt = μ^q ({y})E^y [ e^{−λT0} ] , so that n_t({y}) = μ^q ({y})

P^y {T_0 ∈ dt} dt . Now E^{qn} [ e^{−λT0} ] = H_{n,−∞}(λ), and so we obtain the following from Corollary 6.1.

Proposition 7.1. The family of entrance laws (n_t)_{t>0} is characterized by ∫_∞ 0 e^{−λt}n_t({q^n}) dt = 1 2 q^{n−1}(q^2 − 1)_1ϕ_1 ( 0; − 1 λq^{2n+1}

; q^{−2}; − 1 λq^{2n+2} ) e_q−2 (−λq^{2n−1}) / e_q−2 ( 1 q )

and n_t({−q^n}) = n_t({q^n}), n ∈ Z.

Let γ denote the right-continuous inverse of the local time L, so that γ is a subordinator. Thus E^0[e^{−λγt} ] = e^{−tψ(λ)} for some Laplace exponent ψ. Proposition 7.2. The distribution of the subordinator γ is characterized by

ψ(λ) = λ (q^2 − 1) (−^1_λ , −λq^{−2}; q^{−2})_∞ q (−^λ_q , −^1_{λq} ; q^{−2})_∞ = λ (q^2 − 1) e_q−2 (−^λ_q )e_q−2 (−^1_{λq} ) q e_q−2 (−^1_λ )e_q−2 (−λq^{−2}) . Proof. We note the relationship

κ_λ = E^0 [∫_∞ 0 e^{−λs} dL_s ] = E^0 [∫_∞ 0 e^{−λγt} dt ]

= ∫_∞ 0 e^{−tψ(λ)} dt = 1 ψ(λ) . Hence, from equation (7.3),

ψ(λ) = λ

∫_∞ 0 e^{−λt}n_t(T_q \ {0}) dt = 2λ

∫_∞ 0 e^{−λt}n_t(T_q ∩ (0, ∞)) dt

= 2λ ∑ n∈Z 1 2 q^{n−1}(q^2 − 1)_1ϕ_1 ( 0; − 1 λq^{2n+1}

; q^{−2}; − 1 λq^{2n+2} )

× e_q−2 (−λq^{2n−1}) / e_q−2 ( 1 q ) . Using the following identity to simplify the sum,

(−λq^{2n−1}; q^{−2})_∞ = (− λ q ; q^{−2})_∞(−λq^{2n−1}; q^{−2})_n

= (− λ q ; q^{−2})_∞(− 1 qλ ; q^{−2})_n q^{n2} λ^n,

we can write part of the above as ∑ n∈Z q^n_1ϕ_1(0; −^1_{λq2n+1} ; q^{−2}; −^1_{λq2n+2} ) (−λq^{2n−1}; q^{−2})_∞ =

= 1 (−^λ_q ; q^{−2})_∞ ∑ n∈Z q^{−n(n−1)}λ^{−n} (−^1_{qλ} ; q^{−2})_n^1 ϕ_1(0; − 1 λq^{2n+1}

; q^{−2}; − 1 λq^{2n+2} )

= 1 (−^λ_q ; q^{−2})_∞ ∑ n∈Z k≥0 q^{−n(n−1)−k(k−1)−k(2n+2)}λ^{−n−k} (−^1_{qλ} ; q^{−2})_n(−^{q−2n}_{λq} ; q^{−2})_k(q^{−2}; q^{−2})_k and by changing indices we get ∑ n∈Z k≥0 q^{−n(n−1)−k(k−1)−k(2n+2)}λ^{−n−k} (−^1_{qλ} ; q^{−2})_n(−^{q−2n}_{λq} ; q^{−2})_k(q^{−2}; q^{−2})_k = ∑ m∈Z q^{−m(m−1)}λ^{−m} (−^1_{λq} ; q^{−2})_m ∑ k≥0 q^{−2k} (q^{−2}; q^{−2})_k

=_0ψ_1(−; − 1 λq ; q^{−2}; − 1 λ )e_q−2 (q^{−2}).

Recall that e_q−2 (z) = 1/(z; q^{−2})_∞. Moreover, using equation (10.3), we can rewrite the_0ψ_1 as a product,

0ψ_1(−; − 1 λq ; q^{−2}; − 1 λ ) = (q^{−2}, −^1_λ , −λq^{−2}; q^{−2})_∞ (−^1_{λq} ,^1_q ; q^{−2})_∞ . The result now follows.

It follows from the scaling property Lemma 5.1 and the uniqueness of the local time at 0 up to a constant multiple that (L_q2_t)_{t∈R+} has the same distribution under P^0 as a constant multiple of L. Consequently, the exponent ψ must satisfy the scaling relation ψ(q^{−2}λ) = cψ(λ) for some constant c. Note from the formula in Proposition 7.2 that, indeed,

ψ(q^{−2}λ) = q^{−2}

(1 +^1_λ q^2)(1 + λq^{−2})^{−1} (1 +^λ_q )^{−1}(1 +^1_{λq} q^2) ψ(λ) = q^{−1}ψ(λ).

8. Resolvent of the killed process on T_q ∩ (0, ∞)

Let R̂_λ denote the resolvent of the process X̂ on T_q ∩ (0, ∞) killed at 0. Recall that X̂ goes from q^n to q^{n−1} at rate q^{−2n+1} and from q^n to q^{n+1} at rate q^{−2n}. Thus the exit time from q^n is exponentially distributed with rate q^{−2n+1} + q^{−2n}, the probability of exiting to q^{n−1} is^q_{q+1} , and the probability of exiting to q^{n+1} is 1 q+1 . Moreover, E^{qn−1} [e^{−λTn} ] = H^↑_{n−1}(λ) and E^{qn+1} [e^{−λTn} ] = H^↓_{n+1}(λ). From the strong Markov property we get the recurrence

R̂_λ(q^n, {q^n}) = 1 λ + q^{−2n+1} + q^{−2n}

+ R̂_λ(q^n, {q^n}) × ( q^{−2n+1} + q^{−2n} λ + q^{−2n+1} + q^{−2n} q q + 1

H^↑_{n−1}(λ) + q^{−2n+1} + q^{−2n} λ + q^{−2n+1} + q^{−2n} 1 q + 1

H^↓_{n+1}(λ) ) , so that

R̂_λ(q^n, {q^n}) = { λ + (q^{−2n+1} + q^{−2n}) [ 1 − ( q q + 1

H^↑_{n−1}(λ) + 1 q + 1

H^↓_{n+1}(λ) )]}_{−1} . Substitute any of the explicit formulae for H^↑_{n−1} and H^↓_{n+1} from Section 6 to get an expression for the on-diagonal terms of the resolvent in terms of basic hypergeometric functions.

To obtain the off-diagonal terms, use the observation

R̂_λ(q^m, {q^n}) = E^{qm} [e^{−λT}q^n ] R̂_λ(q^n, {q^n}) = H_{m,n}(λ)R̂_λ(q^n, {q^n}) and then substitute in explicit formulae for H_{m,n}(λ) from Section 6 to get expressions in terms of basic hypergeometric functions.

Ideally, one would like to invert the Laplace transform implicit in the resolvent to obtain expressions for the transition probabilities P^x{X̂_t = y}. We have not been able to do this.

A potential alternative approach to obtaining formulae for the transition probabilities is to use the well-known spectral representation of transition probabilities of a unilateral birth-and-death process in terms of a related family of orthogonal polynomials (see, for example, [KM58a, KM58b, KM57, vD03]). If we kill X at q^{−n} for some n ∈ Z to obtain a process on {q^{−n+1}, q^{−n+2}, . . .}, then the corresponding unilateral birth-and-death process has a specialization of the associated continuous dual q-Hahn polynomials as its related family of orthogonal polynomials [GIM96]. However, we have not been able to “take limits as n → ∞” in the resulting spectral representation of the transition probabilities to obtain similar formulae for X̂.

9. Resolvent for T_q

Recall that R_λ is the resolvent of the process X. The resolvents R_λ and R̂_λ are related by the equations

R_λ(x, {y}) =

R̂_λ(x, {y}) + Ex [e−λT0 ] R_λ(0, {y}), x, y ∈ R_+,

E^x [ e^{−λT0} ] R_λ(0, {y}), x ≥ 0, y < 0, R_λ(−x, {−y}), x < 0.

Recall equation (7.3), which says that R_λ(0, {y}) = κ_λ

∫_∞ 0 e^{−λt}n_t({y}) dt. We know from the proof of Proposition 7.2 that κ_λ =^1_{ψ(λ)} and the statement of Proposition 7.2 gives a simple expression for ψ(λ) as a ratio of infinite products. Proposition 7.1 gives an expression for

∫_∞ 0 e^{−λt}n_t({y}) dt in terms of basic hypergeometric functions. Again noting that E^{qm} [ e^{−λTqn} ] = H_{m,n}(λ), we substitute in explicit formulae for H_{m,n}(λ) from Section 6 to get expressions for R_λ(x, {y}) in terms of basic hypergeometric functions.

10. Background on basic hypergeometric functions

For the sake of completeness and to establish notation, we review some of the facts we need about basic hypergeometric functions (otherwise known as q-hypergeometric functions). For a good tutorial, see the article [Koo94] or the books [GR04, AAR99]. In order to make the notation in our review coincide with what is common in the literature, take 0 < q < 1 in this section (this q usually corresponds to q^{−2} in the rest of the paper).

Define the q–shifted factorial by

(z; q)_n := n−1∏ k=0 (1 − zq^k) for n ∈ N, z ∈ C,

(z; q)_∞ := ∞∏ k=0 (1 − zq^k) for |z| < 1.

The definition of (z; q)_n may be extended consistently by setting

(z; q)_k =

(z; q)_∞ (zq^k; q)_∞ for k ∈ Z, z ∈ C.

It will be convenient to use the notation

(a_1, a_2, . . . , a_r; q)_k = (a_1; q)_k(a_2; q)_k . . . (a_r; q)_k.

The q–hypergeometric series are indexed by nonnegative integers r and s, and for any {a_i} ⊂ C, {b_j } ⊂ C \ {q^{−k}}_{k≥0} are defined by the series

rϕ_s(a_1, . . . , a_r; b_1, . . . , b_s; q; z) := ∞∑ k=0 (a_1, . . . , a_r; q)_k((−1)^kq^{k(k−1)2} )^{1+s−r} z^k (b_1, . . . , b_s, q; q)_k . Note the factor (q; q)_k on the bottom, which is not present in the definition used by some authors. The series converges for all z if r ≤ s, on |z| < 1 if r = s + 1, and only at z = 0 if r > s + 1. Using the property that

lim_{a→∞}

(a; q)_n

a^n

= (−1)^nq^{n(n−1)2} ,

we get the following useful limit relationships

lim_{a→∞r+1}ϕ_s(a, a_1, . . . , a_r; b_1, . . . , b_s; q; z a ) =_rϕ_s(a_1, . . . , a_r; b_1, . . . , b_s; q; z) (10.1)

lim_{b→∞r}ϕ_{s+1}(a_1, . . . , a_r; b, b_1, . . . , b_s; q; bz) =_rϕ_s(a_1, . . . , a_r; b_1, . . . , b_s; q; z), (10.2)

as long as the limits stay within the range on which the series converge. Theorem 10.1 (The q–binomial theorem).

1ϕ_0(a; −; q; z) =

(az; q)_∞ (z; q)_∞ if |z| < 1, |q| < 1, a ∈ C.

There are (at least) two commonly used q–analogues of the exponential function.

e_q(z) :=_1ϕ_0(0; −; q; z) = 1 (z; q)_∞ = ∞∑ k=0 z^k (q; q)_k

, for |z| < 1,

and E_q (z) :=_0ϕ_0(−; −; q; −z) = 1 e_q(−z)

= (−z; q)_∞ = ∞∑ k=0 q^{k(k−1)/2}(−z)^k (q; q)_k

, for z ∈ C.

The bilateral q-hypergeometric series also appear in our results. They are defined by rψ_s(a_1, . . . , a_r; b_1, . . . , b_s; q; z) := ∞∑ k=−∞

(a_1, . . . , a_r; q)_k((−1)^kq^{k(k−1)2} )^{s−r}z^k (b_1, . . . , b_s; q)_k . The sum converges for | | |^{b1···bs}

a_1 ···a_r | | | < |z| if s > r | | |^{b1···bs}

a_1 ···a_r | | | < |z| < 1 if s = r and diverges otherwise.

We use the following extension of the Jacobi triple product identity (see equation (1.49) of [Koo94])

0ψ_1(−; c; q; z) := ∞∑ k=−∞

(−1)^kq^{k(k−1)/2}z^k (c; q)_k = (q, z, q/z; q)_∞ (c, c/z; q)_∞

, |z| > |c|. (10.3)

11. Background on recurrence relations and continued fractions

For nonzero complex numbers a_n and b_n, n ∈ Z, consider the three–term recurrence relation U_{n+1} = b_nU_n − a_nU_{n−1}. (11.1) Its connection to continued fractions can be seen immediately by rearranging to get

U_n U_{n−1} = a_n b_n −^{Un+1}_{Un}

In other words, the sequence W_n = U_n/U_{n−1} solves the recurrence

W_nW_{n+1} = b_nW_n − a_n. (11.2)

Iterating this recurrence, we get that for any k ≥ 0,

−W_n =

− a_n

b_n − a_{n+1}

b_{n+1} − a_{n+2} b_{n+2} − . ..

−^{an+k}

b_{n+k} −W_{n+k}

.

We refer to this expression as the continued fraction expansion associated with the recurrence (11.2).

A solution (Ũ_n)_{n∈Z} to (11.1) is said to be a minimal solution if, for all linearly independent solutions V_n, lim_{n→∞} |Ũ_n|/|V_n| = 0. The minimal solution to (11.1), if it exists, is unique up to a constant multiple [LW92]

For clarity, define the linear fractional transformations

s_n(z) =

−a_n b_n + z , and write their compositions as S^n_m = s_{m+1} ∘ s_{m+2} ∘ · · · ∘ s_n and S^n = S^n_0 . The classical approximants to the nonterminating continued fraction (sometimes written K[^{−an}_{bn} ]) are given by −a_1 b_1 +^{−a2}

b_2 +^{−a3} .. .+^{−a}n_{bn}

= S^n(0).

If we let P_n and Q_n be two solutions to (11.1) with initial conditions P_{−1} = 1, P_0 = 0, Q_{−1} = 0, and Q_0 = 1, then it is easy to see that

S^n(z) =

P_n + zP_{n−1} Q_n + zQ_{n−1} .

The continued fraction K[^{−an}_{bn} ] is said to converge if S^n(0) converges to a (finite) limit as n tends to infinity. If this limit exists, it is called the classical value of the continued fraction. However, this is a bit arbitrary, because it can happen, for instance, that for all sequences (w_n)_{n∈N} that stay away from zero, S_n(w_n) converges to the same limit, different from the limit of S_n(0). The problem is easy to see: suppose that a_n → a^∗ and b_n → b^∗ as n → ∞, so that s_n → s^∗. Each s_n has a pair of fixed points that converge to the fixed points x and y of s^∗ — suppose |x| < |y|, so that x is attractive and y is repulsive. One might imagine that as long as w_n stays away from the repulsive fixed point of s^∗, then lim_{n→∞} S^n_m(w_n) must converge to x as m → ∞, in which case

lim_{n→∞} S_n(w_n) = lim_{n→∞n≥m} S_m ∘ S^n_m(w_n), ∀m ≥ 0, so

= lim_{m→∞} ( lim_{n→∞n≥m} S_m ∘ S^n_m(w_n) )

= lim_{m→∞} S_m(x).

Note that just by setting w_n = S^{−1}_n (z), we can get S_n(w_n) converging to any limit in C we’d like — but to do this, the w_n we choose must converge to the repulsive fixed point. The precise sense in which w_n must “stay away” from the repulsive fixed point is given in the Theorem 11.1 below.

The case in which a_n → a^∗ and b_n → b^∗, where if a^∗ = 0 then b^∗ ≠ 0, is called the limit 1-periodic case. Moreover, if the fixed points of s^∗ are distinct and have different moduli the continued fraction is of loxodromic type. All the continued fractions we deal with fall into this category. The following combines Theorem 4 in Chapter II and Theorem 28 in Chapter III of [LW92]. Here d(·, ·) is the spherical metric on C̄.

Theorem 11.1. Let K[^{−an}_{bn} ] be limit 1-periodic of loxodromic type.

i) There exists an f ∈ C̄ such that for every sequence (w_n)_{n∈N} for which { lim inf_{n→∞} d(w_n, S^{−1}_n (∞)) > 0, when f ≠ ∞, lim inf_{n→∞} d(w_n, S^{−1}_n (0)) > 0, when f = ∞,

we have S_n(w_n) → f. In particular, S_n(0) → f.

ii) Consider W_0 ∈ C and W_n = S^{−1}_n (W_0) for n > 0. Write s^∗ = lim_{n→∞} s_n and suppose that s^∗ has fixed points x, y with |x| < |y|, so that x is attractive and y is repulsive for s^∗.

• If W_0 = f, then lim_{n→∞} W_n = x. Moreover, if f ≠ ∞, then W_0 = Ũ_0/Ũ_{−1}, where Ũ_n is a minimal solution to (11.1).

• Otherwise, lim_{n→∞} W_n = y.

For a proof, see [LW92]. This implies the following lemma, which we also use to introduce some more notation. Note that the relation W_n = S^{−1}_n (W_0) for n > 0 is exactly the relationship implied by (11.2). Note also that this gives explicitly the value of the continued fraction, if it converges to a finite value, in terms of the minimal solution to the associated recurrence relation, a result known as Pincherle’s theorem [LW92].

Lemma 11.1. Suppose that (W_n)_{n∈Z} solves (11.2) and that the limits

β_± := lim_{n→∞} 1 2 ( b_n ± √ b^2_n − 4a_n ) , exist, are finite, and the branches of the square root are chosen so that |β_−| < |β_+|. If lim_{n→∞} W_n ≠ −β_+, then lim_{n→∞} W_n = −β_−, and for any fixed m ∈ Z, the sequence U_n defined by

U_n :=

∏_n

k=m+1 Wk, n > m,

1, n = m, (∏_m k=n+1 Wk

)_{−1}

, n < m,

is a minimal solution to (11.1).

Proof. Since β_− is the limit of the attractive fixed points of the corresponding transformations, and β_+ is the repulsive fixed point, Theorem 11.1 says that W_n is equal to the classical value of the continued fraction

a_n

b_n − a_{n+1}

b_{n+1} − a_{n+2} b_{n+2} − . ..

if and only if lim_{k→∞} d(−W_{n+k}, β_+) > 0, so a minimal solution Ũ_n exists, and W_n =^{Ũn}_{Ũn−1} . By definition, U_n =^{Ũn}_{Ũm} for all n ∈ Z. This proves the lemma.

Two continued fractions are said to be related by an equivalence transformation if their sequences of approximants are the same. For example, let c_k, k ∈ Z, be nonzero complex numbers. Since for all n ≥ 0,

a_0

b_0 + a_1 b_1 + .. .

+^{an}_{bn+wn} = c_0a_0

c_0b_0 + c_0c_1a_1 c_1b_1 + ...

+^{cn−1cnan}

c_nb_n+c_nw_n

,

we say that the continued fraction expansions on either side are related by an equivalence transformation.

Note that since we allow the indices in (11.1) and (11.2) to take values in Z, by reversing indices we get another recurrence, another continued fraction, another minimal solution, etc. When we need to distinguish, we will refer to, say, Ũ_n as a minimal solution to (11.1) in the positive direction if the above definition holds, and a minimal solution to (11.1) in the negative direction if lim_{n→∞} Ũ_{−n}/V_{−n} = 0 for some (and hence any) other linearly independent solution V_n.

Acknowledgment: We thank Pat Fitzsimmons for suggesting to us that the results of Chacon and Jamison as extended by Walsh could be used to prove Proposition 2.2, thereby strengthening considerably the uniqueness result in an earlier version of the paper.

References

[AAR99] George E. Andrews, Richard Askey, and Ranjan Roy, Special functions, Encyclopedia of Mathematics and its Applications, vol. 71, Cambridge University Press, Cambridge, 1999. MRMR1688958 (2000g:33001)

[AG00] Khaled A. S. Abdel-Ghaffar, The determinant of random power series matrices over finite fields, Linear Algebra Appl. 315 (2000), no. 1-3, 139– 144. MRMR1774964 [BA84] S. Bhargava and Chandrashekar Adiga, On some continued fraction identities of Srinivasa Ramanujan, Proc. Amer. Math. Soc. 92 (1984), no. 1, 13–18. MRMR749881 (86g:11007) [BBY04] Jean Bertoin, Philippe Biane, and Marc Yor, Poissonian exponential functionals, q-series, q-integrals, and the moment problem for log-normal distributions, Seminar on Stochastic Analysis, Random Fields and Applications IV, Progr. Probab., vol. 58, Birkhäuser, Basel, 2004, pp. 45–56. MRMR2096279 (2005h:60143) [Ber05] Christian Berg, On a generalized gamma convolution related to the qcalculus, Theory and applications of special functions, Dev. Math., vol. 13, Springer, New York, 2005, pp. 61–76. MRMR2132459 [BP01] Martin Bohner and Allan Peterson, Dynamic equations on time scales, Birkhäuser Boston Inc., Boston, MA, 2001, An introduction with applications. MRMR1843232 (2002c:34002) [CC94] Richard Cowan and S. N. Chiu, A stochastic model of fragment formation when DNA replicates, J. Appl. Probab. 31 (1994), no. 2, 301–308. MRMR1274788 (95d:92010) [CJ79] R. V. Chacon and B. Jamison, A fundamental property of Markov processes with an application to equivalence under time changes, Israel J. Math. 33 (1979), no. 3-4, 241–269 (1980), A collection of invited papers on ergodic theory. MRMR571533 (81i:60065) [CP94] Vyjayanthi Chari and Andrew Pressley, A guide to quantum groups, Cambridge University Press, Cambridge, 1994. MRMR1300632 (95j:17010) [DGR02] Vincent Dumas, Fabrice Guillemin, and Philippe Robert, A Markovian analysis of additive-increase multiplicative-decrease algorithms, Adv. in Appl. Probab. 34 (2002), no. 1, 85–111. MRMR1895332 (2003f:60168) [Dur96] Richard Durrett, Probability: theory and examples, second ed., Duxbury Press, Belmont, CA, 1996. MRMR1609153 (98m:60001) [Eva02] Steven N. Evans, Elementary divisors and determinants of random matrices over a local field, Stochastic Process. Appl. 102 (2002), no. 1, 89–102. MRMR1934156 (2004c:15041) [FG00] Philippe Flajolet and Fabrice Guillemin, The formal theory of birth-and-death processes, lattice path combinatorics and continued fractions, Adv. in Appl. Probab. 32 (2000), no. 3, 750–778. MRMR1788094 (2002f:60165) [Ful00] Jason Fulman, The Rogers-Ramanujan identities, the finite general linear groups, and the Hall-Littlewood polynomials, Proc. Amer. Math. Soc. 128 (2000), no. 1, 17–25. MRMR1657747 (2000h:05229) [Ful01] , A probabilistic proof of the Rogers-Ramanujan identities, Bull. London Math. Soc. 33 (2001), no. 4, 397–407. MRMR1832551 (2002b:11146) [Ful02] , Random matrix theory over finite fields, Bull. Amer. Math. Soc.

(N.S.) 39 (2002), no. 1, 51–85 (electronic). MRMR1864086 (2002i:60012) [GIM96] D. P. Gupta, M. E. H. Ismail, and D. R. Masson, Contiguous relations, basic hypergeometric functions, and orthogonal polynomials. III. Associated continuous dual q-Hahn polynomials, J. Comput. Appl. Math. 68 (1996), no. 1-2, 115–149. MRMR1418754 (97i:33013) [GP99] Fabrice Guillemin and Didier Pinchon, Excursions of birth and death processes, orthogonal polynomials, and continued fractions, J. Appl. Probab.

36 (1999), no. 3, 752–770. MRMR1737051 (2001c:60137) [GR04] George Gasper and Mizan Rahman, Basic hypergeometric series, second ed., Encyclopedia of Mathematics and its Applications, vol. 96, Cambridge University Press, Cambridge, 2004, With a foreword by Richard Askey. MRMR2128719 [Hir74] M. D. Hirschhorn, A continued fraction, Duke Math. J. 41 (1974), 27–33.

MRMR0337746 (49 #2515) [Jan96] Jens Carsten Jantzen, Lectures on quantum groups, Graduate Studies in Mathematics, vol. 6, American Mathematical Society, Providence, RI, 1996. MRMR1359532 (96m:17029) [Kas95] Christian Kassel, Quantum groups, Graduate Texts in Mathematics, vol.

155, Springer-Verlag, New York, 1995. MRMR1321145 (96e:17041) [KC02] Victor Kac and Pokman Cheung, Quantum calculus, Universitext, Springer-Verlag, New York, 2002. MRMR1865777 (2003i:39001) [Kem92] Adrienne W. Kemp, Heine-Euler extensions of the Poisson distribution, Comm. Statist. Theory Methods 21 (1992), no. 3, 571–588. MRMR1173709 [Kem98] , Absorption sampling and the absorption distribution, J. Appl.

Probab. 35 (1998), no. 2, 489–494. MRMR1641849 (99h:60021) [KM57] Samuel Karlin and James McGregor, The classification of birth and death processes, Trans. Amer. Math. Soc. 86 (1957), 366–400. MRMR0094854 (20 #1363) [KM58a] , Linear growth birth and death processes, J. Math. Mech. 7 (1958), 643–662. MRMR0098435 (20 #4894) [KM58b] , Many server queueing processes with Poisson input and exponential service times, Pacific J. Math. 8 (1958), 87–118. MRMR0097132 (20 #3611) [Koo94] T. H. Koornwinder, q-special functions, a tutorial, Representations of Lie groups and quantum groups. Proceedings of the European School of Group Theory and the Congress on Advances in Representation Theory of Lie Groups and Quantum Groups held in Trento, July 19–30, 1993 (Harlow) (Velleda Baldoni and Massimo A. Picardello, eds.), Pitman Research Notes in Mathematics Series, vol. 311, Longman Scientific & Technical, 1994, pp. 46–128. MRMR1431304 (97h:22001) [Kup00] Boris A. Kupershmidt, q-probability. I. Basic discrete distributions, J. Nonlinear Math. Phys. 7 (2000), no. 1, 73–93. MRMR1737254 (2002c:39020) [Lai74] Tze Leung Lai, Summability methods for independent identically distributed random variables, Proc. Amer. Math. Soc. 45 (1974), 253–261. MRMR0356194 (50 #8665) [LW92] Lisa Lorentzen and Haakon Waadeland, Continued fractions with applications, Studies in Computational Mathematics, vol. 3, North-Holland Publishing Co., Amsterdam, 1992.

[Raw94] Don Rawlings, Limit formulas for q-exponential functions, Discrete Math.

126 (1994), no. 1-3, 379–383. MRMR1264504 (94m:05019) [Raw97] , Absorption processes: models for q-identities, Adv. in Appl.

Math. 18 (1997), no. 2, 133–148. MRMR1430385 (98b:05010) [Raw98] , A probabilistic approach to some of Euler’s number-theoretic identities, Trans. Amer. Math. Soc. 350 (1998), no. 7, 2939–2951. MRMR1422618 (98j:11080) [RW00a] L. C. G. Rogers and David Williams, Diffusions, Markov processes, and martingales. Vol. 1, Cambridge Mathematical Library, Cambridge University Press, Cambridge, 2000, Foundations, Reprint of the second (1994) edition. MRMR1796539 (2001g:60188) [RW00b] , Diffusions, Markov processes, and martingales. Vol. 2, Cambridge Mathematical Library, Cambridge University Press, Cambridge, 2000, Itô calculus, Reprint of the second (1994) edition. MRMR1780932 (2001g:60189) [vD03] Erik A. van Doorn, Birth-death processes and associated polynomials, J. Comput. Appl. Math. 153 (2003), no. 1-2, 497–506. MRMR1985718 (2005b:60223) [Wal84] John B. Walsh, On the Chacon-Jamison theorem, Z. Wahrsch. Verw. Gebiete 68 (1984), no. 1, 9–28. MRMR767441 (86e:60058) [Yam89] Makoto Yamazato, Hitting times of single points for 1-dimensional generalized diffusion processes, Stability problems for stochastic models (Sukhumi, 1987), Lecture Notes in Math., vol. 1412, Springer, Berlin, 1989, pp. 352–359. MRMR1041366 (91f:60138) [Yam90] , Hitting time distributions of single points for 1-dimensional generalized diffusion processes, Nagoya Math. J. 119 (1990), 143–172. MRMR1071905 (93c:60119) [Yam92] , Characterization of the class of hitting time distributions of 1- dimensional generalized diffusion processes, Probability theory and mathematical statistics (Kiev, 1991), World Sci. Publishing, River Edge, NJ, 1992, pp. 422–428. MRMR1212146 (94g:60030) [Yam97] , Hitting time distributions of 1-dimensional generalized diffusions, Trends in probability and related analysis (Taipei, 1996), World Sci. Publishing, River Edge, NJ, 1997, pp. 325–338. MRMR1616298

Department of Statistics #3860 367 Evans Hall Berkeley, CA 94720-3860 U.S.A.

E-mail: {shanky, evans, peledron, plr}@stat.berkeley.edu url: www.stat.berkeley.edu/users/evans