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Abstract

Following up on Baum and Petrie (1966) we study likelihood based
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1 Introduction and basic results

Hidden Markov models, that is stochastic point functions of finite Markov
chains, have become important in a number of areas of application. These
include, first and foremost, speech recognition, see Rabiner (1989) for an
introduction and survey, the study of excitation periods in ion channels, see
Ball and Rice (1992) for a survey, models for heterogenous DNA sequences,
Churchill (1992), among others. The main focus of these efforts have been
algorithms for the fitting of these models and, in particular, see Rabiner, the
implementation of likelihood based methods. It is, in fact, not obvious that
the likelihood can be computed in linear time. But that is the case. There
has been comparatively little work on the study of the inferential properties
of likelihood methods in these models. The notable exceptions to this are
the papers of Baum and Petrie (1966) and Petrie (1969) and most recently
Leroux (1989), (1991). Concurrently with our work Rydén (1994a, 1994b)
has also pursued likelihood based procedures in hidden Markov models.

Specifically, Baum and Petrie showed that, when observing a determin-
istic finite point function of a finite Markov chain, maximum likelihood es-
timates of the parameters of the model governing the chain are consistent
and asymptotically normal. Leroux formulated hidden Markov models in
the generality we shall present and established consistency of maximum like-
lihood estimates of both the parameters of the Markov chain and the con-
ditional distribution of the observations given the Markov chain. Unlike the
Baum-Petrie techniques, which were used both for establishing consistency
and asymptotic normality, Leroux’s approach based on results of Fursten-
berg and Kesten (1960) and Kingman’s subadditive ergodic theorem (1976)
appears incapable of giving results beyond consistency. On the other hand
we shall show, by adding a few essential ideas to the penetrating analysis of
Baum and Petrie, that the log likelihood for hidden Markov models obeys
the local asymptotic normality (LAN) conditions of LeCam (see LeCam and
Yang (1990), for instance). Hence, efficient analogues of maximum likelihood
estimates can be constructed, and the information bound giving their asymp-
totic variance estimated. We shall also indicate how our results need to be
strengthened to yield asymptotic efficiency of maximum likelihood estimates,
when they are consistent. Consistency of maximum likelihood estimates can
also be established with our methods but under conditions slightly stronger
than those of Leroux (1991).



The paper is constructed as follows. In the rest of this section we formally
introduce the models we consider, state our main assumptions and results,
and further discuss the strengths and weaknesses of these as well as extensions
and further questions, some of which we intend to pursue. In section 2 we give
without proof some lemmas needed to establish our main theorem, discuss
the heuristic behind them, and give a proot of the theorem based on these
lemmas. Finally in section 3 we state more lemmas, give the proofs of all the
lemmas which may not immediately be derived from the work of Baum and
Petrie or others.

Formally we assume that observations (Y1,...,Y,) € V", for some space
Y, are distributed according to qun), Y € O open C RP and described as
follows:

i) (Hidden chain) We are given (but do not observe) a stationary ergodic
Markov chain Xi,...,X,,... with states {1,..., K}, stationary ini-
tial probability 74(¢), 1 < ¢ < K and transition probability matrix

o (i, J) || xic-

ii) (Y; is a function of the present X; and an external randomization only.)
Given Xq,..., X, the Y; are conditionally independent, and given X,
Y; is independent of X, 7 # 2.

iii) (Stationarity) The conditional distribution of Y; given X, doesn’t de-
pend on 1.

iv) The conditional distributions of Y; given X; = a are dominated by v,
a o finite measure for all ¢, a, . The conditional density is denoted by

go(:|a).

We may then write the density of (Yi,...,Y,) with respect to product

measure v as,

Go(Y1y -y Yn) = Z folxa, ooy @n 1, ooy Yn) (1.1)

(z14e.7n)

where
n—1 n
Folwr, o wnyns . oyn) = () T es(ey, 2jq) [T g0 (yilas) (1.2)
7=1 =1

R1: Changed
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is the joint density of (Xi,...,X,,Y1,...,Y,) with respect to (counting
measure)™ xv(. We denote the joint distribution of (X;,Y;), 1 < < oo,
by Py, a probability on (€, A4) where ) is the space of x,y sequences and A
is the Borel o field.

This model, more or less given in Leroux (1989), is more general than
it appears to be at first sight. It includes all situations where Y; = h(X,_;;
1 <j<t6,9),1 <i<n where the ¢; are i.i.d. and independent of the X’s
and t is fixed, since we can always take (Xi4;,..., Xi4;) ¢ > 0 as our hidden
chain. We will need the following assumptions.

Al: For all 9, a,b, ag(a,b) > ~v(d) > 0.

A2: For all a,b, the map ¥ — ay(a,b) has three continuous derivatives.
Hence so has ¥ — 7y(a).

Note that Al and A2 imply that for all ¥y there exists 6 > 0, v(Jg) > 0 such
that

inf{ayg(a,b): |0 — o <6}
inf{my(a): [P —do| <6}

7(Yo) (1.3)
(Vo).

A3: The maps v — 7 log gs(y|a) has three derviatives for all y,a. Further,
for all ¥y there exists 6 > 0, A > 0 such that if,

>
>

49,(y,0) = sup{| v log gs(yla)| : a, [J —do| < 6}
then

Eﬁo GXP[)\Q%(E, 5)] < 00 (15)

A4: For all ¥y there exists 6 > 0, r > 32 such that if,

ga(yla)
,(y) =sup Dab U —1do| <0

then,

Eaypl (Y1) < o0 (1.6)

R2: Changed
Was 1t needed?

R3: Changed

It was » > 16.



Ab: Let ¥ = (V4,...,9,) and

5
Qo0(y,0) = SUPHW log g5 (y|a)l},

v

where the sup is taken over {1 < ¢ <p,l=1,...,5, 1 <a < K,|J—
Yo| < 6}. Assume for all g, some 6 > 0, j = 2,3

g, {(490;(¥1,8))"7} < oc. (L.7)

Let (X;,Y:), —00 < i < 0o be the two sided stationary sequence defined by
our model and,

1
WY, Yo, Yor,..) = Y. We(Yi,Ys,...) (1.8)

where
Wi (Y, Yo, . ..) (1.9)
= Eﬁo{vlogg(YMXmﬂYh 1/07 .. } - Eﬁo{vlogg(YMXmﬂYOa Y—lv .. }

+ Ego{ log a(Xp, X;np1)|Y1, Yo, .. .}
— By {/ log a(Xp, X;n1)|Yo, Y1, ...}

We show in Lemma 3.5 that, under A1-A4, W € Ly(Py,) and we can then
define,

(o) = Egy {WWT}. (1.10)

Fix ¥y and let Ly, Py, Eo be law, probability and expectation under . Let
o0, = n_l/z, v, =g+ 76,, and

La(1) = zz (Yi,...,Y,). (1.11)

Our main goal is to establish the following,

Theorem 1.1 Suppose assumptions A1-5 hold. Then there exist A,, ran-
dom p vectors, such that, if |7,| = O(1),

R4: Changed
All the

terms for m =
1 were added,
most are (.

R5: Changed



log L,(7,) = TgAn — %TanTn + R,.(m) (1.12)

where
EoA, = 0, (1.13)
Eo A AT = I(Wy), (1.14)
Jn = 1(Vo), (1.15)
A, 5 N0, I(1)), (1.16)

Py(|R. ()] > n™*/e,) < max{e,,n"'} for any e, — 0 and v < 2(1 —
16/r)/5 forr satisfying (1.6), and I(Vo) given in (1.10).

Note that (1.12) is just local asymptotic normality (LAN) in the sense
of LeCam. In order to implement this result for inferential purposes we can
proceed more or less as in LeCam and Yang (1990) pp. 57-65. We need

A6: The parameter ) is identifiable in the sense that if for some 4,9’ € ©
P = PO for all n, then 9 = v,

Lemma 1.1 If A1-A6 hold, then there exists an estimate {lgn(Yl, N )
which is \/n consistent. That is, for each Vg, ¥, — Vg = Op,(6s).

Let the G, grid denote the set of all (%71, ..., £j,)0,n""/?" where the j;
are integers and + is as in Theorem 1.1. If Lemma 1.1 holds we can and shall
without loss of generality suppose that 9, takes on values in the G,, grid only.

Let

Y

N

¥, = local maximizer of g4(Y1,...,Y,) on G, (1.17)

closest to U, among the points of the §, grid, and for given ¢,, define the
matrix I, by,

jnab = _6;210g M(}/h?}/n) (118)
96 ,(a,0)99,,.(0,b)
Dola,b) = U, 4 €,6,(ea + €3) (1.19)
where e;,..., ¢, are the standard basis vectors and ey = 0. Thus, 0, is a

grid version of the closest root of the likelihood equation to Ign and —fn is a
second difference grid evaluated version of the Hessian at ¢,,. Then,

6
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Corollary 1.1 If Al - A6 hold, U, is as in (1.17) and 1(¥y) is nonsingular,
then,

n2 (1, —90) B N0, (1)) (1.20)
L B 100, (1.21)

We are now able to construct asymptotically efficient estimates, tests, etc
by pretending that 9, is approximately N'(d,6217"). This result does not
give what one would ideally like:

a) That the M.L.E. 192 is asymptotically normal (g, $2171(Jy))

R9: Changed

b) That the Hessian of the log likelihood at 192, nY #;% log g4 (Y1,..., Y, )]

converges in probability to — ().

Part a) requires y/n consistency of the MLE and uniform (permitting 7, to
be data determined) LAN while b) requires consistency of the MLE and some
sort of uniform convergence of the Hessian. These are open problems.

Discussion of assumptions:

Evidently using fy and Bayes rule we can construct maps from Y" to
{Probabilities on (2, A)}, (y1,.--,yn) — Ps(- |y1,...,yn) such that
Py(- |Y1,...,Y,) is a regular conditional probability on € given (Y1,...,Y,).
The key property in Baum and Petrie’s and our analysis is that (X1, X3, ...,)
are an inhomogeneous Markov chain under Py(- |y1,92,...,). Assumptions
Al, A2, and A4 guarantee that, with probability 1, this chain has strong
geometric ergodicity properties which among other things guarantee the ex-
istence of I(¥p) in (1.10). Al and A2 can easily be relaxed by specifying that
only some power of the transition matrix needs to have all entries positive.
A4 is clearly not very demanding. A3 intersects with A1, A2, and A4 guar-
anteeing the validity of appropriate Taylor expansions. It is evidently a much
stronger moment condition than what is required for valid Taylor expansions
in the i.i.d. case. However, we do not presently see how it can be relaxed.
It evidently holds for Gaussian location and scale families, for instance, as
does A5 which is essentially a standard condition of the Cramér type.

Extensions: Two extensions worth considering are,
a) To drop the requirement that the state space of X be finite.

7



b) To the case where the hidden process is a Markov random field.

The first extension includes most nonlinear ARMA processes which have
been proposed — see Priestley (1988), Tong (1991). Let ..., e_1, €0, €1,. ..
be an iid sequence of random variables with distribution from a parametric

family, {Fy}, and
1/] :h(ejvej—lv"'vﬁ)v 1 S]Sn (122)

Since X; = {¢j_r : k> 0} is a Markov chain on R* this falls under case a).
For a discussion of Edgeworth expansions of smooth statistics in such models
see Gotze and Hipp (1992).

Estimation of parameters in hidden Markov fields by ad hoc methods
has been considered by Frigessi (1990) and others. Likelihoods even for
directly observed fields are only computable by simulation but extension of
our approach replacing likelihoods of the hidden process by pseudo likelihoods
may be valuable. See Qian and Titterington (1991)

We intend to pursue special cases of both extensions. It also appears that
extensions to continuous time situations where observations are not simply
point functions of the hidden process may also be possible and interesting.
A simple example discussed in Daley and Vere Jones (1989), and pursued by
Rydén (1994b), is that of Cox processes driven by a finite state continuous
Markov process.

2 Proof of theorem 1.1

We begin with an outline of our proof of theorem 1.1. Details are given
at the end of the section after the statement of some lemmas. Let Y,, =
(Ya,...,Y,) and X, be the corresponding X block. Also define YW =
Y hi1,met+r and Xgr’f) be the corresponding X block where 0 < m < N =
n/k — 1. To simplify the notation we assume that n is a multiple of k. We
argue in II below that if & does not divide n we can neglect the resulting
end effect. For convenience we use the subscript 7 in the sequel to stand
for ¥, = ¥g + 7,0, where {7,,} is a bounded sequence. Let, (, (Y$)|ka+1)

R10: Changed



denote the conditional likelihood of Ygf) given X,,z11 and let

K _ (k)
Lo = Zho Plnits = ¥l Yi0lo) o)
E [ mk+1 — CL|Y1 mk]KO(Y |Cl)
denote the likelithood ratio of Yﬁr’f) given Yy 5. Also, let
@ = ZK (X1 = @Y pmami] (YD |a) (2.2)
SR P Xkt = alYok—dmi) o (Yﬁff)|a)
denote the likelithood ratio of Ygf) given Y, kg mk, and
T (VP X )
the likelihood ratio of Yﬁr’f) given X, p11-
I. Write
log Ly, ( Z log Ly +log 22(Y4, ..., V) (2.4)
m=1 790
and
N N L — [x

Taylor expanding we get

i log (1 + (LWL;L”L)) (2.6)

m=1 Tm
N N
L,,—Lx
= Z(Lm - L7 )— Z ( . )(ij 1)
m=1 m=1 LTT)’L
> (Lowm — L3)

I1. We expect |L,,, — 1| = Op,(k/n)"?. We shall establish this and in so
doing also show that if n = Nk +r, 0 < r < k, then the difference between

9



log L,(7) and log Lng(7) is op,(1). Further, X7, X5, ... remains a Markov
chain given the Y’s. Although the chain is not stationary, it satisfies a strong
mixing condition. Thus, we expect that the knowledge of Y’s and X’s in the
distant past adds very little information to the present and |L,,, — L% | =
op, ((k/n)"7?) so that we can and do show that the last two terms of (2.6) are
negligible. The second term in (2.4) is also negligible. This uses arguments
based on the Baum-Petrie results which are stated under our conditions in
lemmas 3.1-3.4.

ITI. We write the first term as

N N N
S (Lo = L3) = YLD = L7, + 3 (Lo — LD). (2.7)
m=1 m=1 m=1

We show that the second term is negligible for d — oo, d = o(k) using Baum-
Petrie again and that the first term is negligible using uniform mixing and
the Ibragimov-Linnik lemma (Lemma 3.7 below).
IV. We Taylor expand Y1_, log L% in 7 and apply uniform mixing to show
it has the LAN structure.

Finally,
V. We evaluate [()g) necessarily by a different starting formula than Baum-
Petrie’s, but again rely on their results to dispose of possible long range
dependence.

The proof of Theorem 1.1 is based on the following lemmas whose proofs
are given in the next section.

We adopt the following notation. We say

Ay = Oy, (ay) (2.8)
T there exists some Mo, ¢(-) \, 0 such that for all M > My and n > n(M)
Pl A, > Ma,) < o(M)b,.
In particular, Op (a,) = O(ay) and O (a,) = Op, (ay).

Lemma 2.1 If Al - Af hold, r > 16, k = n*F%, ¢ > 2, de+y < L,
v > 0 then for any |7| < M,

> 10g(Lon /L) = Ocy (07772 ex) (2.9)

for any e, — 0, ne, — oo

10
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Lemma 2.2 If Al - A5 hold, r > 32, k = n* ", 4e +~ < i then,

N
Ey sup {Z log L7, — 5,1 <7 log 50(Y$)|ka+1) (2.10)
[7|<M Mm=1
s et (YO X
o |[o90, © 0T m
= Okl
where ||a;;|| is the matriz with entries a;;.
Lemma 2.3 Under A1 - A4
.1 T
lim —F {(v log £o(Y{ | X1)) (v Tog fo( Y| X1)) } _I(d)  (2.11)
where (Vo) is defined as in (1.10).
Lemma 2.4 Under Al - A4, if k = o(n)
1 ¥ \
=2 Eo{v v log (Y Xk )| Xk} = I(00)  (212)
n m=1
(AR (k) 4 _
- > B I v log bo(Y ) [Xows )| [ Xk} = Op(l)  (2.13)
m=1
max |6, 7 log Co(Y P [ Xonrar)| = €| Xonis] op (1) (2.14)
where 7 71 h = (Vh)(7h)T.
Lemma 2.5 Under A1 - A4,
! i P gt (YO X, )| 28 —1(00) (2.15)
il Py .
n = 9900, og Lol X mk+1 0

Proof of Theorem 1.1: ;From lemma 2.1 we see that if 7 = 7, we can
replace the left hand side of (2.5) by SN_ log L% =+ O., (n—2w/5/en) if

11

The
1s now weaker
(k = o(n='/%)
and not k£ =

o(n_l/z).

lemma

R15: Changed

Since, v is now
smaller we have
no problem.
The last line of
the display was
changed, since
Lemma 2.2 is
weaker.



k=n*t"e>2 ded vy < L.
Lemma 2.2 now guarantees that

N N
Silog Ly, = burl Y loglo(YS) | Xnin) (a)
m=1 m=1

1 X ;| 9*log
= (Y R X, 5
*2n 227 | o, oY i) 7
+ 0, (n—1/2+85+2w/en) ‘
Let
bmn = 6,77 7 10g lo(Y P | X ppgr), 1 <m < N, (b)

We claim that this is a triangular sequence of martingale summands with
respect to the o fields F = (X (ma1yht1s Y1,om)k), L < m < N. This
follows from the Markov property which gives,
by by
Eo{%(Ym | Xkt )| Fm-tyn} = Eo{%(Ym [ Xokg 1) Xmpia} =1 ()
and the usual interchange of differentiation and integration. Further, I(vy)
is well defined and by Lemma 2.4 equation (2.12),

N
Z EO( 3nn|F(m—1)n) &) Tg](ﬂO)Tnv (d)
m=1
and by lemma 2.4,
N
m=1

N
< [ B (Gl Finmna)] max Po*[[€mnl 2 €l F1yal
m=1 -

= Opo(l)

The central limit theorem for triangular arrays of martingale summands (see
Hall and Heyde (1980) for example) establishes that

N
8,77 3 7 log lo( Y[ X,ir) B N(0, 7T 1(9)7). ()

m=1

12
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Finally, lemma 2.5 establishes that the last term in (a) tends to —%TT](IgO)T.

The theorem is proved.
O

Proof of Lemma 1.1: We construct a minimum distance estimator. The
proof is based on LeCam (1956). The construction is simple under the as-
sumption that for some k < oo, the map J — quk) is 1—1 and © compact. In
that case it is possible to construct \/n consistent estimates by considering
ng), the empirical distribution of the vectors {Y,1, : 0 < b < k — 1}, for
1 <a<n—k+1. See Rydén (1995) for a proof that & = 2K under some
what different conditions than ours and Rydén (1994a) for the construction
of the \/n consistent estimator. In general, let © = 32, ©; with 0,41 D 0,
J = 1 compact sets, and define T,;, = {t € O, : n_1/4dK(Pt(k),P7(f)) =
mingee, dK(quk), ng))} where dg/(-,-) is the Kolmogorov distance. Then let

=1/4 and

v € T, where T,, = T,,;; with T, ;5 non-empty and radius less than n
minimal 5 + £.

a

Proof of Corollary 1.1: The corollary follows in a standard fashion by
the methods of LeCam (1986) and LeCam and Yang (1990). Let G, =
GV : |9 — | < Mn~='/?}. Note that there are O(n"/?) points in Gas,.
Write R,, = R, (7) for the remainder term in (1.12). It follows from Theorem
1.1 that

Py ( sup ‘Ln(T) —TA, + 1/2TTJnT > 6) (a)
7—7ﬁ5_1/2€gMn
< O(rﬂ/z) sup Po(|Ru(T)] > €) (b)
7—7ﬁ5_1/2€gMn
2.

Hence 4, is in distance Op, (n(1+7)/2) of
n~V2argmax{rTA, — 1/277J, 7} = n V2JIA,, (c)

which proves Corollary 1.1.

13
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3 Further lemmas and proofs

We begin with four lemmas which are straightforward extensions of key
results of Baum and Petrie (1966) (lemma 2.1, lemma 2.2, and corollary 2.3)
valid under assumptions Al - A3 and hence the proofs are omitted. They
contain the essential information that knowledge of y’s and x’s in the distant
past adds very little information to the present. Lemma 3.1 guarantees strong
mixing conditions.

Let

-1

poly) = (14 (K = 137 (0o)pas ()
In what follows we write Py(A|B,y1,...,yn) if Po(A|B,Y1,...,Y,) is a ver-
sion of the regular conditional probability of A given B, Yj,...,Y,, and
Ps(A|B,y1,...,y,) is defined for all ¥, A, B and yq,...,y,. This is easily

done if we can define densities gy(y|x) valid for all ¥,y and =.
Lemma 3.1 For |9 — do| < 6 and all Vo,

Py[Xivn = b[X; = a,y1,. . yn] = po(yisr) > 0. (3.1)

Lemma 3.2 [If C; is an event depending on X;, Y;, ¢ > t, only, then for all
|0 —do| < 6, Vo, d > 2,

t—1
1P [Colyizts s yimast) — PolColyicts - omma)l <00 T (1= 2p0(y;))
J=t—d+1
t—1
< exp{—2 Y po(y;)}
J=t—d+1

Lemma 3.3 Let C; be as above and
M;(ﬂ) = m{fLX P§[0t|y17 R yant—d = Cl]

and define M; () as the corresponding minimum. Then, for all ¥g, |9—10,] <
)

)
t—1

MF@) = Mz)| < TT (1= 2u0(y,)) (3.2)

j=t—d+1

14



Lemma 3.4 [f Al and A2 hold then for all 9o, |9 — Vo| < 6, y1,..., Y, a,b
Py[Xop1 = alyr, ... ye, Xo = 0] = y(do). (3.3)

The following two lemmas are of general utility in missing data models.

Lemma 3.5 If P> Q, e = %, T € I41(Q), and B is a sub o-field, then

Ep|Eo(TB)] < Ep{|T"} B {e™} Eg{e™™}, (3.4)

where 1+ 1 4+ 1 =1,

Proof of lemma 3.5: Note that,
Ep(TeMB)

Eo(T1B) = gy (a)
So, (3.4) is bounded by
Ep|Ep(Te*B)Ep(e™B)| < Ep{|T|*Ep (c™|B)} (b)
< Bp{Try B e} BE {1,

Lemma 3.6 Let ¥ — Uy, ¥ € R, be continuously differentiable where Ug(+)
is a stochastic process on (2, A), B is a sub field of A. Then, if Py < v and
ly = dPs/dv, suppose

(ii) ¥ — Ey|%2

(iii) 0 — Ey[U2]

(iv) ¥ — qu(%log&g)z
are all continuous.

Then,

0
%%G“

oU.
B):%(ﬁf

B) + covy { (Uﬁ, a%log&g) ‘B} (3.5)

15



Proof of lemma 3.6: Write, A(V, 4+ A) = log(lyya/ls),

E, (U§+A6A(§,§+A) ‘B)

Esia(Ugpa|B) = E, (eA(19ﬂ9+A)‘B)

Then

0 0
—Fy(Us|B) = A

o Ey(Upsae OB (b)
— Ey(Ug|B)

0

aAE (eA(§,19-|—A) |B)‘

A=0

provided the right hand side exists. Interchange of integration and differ-
entiation may be justified under our condition by a delicate but standard
argument we do not reproduce. We get that the right hand side of (b) is,

Ey (aUﬂB) + By (Uﬁaaﬁ logﬁﬁ‘B) — By (U4|B) E, ( 0

o

log (s B) (c)

and (3.5) follows.

We also need a basic lemma from Ibragimov and Linnik (1971) (theorem
17.2.2 (p. 307)) which we quote for completeness.

Lemma 3.7 If &, n have joint distribution P with marginals Py, Py such that

|P — (P1 x P2)|| < o where || - || is variational distance and for some 6 > 0,
and E|E|*T0 < ¢i, BE|n|**® < ¢, then
[ B(&n) — E(§E(n)| < ca'™” (3.6)

where f=2/(2+06) and ¢ =4 + 3cf/205_ﬁ/2 + 301_5/205/2.
Here are the additional lemmas we need to carry out I-V. Let

Oé7-72'7m(a, b) = PT [Xi-l—l = b | XZ =da, 1/1, ceey Ym] (37)
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Lemma 3.8 In our model, if 1 <:<m—1

I o =
067—72'7m(a, b) _ EO {%(X17T)’L7Yl7m)|Xz = ClaXz—I—l - b, Yl m ‘ (38)
aO,i,m(a7 b) EO {%(Xl,ﬁw Yl,m)|X2 =4a, Yl,m}

Proof of lemma 3.8: Note that

PT[Xi+1 = b, Xz = G|Y17m]

(a)
Ey {%(le,YLm)l(XHl — b X, = a)|Y17m}
Eo {J (X1 Vi) [ Y10}
2 Y
PIX; = af Y1) = {fO(X}WYM)l(XZ Ll
Eo {J (X Vi) [ Y10}

{;;(le,Ylm)l(Xi = a)IYLm} (<)
£, {fT

f (Xl m7Y1 m)|X =a Yl m}PO[ - CL|Y1 m]
0

Substitute (a), (b) on the LHS of (3.8) and simplify using (c¢) and an analo-
gous expression for the numerator in (a) to get the RHS

O
Let
Sp={(a,b,e,m,7): m—1<d,,1 <m<n,|r| <M}
and EOm() = Eo('|Y17m), Prm() = PT('|Y17m), etc.
Lemma 3.9 Suppose A1, A3, and A} hold and
d, = o(n**/logn). (3.9)

17



Then,
Py |inf E fTX' Y, )| Xi=a, X;p1=0 >1
0 15%1 Om %( 2,9 2,m)| i = A, A1 = - 5

Proof of lemma 3.9: ;From (1.2),if |7| < M,

=1—o0(n"). (3.10)

C
0 ad Qg 7o =i

E(Xi,m, Y,,.) > (inf S (e, d))™ "+ inf () exp {—M(Sn fj g0V, M&n)} . (a)

By Al and A2, if |7] < M then the first two terms are larger than (1 —
rr)™=* for a fixed r = r(M) < oo so that

inf EOm {E(X%m, Y]7m)|XZ = a, Xi-l—l = b} (b)
Sn Jo

= (1+o(1))exp{(=(dn +1)M6, max go(¥j, M&,)}.
But by (3.9) and A3, for some A > 0, R22: Changed
P0[1r£1a<X qo(Y;, M$§,) > log2/Md,,é,] (¢) R23: Changed
<j<n

nPolgo(Yr, Mé,) > log2/Md,é,]

<
< nexp{—A(log2/M)c, log n}Eoe/\qo(Y1,M6n)7

n
where ¢, — oo and (3.10) follows.

Lemma 3.10 Suppose Al - A4 hold and € > % Suppose d,, — oo, d, =
o(n'/?/(logn)?). Then

sup
Sn

Anm (g, b) — 1‘ = Oy (n717%9) (3.11)

Q0 i,m

Proof of lemma 3.10: By lemmas 3.8 and 3.9 it is enough to show that,

SUP{|E0m(£(Xz’,m7Yz’,m)|Xi = a,Xip1 = ) (a)
Sn fo
= E0m<%<Xi,m,Y¢,m>|Xi = a, X1 = )|}

= 0O, (n_1/2+6) .

18



Consider the following three Markov chains, X7 ,,..., X ; X/, ..., X;
X7, ..., X)) where,

i) The { X!} and {X?} are independent. Both have transition probabilities
Qo jm, for going from j to j + 1, ¢ < 53 < m, with Y, ,, held fixed, X! =
X"l—aandX{ =b, X/, = c. and

i) X" = X/1 (ﬁg T)—I—X’ (( >T) where T'=min{l : X; = X}, 1 <<
m} A m. Note that,

{X):0<0<T} and {X)":i < <T} (b)

have the same distribution. Further, if Ey,,, Fy, now refer to probabilities
on the space on which the data and the X, X7, X!" are defined,

fT

[Bon (- (X Yion) | Xi = @, Xigs =) (c)
0
- EOm(%(Xi,m,Yi,m)lXi =a,Xip1 = C)‘
f Ir
= |Bon (X s Yin) = (X Yin)|
_ E fT X/ Y fT X/// Y d
- | Om[(f_( 7,1 Z7T) f ( 7,1 Z7T)) ( )
fT 7 aT 7 7
(XT-I—I) (XT-I—D s 7Xm7 YT-I-17 s 7Ym)_(XT7 XT-l—l)]"
7TT f %]

By Al and A2, for |7| < M, d,, as above there exists ¢(M) < oo such that,
if A, = max{q(Y;, Mé,):1 <5 <n},

exp{=6,(T —1)(MA, + ¢)} (e)
< ff (Xir, Yir)

< exp{én (T —0)(MA, +¢)}

The same holds if X 7 is replaced by X7 and also
fr

%(X/T—I—l,mv Yriam) < exp{énd,(MA, + c)}. (f)
By A3 and (c¢) of the proof of lemma 3.9
A, = 0,1 ((logn)?). (g)

19



Then, from (d), (e), (f), and (g), (a) follows if

Sgp{Eom(e(T_i)“" — eIy = 0,0 (n712H) ()
for
a, = 0(6,(logn)?). )
Now,
i+t
PonlT > i 0] < I (1= Kpg(¥)) )
j=i+1

since for 7 >1

Pou[Xjpy = X[ Xf =0, X =t =} aojm(a,c)agim(bc) (k)

> Kpg(Yitr)
by lemma 3.1. But, by A4
V(K /b)) 1)

R [ain (02050} <0.] = 7m0y = =0 g
= o(n7h)

if
b, = o(n_Q/T). (m)

Note that for any integer valued random variable N > 1
Ed" =a+> (" —d")P[N > 1] (n)
t=1
;From (j), (1), (n), if b, = o(n=%"), b,n/(logn)? — oo, then a, = o(b,) and, R24: Changed
with probability 1 — o(n™!),
maX{EOm(e(T_i)“" — e_(T_i)“") cm—1<d,,1 <m < n}
< etm—eTt 4 (e — l)et(“"_b")
=1

— % Ton + (ean _ 1)ean—bn(1 . e(an—bn))—l

= O(an(by, —ay)™")
= O(a,b;")

n

20



and (a) follows from (h).

Lemma 3.11 If Al - A/ hold, ¢ > %, then

Sgp |P7m[Xm = Cl] - POm[Xm = a” = Ol/n (n_1/2+26) (312)

Proof of lemma 3.11: For fixed a let V., ,, € RY be the column vector
with coordinates:

Ve (t) = Prn[ X = a| X = 1], < m. (a)
Then,
‘/T,ﬁ,m =0rtm--- aT,m—l,m‘/ﬂ',m,m- (b)
By lemma 3.3
Sup{|vq—7g7m(b) - V7'7f7m(c)| : bv G, |T| < M} (C)
m—1
< I (0 —=2p0(Y7))
7=0l+1
S e—(m—f—l)Bn
where,
By =2 min po(Y;). (d)
Then,

sup{| Vot (0) = Veri ()| by 7| S Mo < m) = Opi (1) (o)

if b, = o(n_%), by arguing as in (1) of lemma 3.10. Therefore, if ¢, 4, =
K=t5 Vi sm(b) then

sup{||Vr.em — cﬂg’mlﬂeb"(m_[_l) cmy T < MY = 0,1 (1) (f)
where || - || is the L, on R* and 1 is the vector of 1’s. Then from (b),

H‘/ﬂ',ﬁ,m - %,ﬁ,m” — Haﬂ',ﬁ,m‘/ﬂ'l—l—l,m - OéO,ﬁ,m‘/O,ﬁ—I—lmH (g)

S H(Oéﬂ',ﬁ,m - aO,ﬁ,m)‘/ﬂf—l—l,mH + H‘/ﬂ',ﬁ—l—l,m - ‘/O,K—I—l,mH-
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Further, from lemma 3.10, if m — ¢ = o(n'/?/(logn)?), b, = o(n=/")

H(O‘T,ﬁ,m - O‘O,ﬁ,m)VT,f-H,mH < pne_(m_g—l)bn (h)
where Prn = On=1 (Cn)v Cn — n_1/2+6 since
(OfT,f,m - Oéo,f,m)l = 0. (1)

Iterating (g) and using (h), we get, if d,, = o(n'/?/(logn)?), b, = o(n=")

SUp{ || Vet — Vol 1m0 — € <y 7| < M} = O, (e,b71). ()
Finally,
| Pr[ X = a] = Pon[ X = al (k)

= D AP Xe = 0]Vo 0 (b) — Pom [ Xe = b]Vo0m()}]

S |Z(P7m[X€:b]_P0m[X€:b]) Tfm( )|+H‘/ﬂ'€m %,ﬁ,m”-
b

By (f) the first term in (k) is, if m — ( > d,,, = O, (e‘d"b"). If we use (j)
and put b, = n~°, d, = n“(logn)* the lemma follows.

O
Lemma 3.12 Under Al - A4, if k = o(n'/*™7), for some v > 0,
(;
sup{‘g ( |ka+1)—1‘ 7| < M, 1§m§N} (3.13)
0
= Ol/n (TL—’Y/Q)
Proof of lemma 3.12: Note that for any p > 1,
lr 5 h) "
Eosup § | 72(Y5 X)) —1| « |7l <M (a)
0
f P
_ Eosup{ Fo l( () - 1) ‘Xl, ] e < M}
0

< (14 o(1))Eqsup { ?

0

P
(X ,YO’“>>—1\ el 0ol
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But, for any differentiable function A(¢) with A(0) = 0,
sup{‘eA(ﬁ) , 9] < 5} < 5sup{|A’(19)| A0 | < 5}

S 5M5€6M‘5
where Mg = sup{|A'(J)]: |V]| < é}. We conclude that,
Fosup { ?

0

P
(Xo 7Y0k))_1‘ : |T|§M}

< (M pEo{(ZqY M, ) exp [pMéniam,M&n)”,

j=1
where
i0,6) = (3, 6) + sup{| ¥ log au(a,b)| = 9 — o] < 6,05}
Bound the right hand side of (c) by,

p(1+¢) .
(Ms,) pE1+e{(Zq Y,M(Sn) }EOHE {exp

The second term in (e) is bounded by

(1—|—6M5n

=1

1

LP [Eo {~p 14¢) Y17M5n)}] Tte
and use A3 to bound the third by,

ke/(14¢€)
1
[maxEO {exp (MM(an(Yl,M(Sn)) ‘Xl = aH
a €

_ (1 .\ %) kee/(14-¢)

= 14 o(1)
since k = o(n'/?) and 6, — 0. Therefore,

(.
PO[ sup { ( |ka_|_1) — 1‘} n WZ]
1<m< N ly
|7|<M
< 0(1)%(k5n)p ek
= o(n7h)
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if k=0(nY*7),p>2+3/7.

Lemma 3.13 Under Al - AJ if k = o(n'/*™7), for some v > 0 and ¢ > 2

LTT)’L — L 1
sup{—| I | 31§m§N7|T|§M}:Ol/n (n_2+26)- (3.14)
Proof of lemma 3.13: By (3.1)

l l

min K—T(Ygf)m)Bf(Yl,mk) < L;, < max K_T(Ygf)m)BT(YLmk) (a)
a 0 @ 0
where,
o P X k1 = a| Y1k lo(Y ) a
BAY, ) = ettt = ol 7@)| ! (&)
Yo Po[ka-H = G|Y1,mk]€0(Ym |a)
But,
PT[ka—I—l = CL|Y1 mk]
B:(Y1m:) — 1| < max — — 1. c
1B, (Vi) = 1] S ma | gt =t ()

It follows from lemmas 3.11 and 3.4,

sup{| B- (Y1 i) = 1] [T S M1 <m < N} = Oy (n752%) 0 (d)

On the other hand
G~y T VI et ) )
(Yila) = 22 Eo ¢ (X0 Y () X = 0, Y] ()

lo s
so that by (a) of the proof of lemma 3.10, if k = o(n'/?/(log n)?)

(, (, Cae
sup{I (YW ) = Y] 2 7] < Moa.b) = O, (w7) ()

JFrom (a), (d), (f), and lemma 3.12 we obtain lemma 3.13.
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Lemma 3.14 Under Al - AS
N n\ 1/2
By it -1=0((5)") (3.15)
m=1

Proof of lemma 3.14: Note that

Eo{[L7g = 1|[X1 = a} = [|[L-(Y1 5| X1 = a) = Lo(Y14[ X1 = a) (a)
where || - || denotes variational distance. Therefore

Eof{| L7 — 1| X1 = a} (b)

< L (X, Y ) [ Xa = a) = Lo((Xo g, Yiu)| X1 = a) (c)

< 2H(Lou L1a) (2= HA(Lows L1))"

where Lo, L1, are the laws in (c¢) and H is Hellinger distance, by a standard
inequality (LeCam (1986) p. 47). But,

1 — H*(Log, L1a) (d)

s { (ji—) " (X Yo Xo = }

k 1/2
I1 Eo (gi) (Yi|X;) ‘Xl - a}.
=1 Yo
But
HEo (""—) (©
Yo
_ E, {eglog gr/90) (YilX; )}
1= 1
i 1 1 Irl
> I [1 - ?n|7'|2pE0 { <1q§(Yi,M5n) + 5%2(5/2'7]\45 )) ¢z oY, M5n)}]
=1
k
o)
n
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by Taylor expansion and A3 and A5. Similarly, by Al and A2:

k—1

Eo{(:—;)m @1 (%)m (X, Xixn)| X1 = a} > 1-0 (5) M

(&%) n

Finally, we conclude from (e) and (f):

S H(Lon, £20)rola) = O (5], (@

a=1 n

The lemma is proved by (a), (b), and (g).

Lemma 3.15 If LY is given by (2.2), r > 8, k = o(n'/*=7) for some v > 0,
d=nlog’n, ¢ > % then

sup{ L(TCQL — LTm‘ | <M, 1 <m < N} =0, (n_l_e) ) (3.16)

Proof of lemma 3.15: By lemma 3.2, if B, is given by (d) of lemma 3.11,

sup {|PT[ka—I—1 = a|Ymk—d,mk] - PT[ka—I—l = a|Y1,mk]|} (EL)
e
mk—d—1 mk
< {23{({ > ITa- 2#0(16))}
= =1 j=0{+1
- e—(d—l)Bn
T 1l—eBn

= O (n717%)
by arguing as for (1) of lemma 3.10. But, by lemma 3.1,
PolX:=a|lY1,] > rﬁibnozo’g_l’n(a, b) (b)
> min{polY): 1<) < n)
and, hence

Po[mignPO[Xg =a|Y1,]>n"]=1- o(n_l). (c)
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But, arguing as for lemma 3.13,

| Ly — L(TCQL| < A (1) max i—T(Y(k) la) + A (0) Ly, (d)

@ 0

where

A (7_) — max{ |PT[ka—I—1 - a|Y1,mk] - PT[ka—I—l - a|Ymk—d,mk]|} (e)
T PolXmks1 = a|Y mk—dmk]
By (a) and (c),
sup{A,(r) : m, || < M} = 0,0 (n=0149) ()

and lemma 3.15 follows from (d), lemma 3.12, and lemma 3.13.

Lemma 3.16 Suppose Al - A4 hold. Let d = nlog®n, ¢ > %, and k = ntt

for some v >0, 4+~ < L, so that r > 16. Then

2/

Eq { (Z (24 - ij))z} = 0(n™) (3.17)

m

Proof of lemma 3.16: For any fixed u, we first bound

{

PT T “
Ey {(L(TCQL)“} < Fy { (mdax FO[ka_H = a|Y mk—dmk] max %(Yfff)m)) } . (a)

Now the first term in (a) is uniformly bounded by lemma 3.4. The second is

bounded by,

(m+1)k
exp{M&,u > qo(Y;, Mé,)}. (b)
7=mk+1

Thus, if k = o(n'/?), by A3, for all u, eventually,
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Similarly,

Eo(Lz, )" < Cy. (d)
Now,
LY = L2, ()
< max K—T(Y(ma) — K—T(Y(mb)
a,b KO m KO mn

‘,
+ max g_(ng) |a) max
a 0 a

= 0,2 (n—1/2+e) £ 0, (—1/2+25)

P
FO[kaH = a|Y kedmk] — 1

by (f) of lemma 3.13, lemma 3.12, lemma 3.4 and lemma 3.11 and (a) of

lemma 3.15. Let ¢, = en™"/?*% for some large enough c¢. Note that
Eo Lt — 1z, [ (1)
< P B {11 — Ly, P, - 1, > e
S 0721+86 + Eé6e2 {|LS—CQL . Lim|(2+86)/1662} P01—16e2 {|LS—CQL . Lj—m| > Cn}
S ZCQ—I—SE

n

for large enough n.

We will apply the Ibragimov-Linnik lemma 3.7, with 6 = 8¢ . Note that, if
d < k., by the geometric ergodicity of the chain under A1, A2, the variational
norm distance between the joint distribution of (L{%) — L7 L) — L7 )

and the product of the marginals is bounded by C¢&"™1=™2l for some C' < oo,
¢ < 1 and all my, my. Hence, using (f) above

under our conditions on k, ¢,.
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Proof of lemma 2.1: It’s enough to show all terms on the RHS of (2.6)
are O, (n_W/Z/en). The first term is equal to

N N
S (Lom — L)+ Y (LD —L7,) = O, (%12 (a)
m=1 m=1

by lemma 3.15 and lemma 3.16. The second term can be bounded by

LTT)’L_L* N 1/2
oup 1P Lol 52, g = o (e (1))

1<m<N m=1
ITI<M

= 0., (n‘wz/en)

by lemmas 3.13 and 3.14. Finally the third term is negligible since

Lo — L7 -
|R.| < (1—811]@{%3 I <m<N, |T|§M}) (c)

= Op1 (1)

and

o Gt N @

m=1 Tm

both by lemma 3.13.

O
Proof of lemma 2.2: Expand
log L7, = 8,7" 7 1og lo(Y ) [Xonpyr) (a)
L g, 07
— log lo(YW|X,,
+ ZnT Haﬂlaﬂ] og 0( m | k-l-l)HT
L(1—N)? o°
53/ e Tog £y, (Y®) | X1 ).
L Zb:T " G0,00,0, 08 e [ Xmier)
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We use a classical formula based on lemma 3.6. If B is generated by X511,
Y, and we suppress arguments in fy,

— COoVy

93
- (k)
30.90,90, 28 0 (o [ Xonk1) (b)
- B Llf‘BJr a—Qlfilf\B
= " 00,00,00, & Y 0,00, BT g9, B
0? 0 0? 0
+ covy {Mlog fﬁ, a—ﬂblog fﬁ‘B} + covy {M log fﬁ, a—ﬂalog fﬁ‘B}
0 0
— covy log f§ log fo,— 0. log fs|B
{ 8

0
a9,
0 0
8—19alog fﬁa—ﬂclog fﬁ, 6—19610g f§ B}
0

0 0 o°
— COVy {a—ﬂblog fﬁa—ﬂclog fﬁ, a—ﬂalog f§ B} — 781%81968190 log 7T§(ka+1).

We see from (b) and assumptions Al and A2 that to bound the third term
n (a) it suffices to bound, for |¢ — do| < M6, all a,b, ¢
} , ()

Ey {qu

k 2
Eo{ B0
7=1

3

k
0

————log gs(Vi|X;)| |Y1,..., V)

|;aﬂaaﬂbaﬂc Oggﬁ( ]| ])|‘ 1, NS g

0
Z 919a9195 10g gs (}/J |X])

- (1+ |z£ <1@|Xj>|) i}

“fe] o

We can apply lemma 3.5 to all of these and use A3 to conclude that, under
A5, (¢)- (e) are uniformly O(%*). To do so we take r in the lemma as close to

and

VIX)P Y,
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1 as possible and s and ¢ as large as necessary since, by A3, and by arguing
as in lemma 3.16 (b), Eyexp |tA| < oo for all k = o(n'/?), t. Therefore, the
expectation of the remainder in (a) is O(n=%/2k%). The lemma follows since
there are n/k terms like that in the LHS of (2.10). under our assumptions.

O
Lemma 3.17 Let —k > —j5 + 2 and
S( k) = r???{ PolX_s = a| X_jia. Y0 X1 = ] (3.18)
- PO[X—k = G|X—j+27Y—j+2,07X1 = C] }
Then,
0
SR <297 W0) TT (1= 2p0(¥0)) (3.19)

i=—k+1

Proof of lemma 3.17:

Po[X_p = alX_jy2, Y _jy20, X1 = 0]

Fol X1 = 0| X_j19, Y _jy00, X g = d

Po[Xl = b|X—j+27Y—]+270]

Po[X g = a|X_j42, Y _j120]

Then
- Fol X1 =0|X_j19, Y _jy20, X i = q] }
S(5, k) < 2max : — 1. (b
:F) ab { Po[ X1 = b X 19, Y _j190] (&)
But,
Po[ Xy = b[X_j12, Y_jy20] (c)
= > Po[X1=0bX_k =, Y 10 Po[Xok = ¢| X_jy2, Y_jia0]
and hence,
S, k) (d)
Zc |P0[X1 = b|X—k = C,Y—k+1,0] - PO[XI = b|X—k = G,Y—k+1,0]|
< 2max ;
ab ming Po[ Xy = b[X_j12, Y _jy20]
0
< 270K T (1= 2p0(Y)))

j=—k+1
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by lemma 3.3 and 3.4

Proof of lemma 2.3: Without loss of generality take ¥y = 0. Write,

k .
G0V, Y X)) = [T 22 (X0, Yy ) (a)
j:lg(]‘_l)q9

where ¢;5(X1,Y1,;) is the joint density of (X1,Yy;), for 7 > 1, and gos =
79(X1). Take dim(¥) = 1. The generalization is trivial. Then

0

55 log 1(Y571X1) (b)

d d
> [a—ﬂloggw(XlaYl,j) — 5y 108 g-ve (X1, Y1)

i=1

The terms in brackets are of course martingale summands and we arrive at
the identity,

{( Dot vl |X1>)2} ©

k a a 2
= Z 10ggyo(X17Y1 i) — 50 log g(;—1yo(X1, Y1,;-1)

1

ECH

{ (X1,Yq, ])} say
{U2 (X2, Yy, 1)}

where (X Yj), —o0 < j < oo is the two sided stationary sequence such that
(X;,Y;), 7 > 1 are distributed according to Ps. We claim that,

Eo {U(X_j42, Y _j21) | — 1(%) (d)
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b/
and that combined with (c) clearly establishes (2.11). Now, if we use —(¥)

b
for 2 log b(¥),

Ui(X_jr2, Y_j21) ()
1 g/ 0 o
= Bl X RO+ D SN X)X, Yo
m=—j+2 90 m=—j+2 Y0

/

0 / -1 a
- EO { Z g_O(Ym|Xm) —I_ Z _O(Xm,Xm+1) ‘ X_]‘_|_27Y_]‘+270}

m=—j+2 go m=—j+2 %]

by the usual formula. Consider the first part of the mth term in the sum in

(e);
Ul (f)

P !
Eq {g—O(lexm)\X_m,Y_m,l} —-E {g—O(leXm)lX—ﬁza Y—f+270}
9o go
K 1
= 3 SO (AL = afX i Yol = Bl = 0] X, Yool
0

a=1

Note that, by the (backward) martingale convergence theorem, for fixed m <
0,

! !
Ul 2 Eo {§—0<Ym|xm>m,%, . } — By {g—%ymmm,y_l, . } (g)
0 0

as j — oQ.
Note that,
Po{ Xy = alX_j12, Y _j120} (h)

= > Po{Xn=alX_j42, Y _j420, X1 = 0} Po{X1 = 0| X_j2, Y_jya0}
b

and

Po{ Xy = a|X_j12, Y _jt21} (i)
= > P{Xn=alX_j42. Y _jp20, X1 =c} Po{X1 = ¢|X_j12, Y_ji21}
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so that,
max [Fo { Xy = a[X_j2. Y a0} — Po{Xo = a|X_jp2, Y_jiaa}| ()
< max Po{Xm = alX_j12, Y _jy20, X1 = b}
— Po{ X = a|lX_j12, Y 120, X1 = ¢}
= S0, —m).
We conclude by lemma 3.17 that,

K / 0
- g
USR] < 297 (Wo) X |22 (Vonla)| TT (1 = 2m0(Y0)) (k)
a=1190 k=m+1
0
< 297 (Vo) KoY, My )exp | =2 >~ pro(Yr) | -
k=m+1
Now, by (k)
-k
Eo( Y UL (1)
m=—j+2

-k -k

< WK Y Y Eo{qo(YmmeSn)qo(meM5n>

mi=—j+2 ma=—742

exp [—2 (ZO: po(Y) + ZO: NO(YIS))

t:m1 t:m2

Applying the Holder inequality to each term and using A3 we obtain

E%(iU@} )

SQZZ%W%WPMH%§MM+§mmﬂ

mi M2

But, if m; < mg

Ey {exp [—2(1 +¢) (_ZO: fo(Y:) + ZO: ﬂO(Yt))




_ { H E, ( —4(14€) o (Y2) )mﬁlE ( —2(14-€) 10 (Y3) Xt)}

t=my t=m1
< 74(1+5)7§f§+31
S |ma|

V2(14¢)

where v, = max, Eo(e_s“O(Y1)|X1 = a) < 1 for all s > 0. Using the bound
from (n) in (m) we obtain, for some C. < 00, ¥ = Y2(14¢), R27: Changed

—k 2 =2
E{( > Uﬁ?) } < 20 % myntio” (0
m=—j+2 m=k

S BOAHIT (1= 4007,

Thus for any 6 > 0 there exists k = k() such that, for all j > k + 2,

EO{( fj U};Q) }<5. (p)

A similar argument shows that for fixed &, some (' < oo, all 7,

Eof zoj Uitht < ¢, (a)

m=—k

By a similar but easier argument if

Then

/

X o «
U](;) 5 K {Q—O(XmaXm+1)|Y1,Yo . } — Eo {—0
0

(&%)

(Xm,Xm+1)|Y0,Y_1,...} (s)

and (p) and (q) carry over as well. We conclude that (d) follows since in

fact, by (g), (p)~(s),

Ui(X 12, Y ja1) 3

W(Yy,Ye,....). (t)
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The lemma follows.

Proof of lemma 2.4: We begin with proving (2.12). In view of lemma 2.3
it is enough to show that for all 7,

1 N
Varg (5 > B {7 7 log lo( Y Xk ) [ Xonkr | TT) —0.  (a)
m=1

But if we let hjm(Xmet1) denote the mth summand in (a), lemma 3.7 and
geometric ergodicity of the {X,} guarantees that the expression in (a) is

bounded by,

C Foh? 1(X,)Nn~?. (b)
Also,
Eohj1(X1) (c)
< M'Eo| v log bo(Y{ | X))
< M'E| é V log go(Yi|X;) + § V log ap( Xy, Xiy1) + :—i(Xl)l“

= O(k?)
by invoking the formula of (e) of lemma 2.3 and lemma 3.7 again. Thus,

Eohf (X1)Nn=? = O(kn™") = o(1) and (a) and (2.12) follow. To prove

(2.13) we take expectations and note that it is enough to show,
Eo| 7 log lo(Y1"1X))|' = O(K?). (@)
But this is just (¢). Finally, (2.14) follows from,

Polé 7 log lo(Y X)) > 6 < 072 Eo| 7 log (Y1 XD)[T (o)

= O(k*n?).
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Proof of lemma 2.5: By a standard identity valid under our conditions.

82
|50 (g s 0¥ )| =~ 77 o ¥ o

Therefore, by lemma 2.3 and stationarity

1

N
Eo Y- 1| 5557 108 (Y X )| = —1(00). (b)

Now use Ab and argue as in the proof of (2.12) to obtain the lemma.
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