The Feynman-Kac formula and decomposition of Brownian paths^∗

M. Jeanblanc^† and J. Pitman^‡ and M. Yor^§

Technical Report No. 471

Department of Statistics University of California 367 Evans Hall # 3860 Berkeley, CA 94720-3860

September 10, 1996

1 Introduction

The formula of Feynman-Kac [12, 20, 21] is a central result in the modern theory of Brownian motion and diffusion processes. To state the basic Feynman-Kac formula for one-dimensional Brownian motion in the form presented in M. Kac [20] let q : IR → IR_+ be a Borel function, and let f : IR → IR_+ be a locally bounded Borel function. Then for k > 0 and λ > 0 ∫_∞ 0 dt e^{− k22 t}E [ q(B_t) exp ( −λ ∫ t 0 f(B_s)ds )] = ∫_∞ −∞ dx q(x)U^{λf} (k, x) (1.1) where E is the expectation operator with respect to a probability distribution P governing (B_t, t ≥ 0) as a standard one-dimensional Brownian motion started at

∗Research supported in part by NSF grant DMS-9404345 †Equipe d’analyse et probabilités, Université d’Evry Val d’Essonne, Boulevard des coquibus, 91025 Evry Cedex, France; e-mail jeanbl@lami.univ-evry.fr ‡Department of Statistics, University of California, 367 Evans Hall # 3860, Berkeley, CA 94720-3860; e-mail pitman@stat.Berkeley.EDU

§ Laboratoire de probabilités, Tour 56, 3-ième étage, Université PMC, 4, Place Jussieu, 75252 Paris Cedex 05, France

1

0, and U(x) = U^{λf} (k, x) is the unique solution of the differential equation 1 2 U^{′′}(x) = ( k^2 2 + λf(x) ) U(x) (x ≠ 0) (1.2)

subject to the requirements that U^′(x) exists for x ≠ 0 and is uniformly bounded, that U vanishes at ±∞, and that

U^′(0+) − U^′(0−) = −2 (1.3)

In his 1949 article, M. Kac proved the Feynman-Kac formula by approximating Brownian motion with simple random walks. The exposition of the present paper is intended for a reader acquainted with the modern theory of Brownian motion based on martingale calculus and excursion theory, as presented for example in Revuz-Yor [33] or Rogers-Williams [34, 35]. For a lighter treatment of some of this background material, see the Caracas lecture notes [48].

Our main purpose here is to present connections between the Feynman-Kac formula, related Sturm-Liouville equations, and various decompositions of Brownian paths into independent components. Path decompositions are discussed in Section 2 of this paper. In Section 3 we show how some refinements of the Feynman-Kac formula may be understood in terms of a decomposition of the Brownian path at the time of the last visit to zero before time θ where θ is an exponentially distributed random time independent of the Brownian motion. We also show how D.Williams’ decomposition at the maximum of the generic excursion under Itô’s measure translates in terms of solutions of a Sturm-Liouville equation. Finally, Section 4 is devoted to explicit computations of the laws of

A^f_t := ∫ t 0 ds f(B_s) for specific functions f, among which f(x) = λ|x|^α, for some special values of α, and f(x) = λ coth(μx), borrowed from the recent thesis of Alili [2].

While we have chosen here to stay fairly close to Kac’s presentation of the Feynman-Kac formula in terms of a one-dimensional Brownian motion, a substantial literature has developed around extensions of the Feynman-Kac formula to various other contexts. See for instance Kesten’s paper [22] for a survey of such developments, and [29, 43, 44] for some other recent studies. Simon [38], Chung- Zhao [11], Nagasawa [26], and Aebi [1] provide connections with the theory of Schrödinger semigroups. For further examples involving the techniques of this paper, and a wealth of other formulae related to Brownian motion and diffusions, see the forthcoming handbook of Brownian motion by Borodin-Salminen [7].

2 Some decompositions of Brownian paths

For a ∈ IR let P_a denote a probability distribution governing (B_t, t ≥ 0) a onedimensional Brownian motion (BM) started at a. For a = 0 we write simply

P instead of P_0. For a ≥ 0 and δ ≥ 0 let P^{(δ)}_a govern a process (R_t, t ≥ 0) as a BES(δ), that is a δ-dimensional Bessel process, started at a. We shall be particularly concerned with the BES(3) process, which is obtained by conditioning a BM in (0, ∞) to never reach 0, and the BES(3) bridge obtained by conditioning a BES(3) process started at 0 at time 0 to return to 0 at time 1. See [33] for background, and further discussion of this fundamental relationship between BM and BES(3), and [36, 13, 32] for further discussion of diffusion bridges.

Let E, E_a and E^δ_a denote the expectation operators derived from P, P_a and P^δ_a . While we find it convenient to use the different notations (B_t, t ≥ 0) for a BM and (R_t, t ≥ 0) for a Bessel process, we shall occasionally regard P, P_a and P^δ_a as probability distributions on the canonical path space C[0, ∞), in which case (X_t, t ≥ 0) may be used to denote the coordinate process on C[0, ∞) which might be governed by any of these laws.

2.1 A decomposition of (B_u; 0 ≤ u ≤ d_t)

Given a Brownian motion (B_u; u ≥ 0), and an arbitrary fixed time t > 0, let d_t := inf{u : u > t, B_u = 0} and g_t := sup{u : u ≤ t, B_u = 0}.

a. The process ( b_u := 1 √ g_t B_{ugt} ; 0 ≤ u ≤ 1 ) is a standard Brownian bridge which

is independent of the σ-field generated by the variable g_t and the process (B_{gt+u}; u ≥ 0). b. The standard Brownian excursion, ( 1 √ d_t − g_t |Bg_t + u(d_t − g_t)| ; 0 ≤ u ≤ 1 )

is a BES(3) bridge which is independent of σ{B_u, 0 ≤ u ≤ g_t, u ≥ d_t}. c. The process ( m_u = 1 √ t − g_t |Bg_t + u(t − g_t)| ; 0 ≤ u ≤ 1 ) , known as a Brownian meander [10], has a law which does not depend on t, and the meander is independent of σ{B_u, 0 ≤ u ≤ g_t}. Details of this decomposition can be found in Revuz-Yor [33] and Yor [48]. See also Bertoin-Pitman [4] for a survey of various transformations relating the bridge, excursion and meander derived as above from Brownian motion.

d. Finally, as a consequence of the strong Markov property of BM, the process (B_{dt+u}, u ≥ 0) is a BM independent of (B_u, 0 ≤ u ≤ d_t).

2.2 A decomposition of (B_u; 0 ≤ u ≤ θ_k) at g_{θk} for an independent exponential time θ_k

Let θ_k be a random time whose distribution is exponential with rate k^2/2, that is P (θ_k ∈ dt) = k^2 2 exp(− k^2t 2 ) dt (t > 0), and assume that θ_k and (B_t; t ≥ 0) are independent. Then the left-hand side of the Feynman-Kac formula (1.1) equals 2 k^2 E [ q(B_{θk} ) exp ( −A^{λf}_{θk} )]

Since the well known formula for the resolvent of BM [17] implies that P (B_{θk} ∈ dx) = k 2 e^{−k|x|}dx (x ∈ IR) it is clear that the function U^{λf} (k, x) appearing on the right-hand side of (1.1) is U^{λf} (k, x) = e^{−k|x|} k E [ exp ( −A^{λf}_{θk} )| | B_{θk} = x ] (2.1)

Our aim now is to explain Kac’s characterization of U^{λf} (k, x) as the solution of a Sturm-Liouville problem in terms of a decomposition of the path (B_u; 0 ≤ u ≤ θ_k) at time g_{θk} , the last zero of B before the independent exponential time θ_k. By a last-exit decomposition (see e.g. [46] chap. 3, p. 35 or [48] lecture 5, p. 73) the processes (B_u; 0 ≤ u ≤ g_{θk} ) and (B_{θk −u}; 0 ≤ u ≤ θ_k − g_{θk} ) are independent. As a consequence, if (ℓ_t, t ≥ 0) denotes the local time of B at 0, (see e.g. [33, Ch. VI]) and if τ_s = inf{t : ℓ_t > s} is the inverse local time, then ℓ_{θk} is independent of B_{θk} with P (ℓ_{θk} ∈ dℓ) = k exp(−kℓ) dℓ (ℓ ≥ 0). Therefore, for every pair of Brownian functionals F and G, taking values in IR_+, we have

E [F (B_u; 0 ≤ u ≤ g_{θk} ) G(B_{θk −u}; 0 ≤ u ≤ θ_k − g_{θk} ) |ℓ_{θk} = ℓ , B_{θk} = x] = (2.2) ( e^{kℓ}E [ exp ( − k^2τ_ℓ 2 ) F (B_u; 0 ≤ u ≤ τ_ℓ) ]) ( e^{k|x|} E_x [ exp ( − k^2 2 T_0 ) G(B_u, 0 ≤ u ≤ T_0) ])

where T_0 = inf{t : B_t = 0} and consequently

E [F (B_u; 0 ≤ u ≤ g_{θk} )] = k ∫_∞ 0 dℓ E [ exp ( − k^2τ_ℓ 2 ) F (B_u; 0 ≤ u ≤ τ_ℓ) ] (2.3)

E [G(B_{θk −u}; 0 ≤ u ≤ θ_k − g_{θk} )] = k 2 ∫_∞ −∞ da E_a [ exp ( − k^2 2 T_0 ) G(B_u; 0 ≤ u ≤ T_0) ] . For example, E [ exp ( −A^fg_{θk} )] = k ∫_∞ 0 dℓ E [ exp − ( k^2 2 τ_ℓ + A^f_{τℓ} )] (2.4)

whereas E [ exp − ( A^f_{θk} − A^fg_{θk} )] = k 2 ∫_∞ −∞ da E_a [ exp − ( k^2 2 T_0 + A^f_{T0} )] (2.5) and E [ exp ( −A^f_{θk} )] = E [ exp ( −A^fg_{θk} )] E [ exp − ( A^f_{θk} − A^fg_{θk} )] . (2.6)

We explain in the next sub-section how the basic formulae (2.2) and (2.3) can be expressed in terms of excursion theory. Then in Section 3 we show how the right-hand sides of (2.4) and (2.5) can each be evaluated in terms of solutions of appropriate Sturm-Liouville equations. These evaluations then combine via (2.6) to yield Kac’s description of the function U^{λf} (k, x) appearing in (1.1) and (2.1).

2.3 Integral representations of Brownian laws

We now find it convenient to suppose that the laws P_a governing BM and P^{(3)}_a governing BES(3) are defined on the canonical space C[0, ∞), with coordinate process (X_t, t ≥ 0). For m ≥ 0 let P^{Tm}_a and (P^{(3)}_a )^{Tm} denote the previous laws derived from P_a and P^{(3)}_a by killing the process (X_t, t ≥ 0) at time T_m = inf{t : X_t = m}. Formulae (2.2) and (2.3) are presented more concisely by the following master formula, in which the symbol ∘ stands for the operation of concatenation of two independent trajectories. (See [48] lecture 5, par. 6, or [33], page 481, Exercise (4.18)). ∫_∞ 0 dt P^t = (∫_∞ 0 dℓ P τ^ℓ ) ∘ (∫_∞ −∞ da^r(P^{T0}_a ) ) (2.7)

where P^t is the law of (X_u, 0 ≤ u ≤ t) under P , i.e., the measure defined on the space of continuous functions {ω(u), 0 ≤ u ≤ ζ_ω}. Thus (∫_∞ 0 dt P^t ) [F (X_u, u ≤ ζ)h(ζ)] = ∫_∞ 0 dt h(t) E [F (X_u, u ≤ t)] and (∫_∞ 0 dℓ P^{τℓ} ) [F (X_u, u ≤ τ_ℓ)h(τ_ℓ)] = ∫_∞ 0 dℓ E [F (X_u, u ≤ τ_ℓ) h(τ_ℓ)] . On the other hand,^r(P^{T0}_a ) is the law P^{T0}_a with reversed time. To be precise, r(P^{T0}_a ) = (P^{(3)}_0 )^{γa} is the law of a BES(3) process starting from 0 and ending at γ^a = sup{t ≥ 0 : R_t = a}. The formula (2.7) is taken from Biane-Yor [6], where it is proved by excursion theory. See also Biane [5] for a systematic study of such integral representations and their applications, Leuridan [25] for a more elementary approach, and van der Hofstad et al. [40] for some closely related presentations.

2.4 The agreement between two descriptions of Brownian excursions

Two important integral representations of n_+, the Itô measure of positive Brownian excursions, are as follows:

n_+ = 1 2 ∫_∞ 0 dv √ 2πv^3 Π^v (2.8) and n_+ = 1 2 ∫_∞ 0 dm m^2 ( P^{(3)}_0 )T_m ∘ ( r ( P^{(3)}_0 )T_m ) (2.9)

where Π^v is the law of the BES(3) bridge of length v ( see [6] par. 6.1, [33] chap. 12, [42, 32]). The comparison of (2.8) and (2.9) yields the so-called agreement formula ∫_∞ 0 dv √ 2πv^3 Π^v = ∫_∞ 0 dm m^2 ( P^{(3)}_0 )T_m ∘ ( r ( P^{(3)}_0 )T_m ) (2.10)

which is discussed in some generality in [32]. According to the basic formula of excursion theory, for any Borel function f : IR → IR_+,

E[exp(−A^f_{τℓ} )] = exp ( − ℓ ∫ n(dε) ( 1 − exp(−A^f_V (ε)) )) (2.11)

where n = n^+ + n^− is the Itô measure of Brownian excursions (n^− is the image of n^+ by ε → −ε) and V is the length of the excursion.

3 Sturm-Liouville equations

In order to obtain explicit formulae for (2.4) and (2.5), we first present probabilistic interpretations of the fundamental solutions of the Sturm-Liouville equation 1 2 F^{′′}(x) = m(x)F (x) (3.1)

for an unknown function F : IR_+ → IR, where m : IR_+ → IR_+ is a known nonnegative and locally integrable Borel function. The function m determines two fundamental solutions of (3.1). These are

i) F (x) = Φ(x) say, the non-increasing solution of (3.1) such that F (0) = 1;

ii) F (x) = Ψ(x) say, the solution of (3.1) such that F (0) = 0, F^′(0+) = 1. The following probabilistic interpretations of Φ and Ψ have been known for some time as applications of stochastic calculus. See for instance [18],[48, p. 76]. First of all, Φ(a) = E_a [ exp ( − ∫ T_0 0 m(B_s) ds )] (0 ≤ a) (3.2)

which by application of the strong Markov property of B implies

Φ(a) Φ(b) = E_a [ exp ( − ∫ T_b 0 m(B_s) ds )] (0 ≤ b ≤ a). (3.3)

Next, bΨ(a) aΨ(b) = E^{(3)}_a [ exp ( − ∫ T_b 0 m(R_s) ds )] (0 < a < b). (3.4)

Equivalently, by the Doob h-transform relation between Brownian motion and BES(3) for h(x) = x (see e.g. [33] p. 431)

Ψ(a) Ψ(b) = E_a [ 1_{{Tb<T0}} exp ( − ∫ T_b 0 m(B_s) ds )] (0 < a < b) (3.5)

For completeness, we record also the following companion to (3.5), which follows easily from (3.3) and (3.5) by application of the strong Markov property of B at time T_b: Φ(a) − Ψ(a) Ψ(b)

Φ(b) = E_a [ 1_{{T0<Tb}} exp ( − ∫ T_0 0 m(B_s) ds )] (0 < a ≤ b) (3.6)

In the next two subsections we show how the above formulae may be applied with m(x) =^{k2}_2 + λf_+(x) and m(x) =^{k2}_2 + λf_−(x) where f_+ is the restriction of f to IR_+ and f_−(x) = f(−x), x ≥ 0 for a generic f : IR → IR_+. For simplicity, we take λ = 1. Replace f by λf to introduce the parameter λ.

3.1 The Brownian path from g_{θk} to θ_k

The following Theorem provides an evaluation of the right-hand side of (2.5). Theorem 3.1 Let f_+ : IR_+ → IR_+ be a locally bounded function, and let

Φ^{f+} (k, a) := E_a [ exp − ( k^2 2 T_0 + ∫ T_0 0 ds f_+(B_s) )] (a ≥ 0). (3.7)

The function u(a) = Φ^{f+} (k, a) is the unique bounded solution of the Sturm- Liouville equation 1 2 u^{′′} = ( k^2 2 + f_+ ) u ; u(0) = 1 . (3.8)

Moreover Φ^{f+} (k, a) = ∫_∞ 0 dt √ 2πt^3 exp(− k^2t 2 ) H^{f+} (t, a) , (3.9)

where

H^{f+} (t, a) = a exp(− a^2 2t ) E^{(3)}_0 [exp(− ∫ t 0 du f_+(R_u))|R_t = a] . (3.10)

Proof: The first part of the theorem follows from (3.2). The right-hand-side of (3.7) may be written as ∫_∞ 0 dt a √ 2πt^3 exp ( − a^2 2t ) exp ( − k^2t 2 ) E_a [ exp − ∫ T_0 0 ds f_+ (B_s) | | | | T_0 = t ] . Using D. Williams’ time reversal result, and conditioning with respect to γ_a = sup{t : R_t = a}, we obtain E_a [ exp − ∫ T_0 0 ds f_+(B_s) | | | |T_0 = t ] = E^{(3)}_0 [ exp − ∫ t 0 ds f_+(R_s) | | | | R_t = a ] . and hence the representation (3.10) of H^{f+} . See [48, p. 52]. 2

Corollary 3.2 With the previous notation, we obtain the following expression for f : IR → IR_+ a locally bounded function: E [ exp − ( A^f_{θk} − A^fg_{θk} )] = k 2 ∫_∞ 0 da ( Φ^{f+} (k, a) + Φ^f�(k, a) )

= k 2 ∫_∞ 0 dt √ 2πt^3 exp ( − k^2t 2 ) ∫_∞ 0 da ( H^{f+} (t, a) + H^f�(t, a) )

3.2 The Brownian path before g_{θk}

The next theorem provides an evaluation of the right-hand side of (2.4). We keep the notation of Theorem 3.1.

Theorem 3.3 The limit K^{f+} (t) := lim_{a→0+} H^{f+} (t, a) a exists and satisfies the equality K^{f+} (t) = E^{(3)}_0 [ exp − ∫ t 0 du f_+(R_u) |R_t = 0 ]

Furthermore, this function K^{f+} is characterized via the following transform:

− (Φ^{f+} )^′(k, 0+) = ∫_∞ 0 dt √ 2πt^3 ( 1 − exp(− k^2t 2 ) K^{f+} (t) ) (3.11)

where

(Φ^{f+} )^′(k, 0+) = ∂ ∂a | | | | a=0+

Φ^{f+} (k, a)

Remark: As a check, recall that Φ^{f+} (k, a) is a decreasing function of a, hence, both sides of (3.11) take values in IR_+.

Proof: We divide by a the two sides of the equality

Φ^{f+} (k, a) − 1 = (e^{−ka} − 1) + (Φ^{f+} (k, a) − e^{−ka}) .

Then, using 1 a e^{−ka} = ∫_∞ 0 dt √ 2πt^3 exp [ − 1 2 ( k^2t + a^2 t )] , we obtain from (3.9) and (3.10) that −(Φ^{f+} )^′(k, 0+) equals k + ∫_∞ 0 dt √ 2πt^3 exp(− k^2t 2 ) ( 1 − E^{(3)}_0 [ exp(− ∫ t 0 ds f_+(R_s)) | | |R_t = 0 ]) .

We also note that k = ∫_∞ 0 dt √ 2πt^3 ( 1 − exp(− k^2t 2 ) ) , which leads to the form (3.11) of the right derivative of the function Φ^{f+} (k, a) at a = 0. 2

Corollary 3.4 With the previous notation, we obtain E [ exp − ( k^2 2 τ_ℓ + A^f_{τℓ} )] = exp ( ℓ 2 [(Φ^{f+} )^′(k, 0+) + (Φ^f�)^′(k, 0+)] )

As a consequence, we have E [ exp ( −A^fg_{θk} )] = 2k −(Φ^{f+} )^′(k, 0+) − (Φ^f�)^′(k, 0+) Proof: This follows from Tanaka’s formula and optional sampling theorem. See e.g. [18], or the proof of the second Ray-Knight theorem in [33], Chap. XI, theorem 2.3. Another proof is obtained from (2.11) and the observation that n = lim_{a↓0} P_a a in a suitable sense. See Pitman-Yor [30] where this result is presented for a general diffusion, with P_a s(a) instead of P_a a for s the scale function of the diffusion. 2

Corollary 3.5

E [ exp ( −A^f_{θk} )] = k^2 ∫_∞ 0 da (Φ^{f+} (k, a) + Φ^f�(k, a)) −(Φ^{f+} )^′(k, 0+) − (Φ^f�)^′(k, 0+)

(3.12)

Remark: Replace f by λf for λ > 0 to see that this formula determines the Laplace transform of A^f_{θk} , hence the distribution of A^f_{θk} , in terms of the functions Φ^{λf+} and Φ^{λf}� for λ > 0. The formula of the corollary extends to E [ q(B_{θk} ) exp ( −A^f_{θk} )] = k^2 ∫_∞ 0 da (q(a)Φ^{f+} (k, a) + q(−a) Φ^f�(k, a)) −(Φ^{f+} )^′(k, 0+) − (Φ^f�)^′(k, 0+)

(3.13) and E [ q(B_{θk} ) p(ℓ_{θk} ) exp ( −A^f_{θk} )] = k^2 2 ∫_∞ 0 dℓ p(ℓ) exp ( ℓ 2 ((Φ^{f+} )^′(k, 0+) + (Φ^f�)^′(k, 0+)) )

× ∫_∞ 0 da (q(a)Φ^{f+} (k, a) + q(−a) Φ^f�(k, a)) where q and p are positive functions.

From (3.13) and the discussion below (2.6) it is clear that the function U^{λf} (k, x) in (1.1) and (2.1) is expressed in present notation as U^{λf} (k, x) = 2 ( Φ^{λf+} (k, x)1(x > 0) + Φ^{λf}�(k, −x)1(x < 0) ) −(Φ^{λf+} )^′(k, 0+) − (Φ^{λf}�)^′(k, 0+)

(3.14)

It follows also that U(x) := U^{λf} (k, x) satisfies the Sturm-Liouville equation (1.2) with the boundary conditions described around (1.3), in particular U^′(0+) − U^′(0−) = −2. That the U so obtained is unique requires a further analytic argument. Note how the presentation of Kac’s basic function in (3.14) as a ratio reflects the path decomposition at time g_{θk} .

3.3 Relations with the agreement formula

We now examine how the agreement formula (2.10) translates in terms of solutions of certain Sturm-Liouville equations.

Theorem 3.6 Let f_+ : IR_+ → IR_+ be a locally bounded Borel function. Keep the notation Φ^{f+} (k, x) = E_x [ exp − ( k^2 2 T_0 + A^{f+}_{T0} )] and define another function

Ψ^{f+} (k, x) by x Ψ^{f+} (k, x)

:= E^{(3)}_0 [ exp − ( k^2 2 T_x + A^{f+}_{Tx} )]

Then i) Ψ = Ψ^{f+} (k, x) is the unique solution of 1 2 Ψ^{′′}(x) = (k^2 2 + f_+(x) ) Ψ(x) ; Ψ(0) = 0; Ψ^′(0+) = 1 ; x ≤ Ψ(x)

ii) The function Ψ^{f+} (k, x) is an increasing function of x, and the following relation holds:

− (Φ^{f+} )^′(k, 0+) = ∫_∞ 0 dx ( 1 x^2 − 1 (Ψ^{f+} (k, x))^2 ) (3.15)

Proof: Part i) follows from (3.4). Turning to ii), the left and right hand sides of (3.15) are the left and right hand sides of the agreement formula (2.10) applied to the functional 1 − exp ( − k^2 2 ζ(ω) − ∫ ζ_(ω_) 0 ds f_+(ω(s)) )

where ζ(ω) is the lifetime of the generic excursion (ω(s), 0 ≤ s ≤ ζ(ω)). 2 As an alternative approach, here is an elementary proof of (3.15). As observed in [31] 1 Ψ^2(m) = − d dm (∫ m 0 dy Φ^2(y) )_{−1} (3.16)

Hence, the right hand side of (3.15) is equal to the limit, when ϵ tends to 0 of

I_ϵ := ∫_∞ ϵ dm ( 1 m^2 + d dm (∫ m 0 dy Φ^2(y) )_{−1}) = 1 ϵ − (∫ ϵ 0 dy Φ^2(y) )_{−1} = ∫ ϵ 0 dy ( 1 Φ^2(y) − 1 )

ϵ ∫ ϵ 0 dy Φ^2(y)

Since Φ(0) = 1, it follows that as ϵ ↓ 0 I_ϵ ≃ ( 1 ϵ^2 ) ∫ ϵ 0 dy(1 − Φ^2(y)) ≃ 2 ϵ^2 ∫ ϵ 0 dy(1 − Φ(y)) ≃ −Φ^′(0+) 2

We now comment on some variations of the identity (3.16). Since both Φ and Ψ are non-negative, the identity (3.16) is equivalent to

Ψ(m) = Φ(m) ∫ m 0 dy Φ^2(y)

(3.17)

which in turn is a variation of the Wronskian identity

Ψ^′Φ − Φ^′Ψ = 1. (3.18)

As a complement to (3.16) and the discussion of Φ and Ψ given at the beginning of this section, we deduce that for a C^1 function θ : IR_+ → IR_+, with compact support, ∫_∞ 0 dx θ(x) ( 1 x^2 − 1 Ψ^2(x) ) = −θ(0)Ψ^′(0) + ∫_∞ 0 dx θ^′(x) 1 x − (∫ x 0 dy Φ^2(y) )_{−1}

(3.19) Writing θ(x)−θ(0) = ∫ x 0 dy θ^′(y), and dividing both sides of (3.19) by 2, we deduce from (2.9) and (2.10) that 1 2 1 x − (∫ x 0 dy Φ^2(y) )_{−1} = n_+(M ≥ x) − ∫ {M ≥x} n_+(dε) exp ( − ∫ V 0 ds f(ε_s) )

where M = sup_{s≥0} ε(s), and V = inf{s > 0 : ε(s) = 0}. Equivalently, ( 2 ∫ x 0 dy Φ^2(y) )_{−1} = ∫ {M ≥x} n_+(dε) exp ( − ∫ V 0 ds f(ε_s) ) (3.20)

4 Examples

Example 0: f_±(x) = λ^2_± 2 We start with the constant function f_±(x) = λ^2 2 . Then, we have Φ^f�(k, a) = exp(−νa), where ν = (k^2 + λ^2)^{1/2}. We now check formula (3.12) in this case: easily, on the left-hand side, we find

E[exp(− λ^2 2 θ_k)] = k^2 ν^2

(4.1)

On the other hand, −(Φ^{f+} )^′(k, 0+) − (Φ^f�)^′(k, 0+) = 2ν, whereas the integral ∫_∞ 0 da(Φ^{f+} (k, a) + Φ^f�(k, a)) is equal to (2/ν). Finally, both sides of (3.12) are equal to (k^2/ν^2).

A more interesting case, which following Kac [20] has been presented many times in the literature [11, 23, 17, 33, 41], arises when f_+(x) = λ^2_+ 2 , f_−(x) = λ^2_− 2 , with λ_+ ≠ λ_−. The previous (trivial) formula (4.1) is then modified as follows: E [ exp − ( λ^2_+ 2 ∫ θ_k 0 ds 1_{{Bs>0}} + λ^2_− 2 ∫ θ_k 0 ds 1_{{Bs<0}} )] = k^2 ν_+ν_−

(4.2)

where ν_± = (k^2 + λ^2_±)^{1/2}. Consequently, the random times ∫ θ_k 0 ds 1_{{Bs>0}} and ∫ θ_k 0 ds 1_{{Bs<0}} are independent with a common gamma distribution with shape

parameter 1/2. Lévy’s arc sine law for the distribution of

∫_1 0 ds 1_{{Bs>0}} is a well known consequence.

In the case f_±(x) = λ^2 2 , it is well known that 1 Ψ(m) = ν sinh(mν)

. Hence, the equality (3.15) then reduces to ν = ∫_∞ 0 dm 1 m^2 − ( ν sinh(mν) )_2 . (4.3)

With the change of variables : m = x/ν, the right-hand-side of (4.3) is equal to ∫_∞ 0 dx ( ν x^2 − ν (sinh x)^2 ) , so that (4.3) reduces to ∫_∞ 0 dx ( 1 x^2 − 1 (sinh x)^2 ) = 1 (4.4)

In fact, the following expression of the Fourier transform of ( 1 x^2 − 1 (sinh x)^2 , x ∈ IR )

is well known to be ∫_∞ −∞ dx exp(iξx) ( 1 x^2 − 1 (sinh x)^2 ) = π ( ξ coth πξ 2 − |ξ| ) (4.5)

which easily yields (4.4), by letting ξ → 0.

Example 1: f(x) = λ|x|, λ > 0

One of the first applications, if not the first, of the Feynman-Kac formula, has been to compute the law of ∫ t 0 du |B_u| (see Cameron-Martin [9] and Kac [19]). A number of variants of this computation, where B is replaced by a 1-dimensional or 3-dimensional Bessel bridge have been made [37, 39], and continue to be of interest. See e.g. Perman-Wellner [28], which contains a general discussion similar to our Sections 2 and 3.

In order to exploit the previous results, we introduce the Airy function Ai which is the unique bounded solution of u^{′′} = xu, u(0) = 1 and is defined as (Ai)(x) := 1 π ( x 3 )_1/_2 K_{1/3} ( 2 3 x^{3/2} ) where K_ν is the usual modified Bessel function with index ν. The solution of u^{′′} = (k^2 + λx)u , u(0) = 1 can be written as (Ai)[(xλ + k^2)/λ^{2/3}] (Ai)[k^2/λ^{2/3}] . Some easy computations lead to E(exp −λ ∫ g_{θk} 0 du|B_u|) = K_{1/3} K_{2/3} (μ) (4.6) E(exp −λ ∫ θ_k g_{θk} du|B_u|) = 1 K_{1/3}(μ) ∫_∞ μ dv K_{1/3}(v) (4.7) E(exp −λ ∫ θ_k 0 du|B_u|) = 1 K_{2/3}(μ) ∫_∞ μ dv K_{1/3}(v) (4.8)

with μ = k^3 3λ . The quantity E(exp −λ ∫ t 0 du |B_u|) is computed in Kac [19], the density and the

moments of

∫_1 0 du |B_u| appear in Takács [39] and are related with the Airy function

and its zeros. Getoor and Sharpe [14] provide the computation of E(exp −λ ∫ d_{θk} g_{θk} du|B_u|) which can be obtained also from the previous results, together with the Markov property, which yields: E(exp[−λ ∫ d_t t du|B_u| − α|B_t|]) = E ( exp(−α|B_t|) E_{|Bt|}(exp − ∫ T_0 0 du|B_u|) ) . Using the equality g_{θk}^{law}= θ_k−g_{θk}^{law}= (N/k)^2 where N is a standard N(0, 1) variable and the scaling property of Brownian motion, we obtain

E(exp − λ k^3 |N|^3 ∫_1 0 du|b_u|) = K_{1/3} K_{2/3} (μ) E(exp − λ k^3 |N|^3 ∫_1 0 du m_u) = 1 K_{1/3}(μ) ∫_∞ μ dv K_{1/3}(v) where b is a Brownian bridge and m a Brownian meander. These formulae can be found in Biane-Yor [6], Groeneboom [15], Shepp [37], Perman-Wellner [28].

Example 2: f(x) = iλx

to We now exploit the Gaussian character of (B_t, t ≥ 0). Let θ := θ_1 be an exponential time with parameter 1/2. The equality E[exp i(λ ∫ θ 0 du B_u + μB_θ)] = E[exp i(λ ∫ g_θ 0 du B_u)] E[exp i(λ ∫ θ g_θ du B_u + μ(B_θ − B_{gθ} ))]

can be transformed in E(exp i(λθ^{3/2} ∫_1 0 du B_u + μθ^{1/2}B_1)) = E[exp(iλ|N|^3 ∫_1 0 du b_u)] E(exp i(λÑ^3

∫_1 0 du m_u + Ñμm_1))

(4.9)

where N^{law}= Ñ^{law}= ϵ(g_θ)^{1/2 law}= ϵ(θ − g_θ)^{1/2}, with N and Ñ standard N(0, 1) variables, ϵ a symmetric Bernoulli variable independent of the pair (θ, g_θ), (b_u; u ≤ 1) a standard Brownian bridge, independent of N, and (m_u; u ≤ 1) a Brownian meander, independent of Ñ . Two among the three expectations found in (4.9) can be evaluated thanks to the following elementary Lemma 4.1 For every (λ, μ) ∈ IR, one has E [( λ ∫_1 0 du B_u + μB_1 )_2]

= μ^2 + λμ + λ^2 3 Moreover, E [(∫_1 0 ds b_s )_2] = 1 12 Proof: The last equality in this lemma follows from the obvious remark

∫_1 0 du B_u = ∫_1 0 du (B_u − uB_1) +

∫_1 0 du uB_1^{law}= ∫_1 0 du b_u + 1 2 B_1

where (b_u := B_u − uB_1, 0 ≤ u ≤ 1) is independent of B_1. 2 Plugging the results of the lemma into (4.9), one obtains E [ exp i ( λθ^{3/2} ∫_1 0 du B_u + μθ^{1/2}B_1 )] = E [ exp − 1 2 ( μ^2θ + λμθ^2 + λ^2θ^3 3 )]

whereas E [ exp ( iλ|N|^3 ∫_1 0 du b_u )] = E [ exp ( − λ^2N^6 24 )]

and, in an obvious way E [ exp i ( λ ∫ t 0 du B_u + μB_t )] = exp − 1 2 ( μ^2t + λμt^2 + λ^2t^3 3 ) .

Hence, we deduce from (4.9) the formula

E [ exp i ( λÑ^3

∫_1 0 du m_u + μÑm_1 )] = E [ exp − 1 2 ( μ^2θ + λμθ^2 + λ^2θ^3 3 )]

E [ exp ( − λ^2N^6 24 )]

(4.10)

Example 3: f(x) = λ^2 2 x^2,

This is an extremely important example, closely related to Ornstein-Uhlenbeck processes and P. Lévy’s area formula [27], which may be tackled by using several different techniques. We refer to Ikeda et al. [16] for a number of extensions and references to recent developments of Lévy’s area formula.

a. Feynman-Kac formula

The bounded solution of

u^{′′} = (k^2 + λ^2x^2)u , u(0) = 1 is u(x) = 1 2^{ν/2}Γ(1/2) Γ ( 1 − ν 2 ) D_ν (x √ 2λ) where D_ν is a parabolic cylinder function (See Lebedev [24] 10.2.1, 10.2.18) and ν = − 1 2 ( k^2 λ + 1) . We obtain, using various results on functions D_ν found in Lebedev E [ exp − λ^2 2 ∫ θ_k 0 du B^2_u ] = k^2 2 ∫_∞ 0 dt exp ( − k^2 2 t ) 1 (cosh tλ)^{1/2} which, from the uniqueness of the Laplace transform gives E [ exp − λ^2 2 ∫ t 0 du B^2_u ] = 1 (cosh tλ)^{1/2}

, (4.11)

a formula which traces back to Cameron-Martin [9]. See also Kac [20], Breiman [8].

b. Direct computation

It is well known that the previous result can be obtained as a consequence of Girsanov’s transformation (see e.g. [46], chap. 2), working up to a fixed time t. More generally, we obtain E [ exp − ( νB^2_t + λ^2 2 ∫ t 0 du B^2_u )] = ( cosh(tλ) + 2ν λ sinh(tλ)

)_{−1}/_2

(4.12) which leads in particular to (4.11) and, if the Brownian motion starts from a, to

E_a [ exp − ( νB^2_t + λ^2 2 ∫ t 0 du B^2_u )] = exp ( − a^2λ 2 1 +^{2ν}_λ coth λt coth(λt) +^{2ν}_λ )

( cosh(tλ) + 2ν λ sinh(tλ)

)_1/_2 .

If (R_t, t ≥ 0) denotes a δ-dimensional Bessel process starting from a, whose law we denote by P^{(δ)}_a , one obtains, using formula (4.12) and the additivity of squared Bessel processes E^{(δ)}_a [ exp − λ^2 2 ∫ t 0 ds R^2_s | | | | R_t = 0 ] = E^{(δ)}_0 [ exp − λ^2 2 ∫ t 0 ds R^2_s | | | | R_t = a ]

= ( tλ sinh(tλ) )δ/_2 exp ( − a^2 2t (tλ coth(tλ) − 1) ) (4.13)

This formula is closely related to Lévy’s area formula (See [46], p. 18, and [30]) In particular, we obtain E [ exp − λ^2 2 ∫_1 0 du b^2_u ] = ( λ sinh λ

)_1/_2

Using the identity (m^2_u; u ≤ 1)^{law}= (b^2_u + R^2_u; u ≤ 1) where R is a BES(2) independent of b (see [46], p. 44) we obtain E [ exp − λ^2 2 ∫_1 0 du m^2_u ] = 1 (cosh λ) ( λ sinh λ

)_1/_2 . Moreover, from the equality

∫_1 0 du B^2_u = g^2_1

∫_1 0 du b^2_u + (1 − g_1)^2

∫_1 0 du m^2_u , it follows that 1 (cosh ν)^{1/2} = 1 π ∫_1 0 dt √ t(1 − t) φ_0(νt)φ_1(ν(1 − t))

where φ_0(ν) = ( ν sinh ν

)_1/_2

, φ_1(ν) = 1 (cosh ν) ( ν sinh ν

)_1/_2 . It follows that there is the convolution identity 1 (cosh ν)^{1/2} = 1 π ∫ ν 0 dx (sinh x)^{1/2} (sinh(ν − x))^{1/2} cosh(ν − x) . This convolution identity can also be derived from the product formula E [ exp(−λ ∫ θ 0 du B^2_u) ] = E [ exp(−λ ∫ g_θ 0 du B^2_u) ] E [ exp(−λ ∫ θ g_θ du B^2_u) ]

where θ is an exponential variable with parameter 1/2. This last formula is a consequence of the independence property discussed in subsection 2.2.

Example 4: f_+(x) = λ^2/2x

Here we have to work around the fact that f_+ is unbounded at 0+. We are interested in the law of the principal value

H_t := p.v. ∫ t 0 ds B_s := lim_{ϵ→0} ∫ t 0 ds B_s 1_{{|Bs|≥ϵ}} and the law of H^+_t := lim_{ϵ→0} (∫ t 0 ds B_s 1_{{Bs≥ϵ}} + (ln ϵ)ℓ^0_t ) . See Biane-Yor [6] for the existence of such principal values, and Yamada [45] for a more general discussion. A decreasing solution of

Υ^{′′}(x) = ( λ^2 x + k^2 ) Υ(x)

(called hereafter the Whittaker function- see Lebedev [24] p. 274 and 279) is obtained as follows:

Υ(z) = e^{−kz} 2kz Γ(1 + a) U (1 + a; 2; 2kz) (4.14)

where Γ(1 + a) U(1 + a; 2; z) = ∫_∞ 0 dt e^{−zt} ( t 1 + t )a and a = λ^2 2k . Since Υ(0) = 1 we obtain, for x > 0

Φ^{f+} (k, x) := E_x [ exp − (k^2 2 T_0 + λ^2 2 ∫ T_0 0 ds B_s )]

= 2kx exp(−kx) ∫_∞ 0 dt exp(−2kxt) ( t 1 + t )λ2/_2k . As a first step, we compute the law of the pair (H^+_{τt} , τ^+_t ) where τ^+_t := ∫_∞ 0 da ℓ^a_{τt} and (τ_t) is the inverse of (ℓ^0_t , t ≥ 0). Here, as in the previous section, (ℓ^a_t ; t ≥ 0, a ∈ IR) is the process of Brownian local times. From the definition of H^+_t , E [ exp ( − λ^2 2 H^+_{τt} − k^2 2 τ^+_t )] = lim_{ϵ→0} [ I_ϵ exp ( − tλ^2 2 ln ϵ )]

where I_ϵ := E [ exp ( − λ^2 2 ∫_∞ ϵ da a ℓ^a_{τt} − k^2 2 ∫_∞ ϵ da ℓ^a_{τt} )]

From corollary (3.4), it follows that I_ϵ = exp ( t 2 u^′_{(ϵ)}(k, 0+) ) where u_{(ϵ)}(k, x) is the decreasing solution of

u^{′′}(x) = ( λ^2 x + k^2)u(x) on [ϵ, ∞[ u(x) = αx + 1 on [0, ϵ] for some α determined by the continuity properties of u and u^′ at x = ϵ. Hence u^′_{(ϵ)}(0+) = α =

Υ^′(ϵ) Υ(ϵ) − ϵΥ^′(ϵ)

, where Υ is the Whittaker function defined in (4.14). Therefore, the problem reduces to the computation of

lim_{ϵ→0} ( Υ^′(ϵ) Υ(ϵ) − ϵΥ^′(ϵ)

− λ^2 ln ϵ )

and this last quantity is equal to

lim_{ϵ→0} ( Υ^′(ϵ) − λ^2(ln ϵ)(Υ(ϵ) − ϵΥ^′(ϵ)) )

since lim_{x→0} xΥ^′(x) = 0 and Υ(0) = 1. The derivative of Υ is given by

Υ^′(ϵ) = 2k [ − 1 2 Υ(ϵ) − λ^2 2k e^{kϵ} ∫_∞ 0 du exp(−u) u + 2kϵ ( u u + 2kϵ )λ2/_2k]

Using the asymptotic behavior, when z → 0 ∫_∞ 0 du exp(−u) u + z ( u u + z )a = −(ln z +

Γ^′ Γ (a + 1)) + O(z| ln z|) ,

it follows that the needed limit is

−k + λ^2(ln(2k) +

Γ^′ Γ ( λ^2 2k + 1))

We now symmetrize the formula, paying attention to the positive part and the negative part of the excursions, and working in the complex field, and we obtain E [ exp ( iλ H_{τt} − k^2 2 τ_t )] = exp { −t ( k + 2λIm

Γ^′ Γ ( 1 + iλ k ))}

and from the series development of

Γ^′ Γ , we find that

k + 2λIm

Γ^′ Γ (1 + iλ k ) = πλ coth(π λ k ) . This formula was obtained in Biane-Yor[6] by a different argument involving excursion theory and time changes.

Example 5: generic powers f_+(x) = λ^β x^α

The previous examples share the common property that f is a multiple of a power of x. Here, we try to obtain results for general powers. Let f be defined as f(x) = |x|^α and f̃(x) = (sgn x)|x|^α. If α > −1, the processes A^f and A^{f̃} are well defined because ∫ t 0 ds |B_s|^α < ∞ almost surely. Moreover, it is well known [6] that

E(exp −λA^f (τ_t)) = exp ( −tc_αλ^{1/(α+2)} )

where c_α := π2^ν ν sin(πν) ( ν^ν Γ(ν)

)_2

; , ν := 1 α + 2 When −1 ≥ α > −^3_2 , it is possible (see Biane-Yor [6], Yamada [45] and Yor [48]) to extend the definition of A^{f̃} as follows

A^{f̃} (t) = lim_{ϵ→0} ∫ t 0 du|B_u|^α sgn (B_u)1_{{|Bu|≥ϵ}} The process A^{f̃} has paths of unbounded variation with zero quadratic variation. It is known that the process (A^{f̃} (τ_t), t ≥ 0) is a symmetric stable Lévy process [6].

We now point out some consequences of the scaling property of Brownian motion, which are reflected in the corresponding Sturm-Liouville computations when f(x) = λ^β|x|^α for a general α. Here, we take β = 1 + α 2 , for convenience in the subsequent computations. We first note that, thanks to the scaling property, the function of three variables u_{(α)} : (λ, k, b) → u^λ_{(α)}(k, b) := E_b [ exp − ( k^2 2 T_0 + λ^β ∫ T_0 0 ds B^α_s )] , where λ, k, b > 0, may be expressed in terms of a function of two variables only.

Lemma 4.2 The above function u_{(α)} satisfies u^λ_{(α)}(k, b) = w_{λ/k}2 (kb) where, for μ > 0, w_μ is the only positive, decreasing, solution of the Sturm- Liouville equation

w^{′′}(x) = (1 + 2μ^βx^α)w(x) , w(0) = 1

Except for α = 2 and α = ±1, we do not know of any reference to the function w_μ in the literature of Sturm-Liouville equations. Nevertheless, from the previous general probabilistic discussion (i.e., relations between Sturm-Liouville equations and Feynman-Kac solutions) it turns out that certain quantities associated with w_μ may be written in terms of the following Laplace transforms φ_{(α)}, φ^0_{(α)}, φ^1_{(α)}, φ^3_{(α)}, where

φ_{(α)}(λ) = E [ exp ( −λ^β ∫_1 0 dt |B_t|^α )] φ^0_{(α)}(λ) = E [ exp ( −λ^β ∫_1 0 dt |b_t|^α )]

φ^1_{(α)}(λ) = E [ exp ( −λ^β ∫_1 0 dt m^α_t )] φ^3_{(α)}(λ) = E [ exp ( −λ^β ∫_1 0 dt r^α_t )]

Here, (B_t, 0 ≤ t ≤ 1) denotes a 1-dimensional Brownian motion starting from 0, (b_t, 0 ≤ t ≤ 1) a 1-dimensional Brownian bridge (tied to 0 from both t = 0 and t = 1), (m_t, 0 ≤ t ≤ 1) a Brownian meander, and (r_t, 0 ≤ t ≤ 1) a 3-dimensional

Bessel bridge. The mnemonic for the suffixes 0,1,3 is that 0 indicates a (0, 0) Brownian bridge, 1 indicates the meander obtained by Brownian scaling on [g_1, 1], and 3 indicates the 3-dimensional Bessel bridge. We also use the notation m^{(s)} (resp. b^{(s)}) for the meander of length s (resp. the bridge of length s). Here are some relations between the functions φ^0, φ^1, φ^3 and w_μ where we have suppressed the subscript (α):

Proposition 4.3 The following identities hold 1) ∫_∞ 0 db w_μ(b) = 1 √ μ ∫_∞ 0 dt √ 2πt exp(− t 2μ ) φ^1(t)

2) −w^′_μ(0+) = √ μ [∫_∞ 0 dt √ 2πt exp(− t 2μ ) φ^0(t) ]_{−1}

3) −w^′_μ(0+) = √ μ ∫_∞ 0 dt √ 2πt^3 ( 1 − exp(− t 2μ ) φ^3(t) )

Proof: Using the equality (for a symmetric function f) E [ exp − ( A^f_{θk} − A^fg_{θk} )] = k ∫_∞ 0 da E_a [ exp − ( k^2 2 T_0 + A^f_{T0} )]

= k ∫_∞ 0 ds √ 2πs exp ( − k^2s 2 ) E [ exp − ∫ s 0 dt f(m^{(s)}_t ) ]

we obtain, in the case f(x) = λ^β|x|^α k ∫_∞ 0 da w_{λ/k}2 (ka) = k √ λ ∫_∞ 0 dt √ 2πt exp ( − k^2t 2λ ) φ^1(t)

which proves the first part of the proposition. From the formula P g^{θk} ≡ k ∫_∞ 0 dℓ ( exp ( − k^2 2 τ_ℓ ) · P^{τℓ} ) = k ∫_∞ 0 ds √ 2πs exp ( − k^2s 2 ) · Q^s where Q^s denotes the law of the Brownian bridge (b^{(s)}_t , t ≤ s), we deduce −1 u^′_{(α)}(k, 0+) = ∫_∞ 0 ds √ 2πs exp ( − k^2s 2 ) E [ exp ( −λ^β ∫ s 0 dt |b^{(s)}_t |^α )]

= ∫_∞ 0 ds √ 2πs exp ( − k^2s 2 ) E [ exp ( −(λs)^β ∫_1 0 dt |b_t|^α )]

= ∫_∞ 0 ds √ 2λπs exp ( − k^2s 2λ ) E [ exp ( −s^β ∫_1 0 dt |b_t|^α )]

Setting μ = λ/k^2, and using the relation between the functions w_μ and u, it follows that −1 w^′_μ(0+) = 1 √μ ∫_∞ 0 ds √ 2πs e − s 2μ E [ exp ( −s^β ∫_1 0 dt |b_t|^α )]

which is part 2 of the proposition. Part 3 follows from (3.11). 2

We also note the following relations between φ, φ^0, φ^1, φ^3 Proposition 4.4 The following identities hold 1) φ(λ) =

∫_1 0 ds π √ s(1 − s) φ^0(λs) φ^1(λ(1 − s)) 2) (∫_∞ 0 dt √ 2πt exp ( − t 2μ ) φ^0(t) )(∫_∞ 0 ds √ 2πs^3 ( 1 − exp ( − s 2μ ) φ^3(s) )) = 1 Proof: Thanks to the scaling property, we obtain

∫_1 0 ds|B_s|^{α law}= g^β_1 (∫_1 0 ds |b_s|^α ) + (1 − g_1)^β (∫_1 0 ds m^α_s )

therefore φ_{(α)}(λ) =

∫_1 0 ds π √ s(1 − s) φ^0_{(α)}(λs) φ^1_{(α)}(λ(1 − s))

The second equality follows from the identities 2) and 3) in proposition 4.3. 2

Example 6: Exponential functions f_±(x) = λ^2 2 e^{αx} This case has been studied in [46, 47] where other results are stated. We give here the formulae in the case α = 2, the general case follows easily, using the scaling property. Let us define

A^±_t := ∫ t 0 ds exp(2B_s) 1_{{Bs∈IR}�_} , τ^±_ℓ := ∫ τ_ℓ 0 du1_{{Bu∈IR}�_} The associated Sturm-Liouville equation is easily solved, and one has, for a ≥ 0, k ≥ 0, λ > 0: E_a [ exp −( k^2 2 T_0 + λ^2 2 A_{T0}) ] = K_k(λe^a) K_k(λ) (4.15) E_{−a} [ exp −( k^2 2 T_0 + θ^2A_{T0}) ] = I_k(λe^{−a}) I_k(λ) , where I_k and K_k are modified Bessel functions and

E_0 [ exp −( k^2 2 τ^+_ℓ + λ^2 2 A^+_{τℓ} ) ] = exp − ℓ 2 (λK_{k+1}(λ) K_k(λ) − k )

E_0 [ exp −( k^2 2 τ^−_ℓ + λ^2 2 A^−_{τℓ} ) ] = exp − ℓ 2 (λI_{k−1}(λ) I_k(λ) − k )

This leads to analogous formulae for 3-dimensional Bessel bridge: ∫_∞ 0 dt √ 2πt^3 ( 1 − exp(− k^2t 2 ) E^{(3)}_0 [ exp ( − λ^2 2 ∫ t 0 ds exp(−2R_s) )| | |R_t = 0 ])

is equal to λI_{k−1}(λ) I_k(λ) − k = λI_{k+1}(λ) I_k(λ) + k , and ∫_∞ 0 dt √ 2πt^3 ( 1 − exp(− k^2t 2 ) E^{(3)}_0 [ exp ( − λ^2 2 ∫ t 0 ds exp(2R_s) )| | |R_t = 0 ])

is equal to λK_{k+1} (λ) K_k(λ) − k = λK_{k−1} (λ) K_k( λ) + k . It follows, using properties of Bessel functions (see e.g. [47, formule 17]), that E[exp(− λ^2 2 Ag_{θk} )] = 2kI_k(λ)K_k(λ).

We also obtain similar results for symmetric functionals, for example E [ exp(− λ^2 2 ∫ g_{θk} 0 du exp(2|B_u|) ) ] = k (λK_{k−1}(λ)/K_k (λ)) + k Throughout this example, the modified Bessel functions play an essential role.

This can be explained in terms of Lamperti’s representation of a geometric Brownian motion as a time-changed Bessel process, that is

exp(B_t + νt) = R (∫ t 0 ds exp 2(B_s + νs) ) (t ≥ 0)

where (R(u), u ≥ 0) is a Bessel process of dimension d = 2(1 + ν). In particular, this shows that formula (4.15) yields, for b = e^a > 1

E^{(2)}_b [ exp − 1 2 ( k^2 ∫ T_1 0 du R^2_u

+ λ^2T_1 )] = K_k(λb) K_k(λ) where E^{(2)}_b denotes expectation with respect to a probability governing (R_u, u ≥ 0) as a Bessel process of dimension 2 started at b. For 0 < b < 1 there is a similar formula with I_k instead of K_k.

Example 7: f(x) = λ^2 2 coth νx

Following Alili’s recent thesis [2], let us denote

H^{(ν)}_t := p.v. ∫ t 0 ds coth(νB_s) := lim_{ϵ→0} ∫ t 0 ds coth(νB_s)1_{{|Bs|>ϵ}} and also H^{+(ν)}_t := lim_{ϵ→0} {∫ t 0 ds coth(νB_s)1_{{Bs>ϵ}} + ln ϵ ν ℓ^0_t }

Using the same notation as in example 4 E [ exp 1 2 ( λ^2H^{+(ν)}_{τt} + k^2τ^+_t )] (4.16)

= lim_{ϵ→0} E [ exp ( − 1 2 ∫_∞ ϵ da (λ^2 coth(νa) + k^2) ℓ^a_{τt} )] exp(− λ^2t 2ν ln ϵ)

As in the previous section, it suffices to solve the associated Sturm-Liouville equation, which turns out to be { u^{′′}(x) = (λ^2 coth(νx) + k^2)u(x) on [ϵ, ∞[ u(x) = αx + 1 on [0, ϵ]

and to compute the value of α. This is done in Alili’s thesis, using the hypergeometric functions of the first kind_2F_1 (see Lebedev [24] chap. 9). Hence, the quantity in (4.16) equals exp t 2 [ − √ k^2 + λ^2 + λ^2 ν ( 2γ +

Γ^′ Γ (α − β + 1) +

Γ^′ Γ (α + β + 1) + ln(2ν) )]

where α = 1 2ν √ k^2 + λ^2, β = 1 2ν √ k^2 − λ^2 and γ is Euler’s constant.

It can then be established that

E(exp(iλH^{(ν)}_{τt} − kτ_t)) = exp ( − πt|λ| ν coth ( π ν √ (k^2 + λ^2)^{1/2} − k ))

Using excursion theory, it follows that for ν ≠ 0 the law of

ν^2 {(

∫_1 0 ds coth(νr_s))^2 − 1}

does not depend on ν, where (r_s, s ≤ 1) is a standard Brownian excursion. This surprising fact is discussed in Alili[3]. Working at an independent exponential time, there is the equality

E(exp(iλH^{(ν)}_{θk} )) = k √ k^2 + λ^2 1 cosh ( π ν √ (k^2 + λ^2)^{1/2} − k )

See [3] and other papers in the same monograph for further developments in this vein.

References

[1] R. Aebi, Schrôdinger Diffusion Processes, Prob. and its Applications.

Birkhaüser. 1996.

[2] L. Alili, Fonctionnelles exponentielles et certaines valeurs principales des temps locaux browniens. Thèse de doctorat, Univ. Paris VI, 1995.

[3] , On some hyperbolic principal values of brownian local times, in Exponential functionals and principal values related to Brownian motion, Biblioteca de la Revista Matematica Ibero-Americana, 1996. To appear.

[4] J. Bertoin and J. Pitman, Path transformations connecting Brownian bridge, excursion and meander, Bull. Sci. Math. (2), 118 (1994), pp. 147–166.

[5] P. Biane, Decompositions of Brownian trajectories and some applications, in Probability and Statistics; Rencontres Franco-Chinoises en Probabilités et Statistiques; Proceedings of the Wuhan meeting, A. Badrikian, P.-A. Meyer, and J.-A. Yan, eds., World Scientific, 1993, pp. 51–76.

[6] P. Biane and M. Yor, Valeurs principales associées aux temps locaux Browniens, Bull. Sci. Math. (2), 111 (1987), pp. 23–101.

[7] A. Borodin and P. Salminen, Handbook of Brownian motion – facts and formulae, Birkhäuser, 1996.

[8] L. Breiman, First exit times from a square root boundary, in Proceedings of the fifth Berkeley Symposium, Vol II, Part 2, L. L. Cam and J. Neyman, eds., U.C. Press, Berkeley, 1967, pp. 9–16.

[9] R. Cameron and W. Martin, Evaluation of various Wiener integrals by use of certain Sturm-Liouville differential equations, Bull. Amer. Math. Soc., 51 (1945), pp. 73–90.

[10] K. Chung, Excursions in Brownian motion, Arkiv fur Matematik, 14 (1976), pp. 155–177.

[11] K. Chung and Z. Zhao, From Brownian Motion to Schrödinger’s equation, vol. 312 of Grundlehren, Springer-Verlag, New York, 1995.

[12] R. Feynman, Space-time approach to nonrelativistic quantum mechanics, Rev. Mod. Phys., 20 (1948), pp. 367–387.

[13] P. Fitzsimmons, J. Pitman, and M. Yor, Markovian bridges: construction, Palm interpretation, and splicing, in Seminar on Stochastic Processes, 1992, Birkhäuser, Boston, 1993, pp. 101–134.

[14] R. K. Getoor and M. J. Sharpe, Excursions of Brownian motion and Bessel processes, Zeitschrift für Wahrscheinlichkeitstheorie und Verwandte Gebiete, 47 (1979), pp. 83–106.

[15] P. Groeneboom, Brownian motion with a parabolic drift and Airy functions, Probability Theory and Related Fields, 81 (1989), pp. 79 – 109.

[16] N. Ikeda, S. Kusuoka, and S. Manabe, Lévy’s stochastic area formula for Gaussian processes, Communications on Pure and Applied Math., 47 (1994), pp. 329–360.

[17] K. Itô and H. McKean, Diffusion Processes and their Sample Paths, Springer, 1965.

[18] T. Jeulin and M. Yor, Sur les distributions de certaines fonctionnelles du mouvement brownien, in Séminaire de Probabilités XV, Springer-Verlag, 1981, pp. 210–226. Lecture Notes in Math. 850.

[19] M. Kac, On the average of a certain Wiener functional and a related limit theorem in calculus of probability, Trans. Amer. Math. Soc., 65 (1946), pp. 401–414.

[20] , On the distribution of certain Wiener functionals, Trans. Amer. Math.

Soc., 65 (1949), pp. 1–13.

[21] , On some connections between probability theory and differential and integral equations, in Proc. Second Berkeley Symp. Math. Stat. Prob., J. Neyman, ed., Univ. of California Press, 1951, pp. 189–215.

[22] H. Kesten, The influence of Mark Kac on probability theory, Ann. Probab., 14 (1986), pp. 1103 – 1128.

[23] F. Knight, Essentials of Brownian Motion and Diffusion, American Math.

Soc., 1981. Math. Surveys 18.

[24] N. Lebedev, Special Functions and their Applications, Dover, New York, 1972.

[25] C. Leuridan, Une démonstration élémentaire d’une identité de Biane et Yor, in Séminaire de Probabilités XXX, J. Azéma, M. Emery, and M. Yor, eds., Springer, 1996, pp. 255–260. Lecture Notes in Math. 1626.

[26] N. Nagasawa, Schrôdinger Equations and Diffusion Theory. Monographs in Math. 86. Birkhaüser. 1993.

[27] P. Lévy, Wiener’s random function and other Laplacian random functions, in Second Symposium of Berkeley. Probability and Statistics, U.C. Press, 1951, pp. 171–186.

[28] M. Perman and J. Wellner, On the distribution of Brownian areas. To appear in Stoch. Proc. Appl., 1996.

[29] J. Pitman, Kac’s moment formula for additive functionals of a Markov process, Tech. Rep. 427, Dept. Statistics, U.C. Berkeley, 1995.

[30] J. Pitman and M. Yor, A decomposition of Bessel bridges, Zeitschrift für Wahrscheinlichkeitstheorie und Verwandte Gebiete, 59 (1982), pp. 425–457.

[31] , Sur une décomposition des ponts de Bessel, in Functional Analysis in Markov Processes, Springer, 1982, pp. 276–285. Lecture Notes in Math. 923.

[32] , Decomposition at the maximum for excursions and bridges of onedimensional diffusions, in Itô’s Stochastic Calculus and Probability Theory, N. Ikeda, S. Watanabe, M. Fukushima, and H. Kunita, eds., Springer-Verlag, 1996.

[33] D. Revuz and M. Yor, Continuous martingales and Brownian motion, Springer, Berlin-Heidelberg, 1994. 2nd edition.

[34] L. Rogers and D. Williams, Diffusions, Markov Processes and Martingales, vol. 2, Itô calculus, Wiley, 1987.

[35] , Diffusions, Markov Processes and Martingales, vol. 1, Foundations, Wiley, 1994. 2nd. edition.

[36] P. Salminen, Brownian excursions revisited, in Seminar on Stochastic Processes 1983, Birkhäuser Boston, 1984, pp. 161–187.

[37] L. A. Shepp, On the integral of the absolute value of the pinned Wiener process, Ann. Probab., 10 (1982), pp. 234–239.

[38] B. Simon, Functional integration and quantum physics, vol. 86 of Pure and applied mathematics, Academic Press, New York, 1979.

[39] L. Takács, On the distribution of the integral of the absolute value of the Brownian motion, Annals of Applied Probability, 3 (1993), pp. 186 – 197.

[40] R. van der Hofstad, F. den Hollander, and W. König, Central limit theorem for the Edwards model, to appear in Ann. Probability, 1996.

[41] S. Varadhan, Lectures on diffusion problems and partial differential equations, Tata Institute Lectures on Mathematics, Springer-Verlag, New York, 1980.

[42] D. Williams, Brownian motion and the Riemann zeta-function, in Disorder in Physical Systems, Clarendon Press, Oxford, 1990, pp. 361–372.

[43] , Some martingale methods for PDE’s, 1: Basic concepts. Preprint, Bath University, 1996.

[44] D. Williams, A. Truman, and H. Zhao, Some martingale methods for PDE’s, 2: Applications to the Fischer equation. Preprint, Bath University, 1996.

[45] T. Yamada, Principal values of Brownian local times and their related topics, in Itô’s Stochastic Calculus and Probability Theory, N. Ikeda, S. Watanabe, M. Fukushima, and H. Kunita, eds., Springer-Verlag, 1996.

[46] M. Yor, Some Aspects of Brownian Motion, Lectures in Math., ETH Zürich, Birkhaüser, 1992. Part I: Some Special Functionals.

[47] , From planar Brownian windings to Asian options, Insurance Mathematics and Economics, 13 (1993), pp. 23–34.

[48] , Local Times and Excursions for Brownian Motion: a Concise Introduction, Lecciones en Matemáticas. Facultad de Ciencias, Universidad central de Venezuela, 1995.