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Abstract

This paper presents generalization bounds for a certain class of clas-
sification algorithms. The bounds presented take advantage of the local
nature of the search that these algorithms use in order to obtain bounds
that are better than those that can be obtained using VC type bounds.
The results are applied to well-known classification algorithms such as
classification trees and the perceptron.

1 Introduction

1.1 The classification problem setup

I consider the classical problem of learning a classifier from examples which can
be formalized as follows: Let P be an unknown distribution over Z = X x Y.
Let 7 = (X,Y) and 7Z; = (X;,Y;), 4 = 1,2,... be iid random variables with
distribution P. The problem is predicting Y given Z1,..., Z; and X.

The set of variables 77, ..., 7Z; is referred to as the training set, and will be
denoted by §. & will also be used to denote the field spanned by the training
set, and the empirical distribution of the training set.

A solution to the problem of learning from examples is a function mapping
the training set into C, which is some set of classifier functions:

M:z = (1)

Each ¢ € C is a function ¢ : X — Y. Thus the prediction for Y is cM(X) where
M = M(Zy,...,%;). The function M is often referred to as a classification
algorithm (CA).

There 1s a one-to-one correspondence between the classifiers in C and error
indicator functions f.: Z — {0, 1}, where

folw,y) = Le(x) # v}
Denote F = {f. : c € C} and fM = f.u.

The quality of the classifier ¢™ | for a given training set, may be measured
using the expected error rate (also called expected risk):

Epr:P(cM(X)yﬁY‘S).

AMS 1991 subject classifications. Primary 62H30.
Key words and phrases. Generalization ability, classification trees, perceptron algorithm.



The solution M is usually geared toward finding a classifier which has low em-
pirical error rate (also called empirical risk):

l
Bef" = 3 3106 £ i}

Therefore, it is often desirable to be able to obtain bounds for the difference
between the empirical and the expected error rates, which is called the overfit
of the algorithm and denoted Ep_sfM. The behavior of the difference will
depend on the underlying, unknown probability measure. The term general-
ization ability is used to describe the worst-case behavior of the overfit of a
specific algorithm. The smaller the probability for a large overfit, the better is
the generalization ability of the algorithm.

1.2 Incremental search classification algorithms

One map M commonly used is

M(Zy,...,7;) = argminEg f..
ceC
This is known as the Empirical Risk Minimization (ERM) method. It has been
shown that the generalization ability of the algorithm can be determined by
using the VC dimension of the set of functions F ([1] sec. 4.9).

Frequently, 1t is difficult to carry out the minimization search over the whole
range of classifiers considered. In these situations, an incremental search is some-
times carried out. To implement an incremental search, a measure of proximity
over the space of classifiers is defined. The incremental search classification al-
gorithm (ISCA) starts by considering some fixed classifier inside the classifier
space, and proceeds by considering classifiers that are in proximity to the this
starting point, and then classifiers that are in proximity to them, and so on.
The algorithm thus proceeds in steps. The more steps that are being taken, and
the larger the number of classifiers that are in proximity to any given classifier,
the larger 1s the search.

One type of ISCAs is that of the greedy search classification algorithm. A
greedy search classification algorithm searches among the classifiers that are in
proximity to the starting point for the classifier with the lowest empirical error.
It then searches the classifiers that are close to this classifier for the one that
has the lowest empirical error, and so on. Other ISCAs may look a few steps
ahead before deciding where to search next.

ISCAs are usually less expensive computationally to implement than exhaus-
tive searches, but they have the drawback that they may not find the global min-
imum of the empirical error. However, in the presence of uncertainty, such as
exists when training classifiers from examples, the fact that incremental searches
examine only a small part of the search space, causes a reduction in the overfit
that the algorithm may produce. That is, while the empirical error rate achieved



may be larger than the global minimum of the empirical error rate, the classifier
found may have a lower expected error rate.

This paper lays out a procedure for estimating the generalization ability, i.e.,
of bounding the overfit, of ISCAs. This procedure can achieve tighter bounds
than would be possible for global or exhaustive search algorithms.

Many of the ideas presented in this paper are present in [3] and in [4].
The treatment here is somewhat different, and includes handling the technical
difficulty of analyzing continuous classifier spaces.

2 Graph theoretical trees

This section defines a few concepts that will be used in the discussion of ISCAs.
A (graph theoretical) graph is a set of nodes V', and a set of edges, F. Each
edge e is a couple of nodes e = {u, v}, u,v € V.
A path on a graph is a sequence of distinct edges so that any two consecutive
edges have a common node:

{1}1, UZ}a {1}2, U3}a .- w{vk—h Uk}'

A (graph theoretical) rooted tree is a graph that has special root node vy,
and which has a unique path from the root node to any other node in the graph.

On a rooted tree any node v can be designated with a level, lev(v). The
root node has level 0, while the level of any other node is the length of; i.e., the
number of edges in, the path from the root to the node.

For any node v on a rooted tree, define:

e The set of offspring of the node:
offsp(v) = {u eV : {v,u} € E, lev(u) > lev(v)}.

e The parent of the node (for all nodes except for the root node wy):

parent(v) = u, such that {v,u} € E, lev(v) > lev(u).

e The set of ancestors of the node:

ancest(v) = {u € V \ {v} : {u,u’} € the path from vy to v}.

e The set of descendants of the node:

descend(v) = {u € V : v € ancest(u)}.

A node whose offspring set is empty is called a terminal node, or a leaf.



3 A tree node numbering procedure

This section presents a natural way to assign a number, n(v), to each node v
on a rooted tree. The numbering which results has the following properties:

e The number n(v) of any node v depends only on the number of offspring
of the nodes in the path from the root to the node v.

o [{v:n(v) <k} <k
e If the tree has no leaves, then
[k/d] < [{v:n(v) <k},
where d = max{y.n(v)<k) [offsp(v)].

Definition 1 For any rooted tree, T = (V, E, vg), define the a numbering, ny,,
of the node set recursively as follows:

nvD(UO) = 1a
Ny (V) L+ Joffsp(vo)| - my, (v),

where vy 1s the offspring of vo in the path from vy to v.

For each node, v, its number, ny,(v), can be written up explicitly in terms of the
number of offspring of the ancestors of v. Let {wvo, v1}, {v1,v2}, ..., {vk—1,v} be
the path from vy to v. Then:

nvo(v) = 1+ |Oﬁsp(vo)| +
loffsp(vg)| - |offsp(vi)| + -+ - +
loffsp(vo)| - |offsp(vi)] - - - |offsp(vr—1)] -

By the definition of n, the first property above holds. Lemma 1 states the
second property, and its proof follows:

Lemma 1 For any bk =1,2,... and for any v € V, define
Cy = {u € descend(v) : ny(u) < k}.
The following inequality holds:

IRl < k.

Proof: By induction on k. The statement holds for & = 1. Assume that the
statement holds for all k' < k.

Cy = U {u’ € descend (u) : ny,(u') < (k— 1)/ |offsp(v)|} U {v},
ueoffsp(v)



Using the induction hypothesis,

k-1 k—1
uw' € descend (u) : ny(u') < H < .
{ ()l < G | Tofsp(o]

The lemma follows. O

The third property is not used here. It is, however, of interest, since the
bounds in the paper cannot be tight if [{v : n(v) < k}| < k. The third property
of the numbering, therefore, guarantees that for leafless trees; such as those
discussed in this paper, this is not the case.

4 Sieve structures and simultaneous confidence
regions

4.1 General sieve structures and bounds

When a classification algorithm has a rich enough range C, it may not be possible
to obtain bounds of the form

P (sup Ep_sf> e) < 8(e),

fEF

where 8(¢) is small for small e.
It 1s, however, often useful to obtain a somewhat weaker, but still interesting
bound by defining a sieve structure over C:

c=Ja.
i>1

The spaces C; are formed to be small enough so that, for each ¢, a bound of the
type

P(sup Ep_sf. > €) < é;(e),
c€eC;

exists, where §;(¢) are small for small €, but not uniformly in <.
These separate bounds imply a simultaneous bound:

P(Ep_sf. > €i(c)(0i(e)) for some c € C) < Zéi’
i>1

where 8;, ¢ = 1,2,...1s a sequence of constants, ¢;, 7 = 1,2,... are the inverse
functions of &;, and for every ¢ € C, i(c) is some member of {7 : ¢ € C;}.

4.2 A sieve structure for a countable set of classifiers

One way in which the sieve structure can be used is to split an infinite set of
classifiers into a sequence of finite sets. Let C = |J;5, C; be a countable set of



classifiers, where |C;| < N;. Further assume that it is known that for each given
¢, P(Ep_sf. > ¢) < p(e). Then for each i,

P (sup Ep_sf. > 6) < N;p(e).
c€eC;

For this case, ¢;(8) = p~1(8/N;).

4.3 A sieve structure for a tree of classifiers

By using the numbering procedure of section 3, the bound of the previous sub-
section can be directly applied to a set of classifiers that has a rooted tree
structure associated with it, i.e., a set of classifiers which are the node set of a
tree.

Let N;, i =1,2,...be asequence of constants and let n(c) be the numbering
of the classifiers induced by a tree structure. Then,

P ( sup Ep_sf. > e) < N;p(e).
cn(e)<N;
Setting ¢(n) = min{i : N; > n} a simultaneous bound is obtained:
62' n(e
P (Ep_gfc >pt (M) for some ¢ € C) < é. (2)
Nitn(e))

The results of this paper are all bounds of the type given by expression (2).
To obtain such a bound for a particular CA, M, it is sufficient to arrange the
classifiers in the set C in a tree structure. The bound is then implied by the
numbering of the classifiers on the tree.

4.4 A sieve structure for a tree of sets of classifiers

A slight generalization of the situation in the previous sub-section results when
each node in the tree, v, corresponds to a finite set of classifiers C,. This
situation arises during the construction of the trees of classifiers.

The simultaneous bound in such a situation is

62' n(v
P (sup Ep_sf. >p~ ! ) for some v ceV)<é (3)
c€C, Nitnv)) |C|

Since the expression for the bound in (3) is unwieldy, I introduce the abbre-
viation s
k) = -1 i(n) )
ep(n,k)=p <—Ni(n)k
Thus, in this notation, the bound in (3) is

P (sup Ep_sf. > ¢, (n(v),|Cy|) for some v € V) < é. (4)
ceC,



Below, I also use the further abbreviation
Bi(n)
ep(n) = ep(n, 1) =p~! (—) ,
P P Nz(n)
giving the following form for inequality (2):
P (Ep_sf. > €,(n(c)) for some ¢ € C) <6. (5)

4.5 The Hoeffding bound

As a more concrete example of a bound, consider the case where the function p
is the Hoeffding bound

P(Ep_sf) < exp —2le? = p(e),

and
N, = Nor,
5 — §/d i=0,1,...,d—1
LT 10 ix>d

For this particular example, the simultaneous bound (2) (or equivalently (5))
implies the UCB:

Bs /¥ + /4 log(n(cM)rd/s) when n(cM) < Nori=!

1 otherwise

UCB(Epf¥) = {

5 ISCAs as tree search algorithms

5.1 The full and partial search trees

It is convenient to describe ISCAs as algorithms that search trees of classifiers.
The root node corresponds to the starting point classifier. The level 1 nodes
correspond to the classifiers in proximity to the starting point classifier, the level
2 nodes are those classifiers that are in proximity to them, and so on. I call this
tree the full search tree.

While the same classifier may appear on the full search tree several times, it
may be assumed, without loss of generality, that each classifier is unique. This
may be achieved, if necessary by attaching unique labels to the nodes of the
tree. This approach is used here, in order to avoid ambiguities.

The full search tree, however, is often a tree in which each node has a large
number of offspring. Furthermore, while some of the offspring have a relatively
high probability of being used - in the sense that there i1s a high probability
that the selected classifier will be a descendant of these offspring, most of the
offspring have have a very low probability of being used. The offspring which
have a low probability of being used have a low impact on the amount of overfit



of the algorithm, but unless eliminated from the tree, will increase the overfit
bound.

It 1s, therefore, necessary to define another tree, the partial search tree,
in such a way that its coverage probability, i.e., the probability of the selected
classifier being on the partial search tree is high, but not 1, and that the number
of offspring of every node in the partial search tree is as small as possible.

Since the node and edge sets of the partial search tree are subsets of those of
the full search tree, the subscripts full and J will be used to distinguish between
properties of the different trees.

Let Try1 = (Vaull> £gall co) be a full search tree. Tpart = (Vparta Epart o)
- a partial search tree - 1s determined by its node set, Vparta which is a subset
of V11, and which always contains cg. The edge set of the partial search is

Epart = {{u, vk € Eypp i u,v € Vpart} ‘

5.2 A definition template of partial trees

This sub-section describes a template for the definition of partial trees, for
various CAs.
The template assumes that there exists a family of events

A={A(e,n):c€C,ne N},

with the property that for any sequence of classifiers ¢y, c¢o, ..., and for any
sequence of natural numbers ny, no, ..., such that |[{n; : n; < N}| < N, it holds
that

This family is referred to as a tree building event family (TBEF).
Using the TBEF A, the node set of the partial tree is defined recursively:

® g € Vpart~
® cE Vpart if

a. ¢/ = parentg(c) € Vpart, and,

b. {¢’,¢} is in the path of M, for some sample point in the event
A, npart(c/))~

Note that since npart(c) depends only on the number of offspring of the

ancestors of ¢ in the partial tree, the numbering Npart is well defined.

M

The partial tree will contain ¢ in the event

A= ﬂ A(Canpart(c))~

“€Vpart

Therefore, by lemma 1 and by inequality (6), P(c¥ € Vpart) >1-34.



6 Application to a projection histogram algo-
rithm

This section presents a somewhat artificial example of a CA whose overfit can
be analyzed using the setup described above.
Let X = {0,1}¢ and Y = 0, 1. Let the space of classifiers considered be

C= {Ci(l),...,i(r),y r=1,...,d, 1 <i1),...,i(r) <d,y € yzr},

where
ci(l),...,i(r),y($) = yx,(l),...,x,(r)~
That is, each classifier in the set classifies a point x according to its projection
onto an r dimensional space. The classifiers are indexed according to the di-
mensions of projection and according to the classification labels assigned to the
various values in the projected space.
Consider the projection histogram CA, M | which works in the following way:

e Given the dimensions of projection, i(1),...,i(r), M picks the vector y
that minimizes the empirical risk (with arbitrary choice if there is more
than one such vector).

e The projection dimensions are picked one by one and in a greedy fashion.
That is, having picked dimensions (1), ..., i(k), the next dimension to be
picked would be the dimension that will give the largest reduction in the
empirical error.

Define the full search tree with the nodes corresponding to the classifiers in
C, and a dummy root node ¢y which classifies all z € X' as 0. Let edges join any
two nodes such that the projection space of one node is equal to the that of the
other node with one additional dimension. That is, two nodes ¢;(1),._i(r)y and
Cj(1),...j(r),j(r+1),y’ are joined by an edge if

{Li(1), ... im)y C {1, ..., j(r+ 1)}.

In addition, let ¢y be joined with all the classifiers with a one dimensional
projection space. Thus, a node of level v has (d — 7“)22T+1 offspring in the full
tree.
A partial search tree which contains only those offspring that are likely to
produce minimal empirical error rate will usually have fewer offspring per node.
Following the partial tree definition template, a TBEF A is defined:

Ale,n) = {w : sup |[Ep_sfo]| <€ (n, |oﬂspfu11(c)|) }
C’EOﬂSpfull(C)

The set of offspring of ¢ in the partial tree, assuming that ¢ is in the partial
tree, and that its number on that tree is npart(c) =n,lis
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Figure 1: Parts of a full and partial tree for a greedy algorithm

OﬂSppart(c) = {c/ € offspgy)y(c) :

Ep(f)<  inf  Epfor +2¢ (n, |offspgy(c)]) }
el Eoﬂspfull(c)

The family of events just defined, and the corresponding partial tree give a
recipe that can be used for producing partial trees for greedy algorithms in a
variety of settings. This definition and the following analysis are going to be
used twice more in the context of classification trees (see below).

The family of events A is indeed a TBEF, by the definition of ¢,, and using
the bound of equation (3). Therefore, the partial tree has coverage probability
of no less than 1 — 6.

A schematic diagram of the resulting tree appears in Figure 1. A part of a
full tree is shown (dotted arcs), with the partial tree overlaid (solid arcs). The
path of the greedy algorithm is shown in a bold line. The numbering of the
partial tree nodes is shown.

Applying the bound of equation (2), it was thus proved that for the greedy
algorithm
P (Ep_ng > €p (n (CM))) < 26,
where the number n(c™) is calculated for the partial search tree defined above.

Of course, the structure of the partial search tree is unknown, since the
expected error rates of the classifiers are unknown. It is, however, possible to
build a tree which contains the partial search tree for all sample points outside
an event with bounded probability.

10



In the event

A= ﬂ Ale, npart(c))a

“€Vpart

the difference |[Ep_sf.| is bounded by ¢, (n(c), |oﬁspfu11(c)|) for each of the
classifiers on the partial search tree and for their offspring. Therefore, in the
event A, the set oﬂsppart(c) Is contained in set

offsppart(c) = {c/ € offspgyy(c) :

Es(f.) < inf Es for + 4¢p (n(c), |oﬂspfu11(c)|) }
C”EOﬂSpfull(C)

The considerations above lead to the following procedure for a 1 — 26 UCB
for the expected error rate of the greedy algorithm:

¢ Greedy algorithm: Run the greedy algorithm, producing a path on the
tree

{CQ, cl}a {cla Cz}, sy {ck—la ck}a

M s the selected classifier.

where ¢g 1s the root node and ¢; = ¢
e Initialization: Set ¢t — 1,n «— 1 and i < 0.
e Stopping condition: If i = k, stop. The UCB is
Es M + ep(n).
Otherwise, continue to the Offspring step.
e Offspring: Set
K — {c € offspgyy(ci) : Esfe < Esfe,,, +4¢ (n, |oﬂspfu11(ci)|)} ,

i1

where |oﬂspfu11(ci)| =(d—1)2*".

K|t,n—n+t, and i — i+ 1. Go back to the Stopping

e Loop: Set t —
condition step.

7 Classification trees

Two of the classification algorithms considered below construct classification
trees (CTs) ([6]). This type of classifiers can be naturally described as rooted
trees.

The terminal nodes of the CT are elements of . Any non-terminal node v,
is a simple classifier, with feature space X and label space },. The edges that
connect v to its offspring correspond to the elements of },. The value of a CT,
T, for a certain point z in feature space, is calculated as follows:

11



¢ Initialization: Set v = vy, vy being the root node of T'.
e Evaluate: If v is a terminal node, T(#) = v. Otherwise, set y = v(z).

e Loop: Find, u, the offspring of v so that the edge {v,u} corresponds to
the value y. Set v «— u and go back to step Evaluate.

In the cases considered here, X = A7 x ... x Xy, where the A; are some
ordered sets. Furthermore, for all non-terminal v, ¥, = {0,1}, and the non-
terminal nodes classifiers are axis orthogonal splits, i.e., they have the form

v(@) = 1 {a(k,) <a},

where z(ky) is the ky-th coordinate of #, k, € {1,2,...,d}, and a, € &}, .

Note that rooted trees are used in this paper to describe both CTs and search
trees. However, there is no essential connection between these two devices, and,
as demonstrated by the previous application and another application below, the
search tree construction is relevant for classifiers which are not CTs.

8 Application to a classification tree with binary
features

Let X = {0,1}¢,Y = {0,1}, and let C be the space of CTs with axis orthogonal
splits.

Consider a greedy algorithm, that builds a classification tree by iteratively
adding splits which result in the minimal empirical errors achievable by a single
split.

Since each split adds one more terminal node to the classification tree, after
the n-th split, the algorithm makes a choice among about (n + 1)d possible
splits, and for each split it has to decide which side of the split is designated
with 0 and which with 1. Thus, in the full search tree each n-th level node has
about 2(n + 1)d offspring.

Again, the partial search tree may contain substantially fewer offspring per
node and will, in such a case, provide much tighter bounds than those implied
by the full tree.

The TBEF and the partial tree are defined in exactly the same way as in
Section 6. The resulting analysis and UCB for the expected risk are therefore
the same, with the sole difference being that the number of offspring in the full
search tree (used in the Offspring step) is bounded in this case by 2(i 4+ 1)d.

9 Application to randomized search-correct clas-
sification algorithms
This section defines a type of algorithms, which are referred to below as random-

ized search-correct classification algorithms (RSCCAs), and proves a general-
1zation bound for this class. The proof involves, in addition to the construction

12



of a partial search tree, a conditioning technique which is identical to the one

used in [B].

9.1 Randomized search-correct classification algorithms

Definition 2 A classification algorithm with the following structure is a ran-
domized search correction classification algorithm (RSCCA).

e Initialization: Set ¢ < cg.

e Stopping condition: If all the points in the training set are classified
correctly by c, or if some other stopping condition is met, output ¢ and
stop. Otherwise, continue to the Search step.

e Search: Select a point, z, which is musclassified by ¢, randomly among all
the misclassified training points.

e Correction: Set ¢ — T(c, z).
e Loop: Go back to the Stopping condition step.

One example of an RSCCA is the perceptron algorithm ([2]), where X' = R4,
Y = {—1,1}, and C is the set of linear classifiers in R?¢. That is,

{cayb:aER,bERd},

where
cap(e)=21{e -b>a}—1.
Let co = ¢g,0, and
T(ca,b’ ($’ y)) = Caty btyz-
Another example is a variation of the nearest neighbor algorithm: Let

d: X xAX — R be a distance function defined on the feature space. De-
fine a set of classifiers as follows: ¢y(0) = yo, for some arbitrary yo € V, and

C(m,yl),...,(xk,yk)(x) = y](l‘)a where
j(x) = ar min  d(x;,x).
i) iefin i (2),2)
Let ¢y = ¢y, and

T(czl,...,zkaz) = Czy,.2k,2

9.2 Randomized classification algorithms

Note that the definition of a classification algorithm given above does not allow
for the classification associated with a feature point to be random. While the
definition could be modified to allow that, it 1s also possible to consider classifi-
cation algorithms that involve randomization as a distribution over deterministic
classification algorithms. This i1s the approach used here.

13



9.3 Conditioning

Since the classifiers considered by the RSCCA are functions of the training
points, a conditioning technique has to be employed in order to define a search
tree for the algorithm. This sub-section describes the technique, which I call
symmetric conditioning.

The following definitions will be used:

Definition 3 A test set, S', is a set of @id random variables Z! = (X!, Y/}),i =
1,2,...,U' with the same distribution P as the variables in the training set S,
and independent of S.

The law of large numbers implies that, for large I, the test set error rate

ll
B/ = 5 1 {M(X) # YY)
i=1

is a good approximation of the expected error rate.
The test set can be identified with the continuation of the sequence Z;, i.e.,
Z! = Z;41. This notation is useful in defining the symmetric field of events:

Definition 4 The symmetric field, F,, is the field spanned by events of the
form:
Ur {Zﬂ'(l) € Bi,..., Zﬂ'(r+l) € Bl+l’} )

where the union is over all permutations © of the numbers 1,... [+ ', and the
B;’s are measurable subsets of Z.

The symmetric field has the property that, conditioned on the symmetric field,
the distribution of Z1,..., Zj4p is uniform over the ({4 {)! permutations of
some [+’ (not necessarily distinct) values z1, ..., z;4¢. This is true, no matter
what is the underlying probability measure P.

Symmetric conditioning relies on the fact that

1 1
P(ESIfM—EsfM>€—— 5

l/

Ep_sf™ > e) >

It is therefore enough to bound P(Es/ f¥ — Egf* > ¢). Since

P(Es fY —Esf™ > ¢)=EP (ES,fM “EsfM > j:ﬂ) ’
it 1s sufficient to show that for all zq, ..., 29,
1 1< sk
(20)! 2 AT M )~ 2 M )| > ¢
T i=1 i=I+41

1s small, where

M =M (zngry, - 20 () -

14



That is, it is sufficient to show that the conditional probability of a large differ-
ence given the symmetric field is small.

Given the symmetric field, the full search tree can be constructed. The root
of the tree is ¢y, as denoted in the definition of an RSCCA. The offspring of
each classifier, ¢, in the tree, are

{T(e,2) 2 = (i, ) €ESUS, e(xi) # i}

Note that the tree contains branches that correspond to the elements of both
the training and test sets.

9.4 The partial search tree

Throughout the rest of this sub-section, the conditioning on the symmetric field
i1s implicitly assumed. The randomization of the data is thus solely through
the partition of a set of points {z1,...,z4;} into the training and the test
sets. The probability space (w, F,, P) can therefore be treated as the space of
uniform probability over such partitions. To further simplify the expressions, |
set ' = [.

The randomized search order can be implemented by determining an order
of priority among the offspring of each classifier. This order will be expressed
as a set of functions, one for each classifier:

o : offspgy (e) = {1, .., |oﬁspfu11(c)|}.

For each classifier ¢, the priorities, o.(¢'), are distinct integers in the range
1,..., |oﬁspfu11(c)|, with lower values corresponding to higher priority. The
order of priorities is chosen uniformly over all possible orderings of the offspring
of each classifier, and independently for each classifier.

The algorithm then proceeds from a classifier to the offspring in the training
set that has the highest priority. Given the priorities of the offspring, the chance
that the algorithm will proceed to a particular offspring, given that the parent
is in the path, is the chance that all the offspring with higher priorities are not
in the training set, but rather in the test set. Therefore, the chance that a low
priority offspring is in the path is small.

Specifically, since

e [Eg f. is the number of offspring of ¢ in the training set,
e [Eg: f. is the number of offspring of ¢ in the test set,

e the order of priorities among the offspring of ¢ is uniform over all orders
and independent of the training set and the priorities of offspring of the
other classifiers,

then the the probability of a classifier on the path of M| of having no offspring in
the training set among the m highest priority offspring is bounded by E(R.)™,

where
ES’fc _ ES’fc

R, = = .
ESfc+ES’fc QEPfc
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In the event {Ep_gsf. <€},

Epf.+¢
Rc S TC(E) = W

Therefore, given Ep_s f. < €, in order to make sure that the conditional prob-
ability that the algorithm chooses an offspring of ¢ that is not on the partial
search tree is less than 7, it is enough to retain in the tree only the logn/ log r.(¢)
highest priority offspring of c.

In light of the above, the partial search tree can be constructed using the
partial tree definition template. Fix a sequence of constants n;, ¢ = 0,1, ..., and
denote 7 = Y72 7. Set

Ale,n) = {(w,w/) :Ep_sf. <ep(n) and

log i
min o:(c) < —C Mev(e) for all ¢/ in M’s path ;.
C’ESﬂOﬂSpfull(C) log RC

The set of offspring of ¢ in the partial tree, assuming that ¢ is in the partial
tree, and that its number on that tree is npart(c) =n,lis

108 Mevy)
offsppart(c) = {C/EOﬁsprIl(c) 0l S Togratetn) |

The probability of the event

A= ﬂ Ale, ”part(c))a
“€Vpart
in which case ¢ € Vpart: is at least 1 — 6 — 7.

As in the case of the CT, the construction of the partial search tree requires
the values of the expected error rates of the classifiers in the full search tree,
which are not available. Again, as in the case of the CT, a tree which contains
the partial search tree can be constructed.

In the event {Ep_gsf. <€},

Esf.
re(€) <7e(e) = ﬁf_%

Therefore, in the event A, oﬂsppart(c) Is contained in

- log My
fF ={ ¢ € off L0,(¢)) € —— D1
offsppart(c) {C € offsppun(e)  oe(¢) < =)
The following procedure calculates the resulting level 1 —é —n UCB for the
expected risk of the classifier generated by the RSCCA.
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¢ RSCCA algorithm: Run the RSCCA algorithm, producing a path on
the tree

{CQ, cl}a {cla Cz}, sy {ck—la ck}a

M s the selected classifier.

where ¢g 1s the root node and ¢; = ¢
e Initialization: Set ¢t — 1,n «— 1 and i < 0.

e Stopping condition: If i = k, stop. The UCB is
Es M +¢,(n).
Otherwise, continue to the Count offspring step.

e Count offspring: Set

_ ESfc,
P ———
2Es f., — 2¢p(n)

and
log n;
— .
log7

e Loop: Sett — mt,n «— n—+1t, and i — i+ 1. Go back to the Stopping
condition step.

Note that the number of offspring of any classifier in the partial tree, as well
as in the random tree that covers it, does not grow as the number of training
points, [, increases. The number of offspring of a classifier is an increasing
function of bounds of the overfit of its ancestors. These bounds actually decrease
as [ increases, and so the number of offspring drops (but not to 1) as the training
set grows large. The resulting simultaneous confidence bound therefore has the
form Es f. + 92, rather than the form Es f. + @g—l, as results from the bound
of [5].

10 Application to a classification tree with con-
tinuous features

The application of the search tree bound to CTs with continuous features uses
the symmetric conditioning as well.

Let X = R* Y = {0,1}, and let C be the space of CTs with axis orthogonal
splits.

Again, consider a greedy algorithm, that builds a classification tree by iter-
atively adding splits which result in the minimal empirical errors achievable by
a single split.

As in sub-section 9.4, this section uses symmetric conditioning implicitly,
thus reducing the random choice of the training set to the random partitioning
of a set of 2{ points, 21, ..., z9;, into the training set & and test set §'.
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In the full search tree, the offspring of a particular CT, ¢, are all the CTs
which result by substituting one of the leaves of ¢ with a non-leaf node, which
corresponds to a classifier, v, of the form

o(w) = T{a(he) > wu(ky)},

where x, is the feature vector of one of the points z1, ..., z9;. This new non-leaf
node, v, has two offspring which are leaves.

As in the case of the projection histogram CA and of the binary tree, the
TBEF A is defined as:

Ale,n) = {w : sup |[Ep_sfo]| <€ (n, |oﬂspfu11(c)|) },
C’EOﬂSpfull(C)

and again, the set of offspring of ¢ in the partial tree, assuming that ¢ is in the
partial tree, and that its number on that tree is npart(c) =n,Iis

offsppart(c) = {C’ € offspgy) () :

Ep(fl) < inf Epfor + 2¢, (n, |oﬂspfu11(f')|) }
c”EOﬂSpfull(c)

This gives rise to a partial tree that has coverage probability of no less than
1 — 4, and thus,

p (EP—SfM > & (npart(cM))) < 24,
where the number n(c™) is calculated for the partial search tree defined above.

Calculating the n(e)’s, however, involves, in the case of continuous feature
space, not only the unknown values, Ep f., but also the unknown points in the
test set .

As in the previous applications, ‘oﬂsppart(c) will be bounded from above,

giving bounds from above for n(c) for all the classifiers on the partial search
tree.
Bounding oﬂsppart(c) N S‘ can be done in the same way that it was done

for the binary tree. That is, in the event A = ﬂcevpart Ale, npart(c)),

offsppart(c) NS C OﬂSpf)art(c)a (7)

where

OﬂSpf)art(c) = {c/ € offspg,p(c) :

Es(f.) < inf  Esfor +4¢ (n(c), [offspgp(c)]) }
" €offspgy (<)
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To bound

offsppart () N S" define the event A’ = ﬂcevpart A'(e, npart(c)),

where

Al(e,n) = {w : offsppart(c) N S" + lep(n)}.

offsppart(c) N S‘ <

By the definition of ¢,, P(A4’) > 1 — §. Therefore P(ANA") > 1 — 26.
In the event AN A’,

<2

OﬂSppart(c) OﬂSppart(c) N S‘ + l€p(npart(c))~
This, together with the inclusion in (7), implies that

2

OﬁSPf)art ()| +1ep (npart(c))

is a level 1 — 26 UCB for oﬂsppart(c)

The resulting UCB for the risk of ¢ is implemented by the following algo-
rithm. Note that in the full search tree the number of offspring of any classifier

is bounded by 2d({ + 1).

¢ Greedy algorithm: Run the greedy algorithm, producing a sequence of
classifiers eg, ¢1, ..., cp_1,c5 = M.

e Initialization: Set ¢t — 1,n «— 1 and i < 0.
e Stopping condition: If i = k, stop. The UCB is
Es M + ep(n).
Otherwise, continue to the Offspring step.
e Offspring: Set

K — {c € offspgy (i) : Esfe <Esf., ., +4ep (n,2d(1 + 1))} .

e Update: Set

m — 2 |K|+lep(n),

o { — mi,

n—n+4t,

71— 14+ 1.

e Loop: Go back to the Stopping condition step.
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11 Conclusions

This paper presented a way to describe some classification algorithms as tree
search algorithms. It was shown that the more narrow the search is, the smaller
is the overfit that the algorithm incurs. In addition to providing insight into the
behavior of classification algorithms, the search tree description provides over-
fit bounds for several classification algorithms, e.g., classification trees, which
improve upon other, more general, bounds, such as VC dimension bounds and
the bounds of [5].

The question of how sharp the bounds obtained are was not addressed and
remains a topic for further investigation.

Acknowledgments I thank Prof. Peter Bickel for reading the drafts of this
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in the presentation.
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