CONVERGENCE OF MOMENTS IN A MARKOV-CHAIN
CENTRAL LIMIT THEOREM

DAVID STEINSALTZ

ABSTRACT. Let (X;)$2, be a V-uniformly ergodic Markov chain on a general
state space, and let 7 be its stationary distribution. For g : X — R, define
k-1

Wilg) = k=12 37 (9(X0) = 7(9)).

1=0
It is shown that if |g| < V1/™ for a positive integer n, then Ez Wy (g)™ con-
verges to the n-th moment of a normal random variable with expectation 0
and variance

g = m(g") = 7(9)* + 2 (/9(1’)&9(&) - 7r(9)2) :

This extends the existing Markov-chain central limit theorems, according to
which expectations of bounded functionals of Wy (g) converge.

We also derive nonasymptotic bounds for the error in approximating the
moments of Wy (g) by the normal moments. These yield easy bounds of all
feasible polynomial orders, and exponential bounds as well under some cir-
cumstances, for the probabilities of large deviations by the empirical measure
along the Markov chain path X;.

1. INTRODUCTION

1.1. The problem. Consider an ergodic, positive recurrent Markov chain (X;)$2;.
The average

of a bounded function ¢ : X — R along a path converges to the expectation 7(g)
with respect to the stationary distribution, as long as m(|g|) is finite. If the chain is
strongly mixing, and m(g?) is finite, these averages satisfy a central limit theorem,
in that
Wi(g) = K72 (Sk(9) = ()

converges to a normal random variable with expectation 0 and variance

(o]
o) 3= ale?) = nlo + 3 ([ ate)Bra) - 0.

j=1
E. Bolthausen [Bol82] has shown that the error in this normal approximation is on
the order of k=1/2.

There are two directions in which one might hope to improve this result. First,

this is only a weak-convergence result, telling us about the maximum difference
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between the distribution functions of Wy(g) and the normal variable. Tt tells us
nothing about how the tails of Wy (g) fall off, nor does it offer any bounds on
the moments of Wi (g) of order greater than 2; indeed the very existence of these
moments remains uncertain. This is an essential problem, when we seek to bound
the large-deviation probabilities for Sk (g).

A related weakness is that this convergence rate assumes that the chain starts
in its stationary distribution. It is thus less useful for infinite state-space chains in
which the convergence to stationarity is not uniform. The chain may be exponen-
tially mixing, in that covariances fall off exponentially between a w-typical starting
point and the location at time ¢, but there may still be m-small sets where the
process dallies a very long time when once started there. The exceptional starting
point will then make itself felt particularly strongly in the empirical average Sg.
For example, suppose X; were a random walk on Z with drift toward 0 (Py z41 = p
and Py o1 =1—pforz>1, while P, ;1 = pand Py 41 =1—pforz < -1,
and Py _q =Py = %; with p < %), and g(x) = #: When X; is very large, X;y1
is large as well, and it takes on average 3.X, steps before it even reaches 0 for the
first time.

In order to control the dependence of convergence rates on the starting point,
we impose a mixing condition stronger than exponential mixing!, but weaker than
uniform ergodicity. As described by S. Meyn and R. Tweedie [MT93], a Markov
chain X,, on the state space X is V-uniformly ergodic, for V : X —= [1, c0),

1 =00
(2) sup sup —— |Eg |g(X; —/gdﬂ' — 0,
1psup 7o | Be Lo (X0)]
where the first supremum is over measurable functions g : X — R such that |g| < V.
In our simple example above, the chain is V-uniformly ergodic for V(z) = e*?,

where 0 < A < log(p~! — 1). (This particular investigation arose from the appear-
ance of moment bounds for such a V-uniformly ergodic Wi (¢) in an application to
iterated function systems in [Ste01].)

In this paper, we show that when the Markov chain is V-uniformly ergodic, and
lg — 7(g)] < V7, then the n-th moment of W (g) converges to the n-th moment
of the normal random variable, and for the error we derive bounds which are con-
stant multiples of k‘l/ZV(a:). these starting-point-dependent bounds allow us, in
addition, to extend Bolthausen’s result to include the starting-point dependence as
well: we show that when |g — 7(g)| < V%, for a positive a > 2, and the process
starts at x, the error in estimating Wj(g) by a normal random variable is no larger
than order k=*/(Z*+2)V/(x) (up to logarithmic terms). We do not know whether
this rate is the best possible.

Just recently, S. Meyn and S. Balaji [BM00] and S. Meyn and I. Kontoyiannis[MK]
have proved results which may loosely be summarized as

Bpe®dxla) o c(a)fa(x)e_A(“)k

bl

together with a recipe for computing f, and A(e«). This goes beyond a complete
solution to the classical large-deviations problem for Sg, but there are features
which make this version less than ideal for many purposes. First, as with the

I'We follow Bolthausen and others in calling a Markov chain “exponentially mixing” if there
are positive ¢ and ~ such that Ex[g(Xo)g(Xn)] < cexp{—~yn} for every n, for all functions
g : X = [-1,1] such that 7(g) = 0. S. Meyn has pointed out in a private communication
that other definitions of exponential mixing are common in the engineering literature.
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central limit theorem, this is an asymptotic result, providing no bounds on the
large-deviation probabilities for any individual finite k. Second, the computations
are not always feasible. The function f, is determined implicitly as the solution of a
multiplicative version of the Poisson equation; once we have f,, it defines a second
implicit equation for A(«), involving expectations with respect to a stopping time
for the Markov chain. Even whether A(«) is zero need not be obvious. Finally,
even when everything has been computed, the theorem may leave us with empty
hands if A(«) really is 0. The large-deviation probabilities may still go to 0 with
k, but more slowly than any exponential function. In particular, we may want to
consider partial sums of functions ¢ which do not have exponential moments at all,
so w(e®9) is infinite for all e, but where w(g™) is still finite for some n. In such a case
we cannot hope to have large-deviation probabilities with exponentially declining
tails, but we can still have tails falling like

P{|Sk(g) — m(9)| > A|} < ck™n2\m

1.2. Notation. Throughout, (X;)2, will be a ¢-irreducible aperiodic Markov
chain on the state space X, and V : X — [1,00) a function such that X; is V-
uniformly ergodic. The distribution of X; conditioned on Xy = # will be denoted
P!, and the stationary distribution will be 7.

By Theorem 16.0.1 of [MT93] there are constants R > 1 and p < 1 such that for
allie {0,1,...},allz € X, and all g : X — R with |¢g| <V,

(3) Pi(g) — m(g9)| < Rp'V(2).

We define R, := max{R, n(V)}.
We will use the combinatorialist notation (2n — 1)!! = (2n — 1)(2rn —3)---3 - 1.
The variance 'yé is the limit of the variances of the random variables Wy, starting
from the stationary distribution, which we write as

k-1

0 8 = nlet) —nlof + 3 ([ opliaie(an) o)
This may be written alternatively as
) 518) = w1 + 30 2 (i),

where Ti(g) : X — R is defined by

(6) () = (9(x) = m(0)) B0 (X:) = (9)].
Usually it will be apparent from context which function g is meant, and then the
superscript (g) will be dropped.

1.3. The results.

Theorem 1. Suppose g : X — R satisfies |g — 7(g)| < V™ for an integer n > 2.
Then for all starting states @ € X, the moments E, [Wk (g)”] converge to the corre-
sponding moments of a Gaussian random variable with expectation 0 and variance
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'yé; that 1s, for all positive n,

(7) kl;rr;o E.[Wi(9)”"t'] =0, and
(¥ lim B, [ (9)"] = (20— )!133)")

Furthermore, there are positive constants r,v’ < 1 and C,C’, depending only on p
and R, such that the error terms are bounded by

9) |E.Wi(g)™ — (2n — 1)!!(75)” < kTrC(er)? (Z(inl))" (1 + %)V(l‘), and
(10) Wiy | < ko120 ey BRI () Ty

when |g — 7(g)| is bounded by ¢V 1) or ¢V CH1) pespectively. Eaplicit expres-
sions for the errors are given in (42) and (43).

Corollary 1. If there is a positive ¢ such that |g(z) — 7(g)| < ¢ for all z, then for
any A < 1/e(rv '), allk > 1, and all z € X,

‘Ex exp{/\Wk (g)} — Eexp{/\'ng}‘

(11) S k_l/ZV(x) |:C//\e(>\cr')2 + k—l/ZCe(Acr)2
'\ C
-1_ ¥ -3/2__  ~
+k 1—(/\cr’)2+k 1—(/\67“)2]’

where X is a standard normal variable.

Corollary 2. Suppose g : X — R satisfies |g — m(g)| < cVY/?* for some positive
integer n. Then there are constants M, such that for all starting states x € X, all
k > 2, and all measurable functions ¢ : R — R,

(12)

bl

k —-n/(2n+1)
Be 6(Ws () ~ B4C0)] < M3V 0) (1)
og k
where ||¢|| is the total variation of ¢ and X is a standard normal variable.
If |g — w(g)| is bounded by a constant ¢, then the bound can be strengthened to

Bz (Wi (g)) — E¢(X)

The constants M2 and L™ are given in (51) and (52) respectively. These expres-
stons wnvolve, in addition to ¢, p, and R., an as yet undetermined parameter (3,
defined in (44), which is the uncomputed constant that appears in the Berry-Esseen
theorem for strongly miring Markov chains.

13 < L*||||V ()~ 2 10g® % k.
g

Corollary 3. If there is a number p € [0, 1) and positive ¢ such that
() = 7(9)| < e(log V()"
for all x, then for any positive ¢ < 2/(1 4 2p), any positive A, and any positive r,

sup V(ar:)_1 E, exp{/\|Wk(g)|q} — Eexp{/\|'ng|q}

. = O(log‘rk),

where X is a standard normal variable.



MARKOV CHAIN MOMENTS 5

1.4. Remarks on exponential functions. The statement of Corollary 3 may
seem unnecessarily timid. In one sense, this is true: the rate log™" & is certainly
not optimal, but could probably be improved if the interpolation between integer
moments were more cleverly finessed. But a more significant question suggests
itself: if |g| < V1™ implies that E Wy (g)” converges to E X", where X is normal,
then should not Eexp{AWj(g)} converge to Eexp{AX} when |g| < clogV, at least
for A sufficiently small? A simple example makes clear why this cannot be the case
in general.

Consider the random walk drifting toward 0, mentioned earlier, with outward
probability p < %, inward 1 — p. As already mentioned, this is V-uniformly ergodic
for an exponential function V(z) = ¢** so we may take g(z) = x. The stationary
distribution is a constant times (p/(1 — p))I*! for k& # 0, and 7(g) = 0 (when
g(z) = x). If we take any positive number A,

E, e?X1 = A (pe>‘ +(1 —p)e_A) forz > 1,

E, e?X1 = A (pe_>‘ +(1 —p)e>‘) for x < —1, and

Eoe>‘X1 = ;eA + %e
Defining ry := pe* + (1 — p)e™*, we have then

Ep eM > pyete,
If we look at two consecutive steps,
E, [exp{/\(Xl + Xz)}] =E, [eAXlEXIeUQ] <ryE, [62>\X1] < rie”‘x.
Extending this to larger sums, we get for any k&,
Ep e*Vr9) > r’f\eM/Ex.

The crucial point here is that the exponent grows with £. No matter what A is,

AWE

eventually e will exceed (1 — p)/p, which means that

/Ex eAWk(g)ﬂ'(dx)

is infinite for k sufficiently large. Convergence of E,e*"W(9)

1s impossible.

2. SOME TECHNICALITIES ABOUT EXPECTATIONS OF PRODUCTS

Lemma 1. For a € [0,1] and 5 € R, suppose |g(a:) — ﬁ| < cV(x)* for all x € X.
Then for any nonnegative integer k,

(15) (g ‘ < 2eR%p*FV (2)™ and

(16) |Tk z | 262 R p*RV ()% + |ﬁ — ﬂ(g)| - 2cRp*RV ()%
If a < %, then

(17) |7T<Tk)| < 23R pk (V)2 and

(18) 2 4e?ROm(V)2e

77 a(l-p)
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If ay,as, ..., a, are nonnegative numbers with a .= a1 +as+ -+ a, < 1, and
d1,92, - .., Gn are functions from X to RY with g < Ve*; then for all x € X and all
indices 0 < iy < g < - < iy,

HgZ u

Proof. By the Hahn decomposition theorem (Proposition 11.21 of [Roy68]) there
is a measurable subset A of X, such that the signed measure P¥ — 7 is positive on
A and negative on the complement of A; the absolute-value measure is defined by
|PX — 7|(g) = (P¥ — 7m)(gh), where h = 2-14 — 1. By Jensen’s inequality, when
1PE — = (PE = m)(h) #0,

P2 (9) = =(9)] = [(Pr = =) (g = B)]|

Pk
= oo (o= ez =

P (a3
(- E2=2w)

< 21| PE(hV) — m(hV)|".

Thus the bound (3) gives us (15). Multiplying by |g(#) — 8|+ |3 — 7(g)| then yields
(16). To bound 7(T}), we write

(19) < (2R.V(2))".

IN

o
< |7 (s = 9 (PE@) ~70)) |+ (3 = 7o) 7 (PE0) — 7(0) )|
< [r (V@) 2erep v @)) | +0,

from which (17) follows directly. We then have

'yé ITF(TQ)—I—QZTF T

< 2¢°R%r (V)ZO‘

462Roc (V)Zoc
a(l—p)
For each ¢, by (3),

B loe(xi) || < m(lgel /) + [P (lgel /) = 7 (1gel/ )

<m(V) + RpV ()

< 2R,V ().

The result (19) then follows by an application of Holder’s inequality. O

A simple extension of Lemma 1 is

Lemma 2. Let g,h : X — R and f : X't' — R be any measurable functions,
with w(g) = 0. Suppose there are positive constants cy,cqg,cp and oy, ag, o with
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af + 204+ ap <1, such that for all x in X,
|9(2)] < eV (),
|h(x)| < epVi(x)?", and
|Be [F(Xo, X1, .., Xi)| <epVi(z)™.
(

Then there is a function h* : X — R with |h*(z)| < V(x)*sT2% for all z, such that
forany i, j and £ with 0 < i< j </,

| B f(Xo, X1, -, Xi)g(X5)g(Xe)h(Xe) |
(20) < 2ckep RV (p<ocg+och><j—z'> n p<ag+ah><z—j>)
x Eo [f(Xo, X1, ..., X)h*(X)].

Proof. Define

h'(2) := Py~ (gh) = =(gh),  and

B () := B [9(X;—i)g(Xe—i)h(Xe—i)].
By Lemma 1 with § =0,

[PL )] < 2e Rt nv (a)erten leateni=d, - and
| (x)| < 2¢4e, RO sHomV () oteon plogtean)(t=d),

Note that in the first line we have applied the lemma with o = a4 + a4 instead of
ag. Either one would satisfy the conditions, but our goal is to make the exponents
of V(z) as small as possible, and the exponents of p as large as possible, which
leads us to get the same exponents for both terms. Thus

|1 ()] = [Ee[9(Xj-5) (m(gh) + h'(Xj-0))]
< Cgchﬂ-(v)ocg+och |Pi_i(g)| + P‘xj_i(|gh/|)
< 2ROsTR cgchﬂ'(V)o‘g"'o”‘V(x)o‘g"'o‘hp(ag‘l'%)(j—i)

+ 2RIV Raatan 2o (g) 2ot an plagtan)(E=))

< 2Ri}ag+2ahcgchv(x)2ag+ah (p(ocg+och)(j—i) +p(ocg+och)(ﬁ—j)) ]
Equation (20) holds then with

e = h g (SR ey (fetoni=i) . foston)e=i))

This leads us finally to

Lemma 3. Let g and h be given as in Lemma 2. Then for any integers 0 < 37 <
By < o < oy,

‘ B, [9(Xi,) - 9(Xiy, ) h(Xi,, )] ‘

2
S QHRSFZH +n)ocg+2nochanchv(x)Znag+ah
n

« H (p[(Zn—Zj-I-l)ocg-I-och](igj—igj_l) n p[(Zn—Zj-I—l)ocg-I—och](igj_l—i2j_2)) .

j=1

(21)
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Proof. The proof is by induction on n. For n = 1 this is just the statement is just
Lemma 2, with f = 1 and ¢ = 0. Suppose now that (21) holds up to n — 1. We

apply Lemma 2 with f(xo,..., 2, ) = g(®i,) - g(2i,,_,):
B, [9(Xi)) - 9(Xiy_0)9( X1 )9(Xiy, ) R(Xis, )]
< (233%2%65% (p<o«g+ah><z’2n—z’2n_1> i p<o«g+o«h><z’2n_1—z’2n_z>))
< Bo[9(Xi,) - 9(Xiay 0 )17 (X, 20)],
where |[h*(z)| < V(z)*+2%s. Applying the induction hypothesis,
B, [9(Xi)) - 0(Xinn_0)9(Xin_ 1 )9( Xy, V(X))
< aRPI 2, (p<ag+ah><i2n—i2n_1> i p<ag+ah><i2n_1—i2n-z>)

% 2”—1RSFZ”Q—B”H)0‘9+(2”_2)(°"‘+2°‘9)cé”_zv(x)z(”_l)o‘g"'o‘h"'zo‘g

« H (p[(Zn—ZZ—1)ocg+och+2ag](iu—iu_1) _|_p[(Zn—ZZ—l)ocg+och+204g](iu_1—igl_g))

-1
:1

[

which reduces precisely to (21). O

The right side of (21) includes a sum of 2” terms, each of which is a power of
p. The powers can be written in the form 2521 ne(ée — %9—1), where the n, are
nonnegative, and exactly n of them are zero. These will need to be summed over
all possible choices of (i1, ..., d2,) with 0 <ié; <.+ 4o, <k — 1.

Lemma 4. Choose any nonnegative numbers ng, for 1 < £ < N. Let s be the
number of these n, which are nonzero. Then for any x € (0, 1),

k-1 k-1

SR s () T

i1=04i2=1 iN=in—1 £=1 L 0
(22) 1 2=11 N=IN-1 ne>

: Lne>0

Proof. The proof is by induction on s. For s = 0 the summand is 1, so the sum is
simply the number of possible choices of (i1, ...,ix) with 0 < i) <ip < - < iy <
k — 1. By a standard combinatorial argument this is found to be (N-if,_l .

Suppose now the lemma to be true for s — 1. Since s > 1, there is some ¢ such
that 7, > 0. We find the largest such, and begin by summing over the index .
This index is free to range from ¢,_; up to & — 1, and the sum can only increase if
the upper limit is removed, allowing the summation to extend up to co, and if the
lower limit is relaxed on é;4q (when £ is not already 2n), permitting that index to
range down to ig_1. The summand is 27¢(1#=%-1) times terms which do not depend
on ;. Summing over i, yields (1 —27¢)~! and the sum that remains has one fewer
index and one fewer nonzero 7. Thus the induction hypothesis may be applied to
this remnant, proving the first part of the inequality.

The binomial coefficient 1s a polynomial of degree N — s in k, with leading coef-
ficient 1/(N — s)! and all other coefficients positive. The total of all the coefficients,
found by setting £ = 1, is 1, so the sum of all the remaining terms is no more than

k’N_s_l. O

bl
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3. COMBINATORICS OF PAIRINGS

A pairing of [2n] := {1,2,...,2n} is a set of unordered pairs {j, k} C [2n],
such that each j € [2n] appears in exactly one pair. Pairings are a device for
grouping different ways of ordering a multiindex (é1,42, ...,4,). A pairing may also
be thought of as a self-inverse bijection from [2n] to itself, defining o (j) to be the
unique element k € [2n] such that {j, k} € o.

To any ordered multiset of integers I = (41,142, .. ., {2,) We associate a pairing as
follows: Let sy be the rank that ¢, has when the sequence is put in order; that is,

soo=#{je2n] iy <i) + #{jell i =i}

(For definiteness, when two terms have the same value, their order is maintained.)
Then [ 1s associated to the pairing

or = {{524_1,525} 1< < n}

We will say that a multiset T = (i1,42,...,42,) is matched if o7 is the trivial pairing
oy 1= {{1,2}, {3,4},...,{2n— 1,271}}. The sequence is ordered if 11 < is < --- <
t9n. An ordered sequence is said to have an overlapping pair if there is some even
J such that #; = ¢;41.

As an illustration, when n = 4 the multiset (4,4,8,7,9,9,1,2) is matched.
The sequence I = (5,3,2,7,5,1,8,9), on the other hand, has matching o5 =
{43, 4. 42,6}, {1, 5}, {7.8}}.

This definition is adapted to the equation (30). There we have a sum over all mul-
tiindices I = (i1, ..., %2,), where the summand is 7(Zji, —i, ) 7 (Lji,—ia)) - T (Ljiny —inn_s])-
The pairing o tells us which places would be paired if the indices were first put in
order. In the above example, we have the product n(Ts_3)m(T7—2)m(T5-1)7(To—g).
If we order the indices, we get the multiindex J = (1,2,3,5,5,7,8,9), and we need
to know that the first term in the product is @(7},_;,), and so on. This leads us to
the definition

(23) |0-|(j1aj2a"'aj2n) = Z |is_is’

{s,s'}eo

bl

where (j1, j2, .- ., jan) is taken to be an ordered multiindex. We can also write this
as

2n .
o ] . +1 if £ > o(4),
24 y 32,y Jon) = , h = .
( ) |U|(11 J2 J2 ) ;’YZ(U)JZ where ’YZ(U) {_1 e < a(ﬁ).
Let I = (d1,...,725) be a multiindex with pairing o, and let (j1,...,j2n) be the
ordered version of I. Then

(25) lio — d1| + |ia — 3| 4+ - - + |ion — fon—1| = |o|(j1, 2, - - -, J2n)

Let o be a pairing on [2n]. We associate to o a graph, whose vertices are
{1,...,2n}, with edges connecting 2j — 1 and 2j, as well as connecting j and k if
{j, k} € 0. A subset of [2n] well be called o-connected if the corresponding vertices
are connected in the graph, and it will be called a component of the pairing if they
form a connected component of this graph.

If A is a o-connected subset of [2n], we can define the restriction of o to A. The
elements of A come in pairs, so they can be written as 71 < 1z < -+ < 194, where
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each 72;_1 is odd and 12; = 1251 + 1. The restriction 0'|A is then defined by

{j,k} S O"A<:> {77j,77k} €o.
A nearly obvious fact is

Lemma 5. For any m with 1 < m < 2n, the sum Z] Zaile) >0, and the sum
is equal to 0 if and only if the set {m,m+1,...,2n} is o-connected.

Proof. We have
Z'yj(a):—#{j:m§j<0'(j)}—|—#{j:m§0' <_]}—|—#{_] so(y <m<j}.

The first two terms cancel each other out. The sum is thus nonnegative, and is
zero precisely when the last term is zero, that is, when every j in {m,... 2n} has
its o-partner in {m, ..., 2n} as well. O

A consequence of this lemma is

Lemma 6. If ¢ is any pairing on [2n] with exactly & components and z € (0, 1),
then

St oliniminny o (K(L =)
(26) ZZ . Z zlell )Sw'

11=042=1 T2n =l2n—1

Proof. Suppose first that £ = 1. By (24),

k—1 k-1
E : E : E : $|o|(i1,i2,...,i2n)
i1=0142=11 t2n=i2n—1
k—1 k—1 k—1
— E x’Ylil . E x’Y2i2 . E x’y2ni2n
i1=0 fo2=101 fon=f2n—1
k—1 k—1 k—1 1
— E x’Ylil . E x’Y2i2 . E x(’y2n—1+’y2n)i2n—l . )
k e ) - 1—=
11=0 12=11 T2p—1=%2n—2

Here we have bounded the sum up to k¥ — 1 by an infinite sum. Lemma 5 tells us
that the sum ~,, + - -+ + 72, 1s always positive for m > 2. By induction it follows
then that for all m € [Qn]

k—1 k-1
E : 2 : . 2 : x|a|(i1,i2,...,i2n)
11=0142=01 T2n =l2n—1

k—1 k—1 k—1
<(1—az)m Z JRCLEa Z JRZIEN Z £ OmATmtr - +20)im
i1=0 ia=11 T =lm—1
Applying this with m = 1 proves the lemma for k = 1. For other values of &
we break up || into a sum over components, increasing the sum by ignoring the
ordering of indices when they cross component boundaries. O

We will also want to count pairings. Let S(n, k) be the set of pairings on [2n]
with exactly x components. For convenience, we stipulate that S(0, 0) contains one
element, the empty pairing, and otherwise that S(n, «) is the empty set when n or
K18 0.
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Lemma 7. For all nonnegative n and &, the number of pairings S(n, k) is 2" *c(n, k),
where e(n, k) is the signless Stirling number of the first kind. It follows that for any
positive x,

(27) ;#S(n,ﬁ)x“:x(l‘+2)(l‘—|—4)~..(x_|_2n_2)

<z"+nn-—12""t+ (2n — 1)!!(1‘"‘2 \ 1).
Proof. We claim that #S5(n, k) satisfies
(28) #S(n, k) =#Sn—1L,k—=1)+2(n—1)#S(n—1,k).

We define a bijection 3 between S(n, k) and (S(n —1,Kk)x[2n— 2]) USn—1,k—1)
as follows: Suppose o is a pairing on [2n] with x components. If {2n — 1,2n} € o,
then 3(o) is just ¢ with the component {2n—1, 2n} removed; it is in S(n—1,k—1).
Otherwise, there are m,m’ € [2n — 2] such that {2n — 1,m} and {2n,m'} are in
o. In this case, we define a matching ¢’ on [2n — 2] to be the same pairs as in
o, except that {2n — 1, m} and {2n, m’} are removed, and {m, m’'} is added. The
components of ¢’ are the same as those of o, except for the removal of 2n — 1 and
2n from one component. Thus ¢/ is in S(n — 1, k), and we let 8(o) = (¢/, m).

If o € S(n—1,k—1) then 371(¢) = s U {{n— 1,n}}. For (¢;m) € S(n —
1, k) x [2n — 2] we define 3~1(o, m) by finding m’ such that {m, m’'} € o, removing
{m,m'}, and adding in the pairs {m,2n — 1} and {m’, 2n}.

The recursion (28) implies that ¢(n, &) := 2°7"4#S5(n, k) satisfies

elnyr)=cn—1,s—1)+ (n— De(n —1,x),

for n,k > 1, and ¢(n,0) = ¢(0,x) = 0, except ¢(0,0) = 1. This is the recurrence
which defines the Stirling numbers. (See, for instance, Lemma 1.3.3 of [Sta86].)
The equality in (27) follows then from Proposition 1.3.4 of [Sta86]. To derive the
bound, we note that the monomial 2" has coefficient 1, and #”?~' has coefficient
2+4+4+---+2(n—1) = n(n—1). What remains are terms no bigger than 2" =2V 1;
the total of all the coefficients is found by evaluating the function at z = 1, yielding
(2n — 1)L O

4. PROOF OF THE THEOREM

We consider first the even moments, and write 2n in place of n. We may assume
without loss of generality that n(¢) = 0 and ¢ = 1.

Let Z = {0,1,...,k—1}?" and let Z, be the subset of Z consisting of multiindices
whose pairing is . Remember that the matched multiindices 7, are those in which
the smallest and second smallest are adjacent, third and fourth, and so on.

For any ordered multiindex 7 = (i1, 42, ..., i2,) we define #(I) to be the number
of possible orderings of I, and #*(I) the number of matched orderings of . If I has
nonoverlapping pairs, and exactly a pairs of identical indices, then

(2n)!
2(1
so r(I)/r*(I) = (2n — 1)!1. Also, for any multiindex r*(7) < 2"nl.

r(l) = and r*(I) = 2" “nl,
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We aim to compare the two expressions

k—1 k-1 k—1

(20)  Eo[Wi(@)] =k D> D) Eefo(Xi) - og(Xe,)]  and
i1=045=0 i3, =0
k—1 k-1 k—1

(30) 75(]{7)” =k7" Z Z e Z ﬂ-(ﬂlé—iﬂ) o 'F(ﬂi2n—1—i2n|) .
i1=045=0 i3, =0

Note that the terms in W2" are invariant under permutations of the indices. The
terms in 'yé (k)™ are invariant under permutations which preserve the pairing. Thus
we can rewrite these expressions as

k—1 k-1 k—1
Ex[Wk(g)zn] =k T(Zl,,lzn) Efg(‘)(ll) g<XZ2n) and
i1=043=11 f2n=ton_1
k—1 k-1 k—1
75(]{7)” =k r*(il""’izn)ﬂ-(ﬂ2—i1)"'ﬂ-(ﬂ2n—1—i2n)
i1=043=11 f2n=ton_1
+ F(ﬂm—iﬂ) to ﬂ-(ﬂizn—l—ﬁﬂ) :

(i1, izn)ET\T oy
This allows us to bound the difference
KB, [Wh ()] — (20 — )2(R)" |
(31) S (277, - 1)” Z ﬂ-(ﬂlé—iﬂ) e F(ﬂi2n—1—i2n|)

(i1, ,i22) €I\ L4
2) + > |, i) — (20— D)W (ir, o) |7 (Thiy) 7 (L =i
(33) + ZT (i1,..., izn)|Exg(Xz’1) cog( Xy, ) = (L)) '71'(7}2”_1—2'2”)|~

The sums in (32) and (33) are taken over all (41, ...,42,) with 0 <43 < -+ < dgy.

4.1. Bounding (31). We need to show that the contribution to v; 2(k)™ by un-
matched multiindices is negligible. By Lemma 1, with o = 3, and g = \/p,

|7T(T|z’2—i1|) .. .F(Tlm_l_mm 2\/_7T H p~|m—m_1|.

Let I = (¢1,...,42,) have pairing o, with £ components, and let J = (j1,.. ., j2n)
be the ordered version of I. Equation (25) tells us that the exponent of j above is
|o|(J). By Stirling’s formula [Fel68],

/2ﬂnn+%e—nel/(12n+1) < n! < 2ﬂnn+%e—nel/(12n)’

there are

2n)!
P*(J) < 2"nl < 2"“%/5%
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different multiindices I € Z, which all yield the same J when ordered. Thus

‘ Z 7T(Ti2—i1) e 'W(Tizn_l—izn)

(i1, ,i2n)EZs

k-1 k-1

<2l Y0 N Z (2VRr(V))" pleltin ien)

J1=0j2=71 J2rn=J2n-1

An application of Lemma 6 yields the bound
> ATea) o m (T i)| € 0l @VRR(V) R (1= )
(i1, s820) €Zo
Using Lemma 7 to sum over all ¢ other than the trivial pairing, and the relation
(34) =% > a(l - p),
which holds for any p,a € (0,1), we get

‘ > T(Tiy—iy) T (Tinp_y—inn)

(i1, 1520 ) ET\ Loy
|
(35) < By g gt
n.
x (nln = DR 4 (1= )7 @0 = DIk V (1 = p)7)" )

4.2. Bounding (32). We know that r(I) — (2n — 1)!lr*(I) = 0, except when T
has overlapping pairs. Saying that (é1,...,42,) has overlapping pairs says that
iom = famy1 for some m € {1,2,...,n— 1}. The summand in (32) is bounded by

(o) (oVRr(v)" T[ e

L=

—_

The sum may thus be bounded by

(20)! 2V Fn(V iz IS

where 2(™) is the sum over ordered indices (41, ...,%25) where d9, = domq1. We
can apply Lemma 4 to this sum, with « = p, N = 2n — 1, and n of the ’s being 1,
the rest 0. This means that the term (32) is bounded by

(36) (n — D(4VRr(V)(1 - p)~)" ((752_”)1!)@”—1 + (2n)!k”‘2)

4.3. Bounding (33). Let (i1,...,%2,) be any ordered multiindex. We define a
sequence of interpolations Yy, Y1, ..., Y, between Yy := n(Ti,—s,) - m(Tisy —in_y)
and Y, := E, [g(Xil) g un)] by

(37) Ye =Ky [g(Xil)g(Xiz) o 'g(Xizz)]ﬂ-(Tizz+2—iu+1) o 'F(Tizn—izn—l)
for 1 <£<n-—1. Forany{e€{1,2,...,n} we have
E. [g(Xil)g(Xig) e 'g(Xizz—2)<P;iZ_'2ll:i2)l_2 <Tizz—izz—1) - F(Ezz—izz—1))] ‘

X ‘ﬂ'(T'

Zzz+2—izz+1) o 'ﬂ-(

vi -

T

Z2n—l2n—1)
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From Lemma 1 we derive two different estimates for 7},,, one with o« = %, the
other with o« = (2n — 20+ 1)/2n:

| T () |<2\/_V( )2,
|Tm x | 1/2”|PZ1 (g)| (remember that m(g) = 0)
(38) < 2R(2n—2£+1)/2nv(x)(n—Z+1)/npm(2n—2£+1)/2n.
The former will be used for the individual terms 7(7},,), the latter for the product.
If we define
h($) = Plx2l_1_l2l_2 (Tiu—iu—1) - 7T<Tizz—izz_1)a
we have, by Lemma 1, using a = (n — £+ 1)/n and the bound (38)
|h(l‘)| S 4R2(n—ﬁ+1)/np(iu—iu_Q)(2n—2£+1)/2nv(x)(n—2+1)/n.
Thus we may apply Lemma 3, with
= 4R2(n—2+1)/np(2n—ZZ-I—l)(iu—iu_g)/Zn’ oy = n—0+1
cg =1, and oy = —.
Letting p = p'/?", this gives us
Yo < @VRP [ T st | a vyt

j=t+1
« 2[+1R2Z—Z2/n+1/n V(x)ﬁ(m_m_z)(2n—2z+1)

- 2n 2j4+1)(f25—%25-1) ~(2n—2j+1)(i2;-1—%25—2)
(39) +p :
The term we are seeking to bound is the sum of all |V, — Yy| over all possible
ordered multiindices (i1, . ..,4i2,). We need to approximate
n
Z plize=izez)(2n=2641) H plizi=izioa)/2
0<i1 < <o <h—1 j=t+1

1:[ ( (2n—2j+1)(325—i25-1) _|_ﬁ(2”—2j+1)(i2j—1—i2j—2)) )

Performing the outer summation (over multiindices) first, we obtain a sum of 2¢~!
terms, each of which may be bounded by an application of Lemma 4: We take
z=p, N=2n,s=n+1, and

n; = 3 for n — £ values of j,

2n—20+1
2n ’
n—204+3 2n—204+5 2n—1
2n ’ 2n T 2n

N2t = N2e—1 =

£ — 1 other nonzero values:
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Thus each of the terms is bounded by

(k +n— 2) (1— \/ﬁ)z_n (1 _ p(zn_zz+1)/zn) -1 ﬁ (1 _ p(2n—2j+1)/2n) -
j=1

n—1
k4+n—2 n ‘ 2n
< ot N l—p) " ———
- ( n—1 )( 2 (n—ﬁ—l—l) jli[l?n—Qj—l—l

_(k+n-—2 (1 )_n_12”+znz+1n!(2n—2€)!
- r 2n)(n -+ 1)!

1

n—1
Applying Stirling’s formula and the estimate 1 — & < ™" for # < 1, we get the
bound
k4+n—-2
2n+£ £ 1 — —n—1
el J0=p

Putting this together with the coefficients in (39), and summing over 1 < ¢ < n (by
simply taking n times the largest term),

k—1 k-1 k—1
Z Z Z r(llaal2n)|g<XZ1)g<Xl2n) _ﬂ-(ﬂ2—i1)"'ﬂ-(ﬂ2n—1—i2n)|
11=042=11 fop=%on—1
(40) Sn@muﬁ“”%%w+ﬂl—m-m*vwﬂ< lnﬁmﬂ+ﬁ%%~
n — .

Assembling (35), (36), and (40), together with (31)-(33), we get
B [We(9)®™] — (20— D2 (4)")
< k7'n?(@2n)IREMI (1 = p)r ]

nyz V(e n 1 27t
e G e

k! ((26)”"'2‘/(1‘) y

“ £ ) vk 1= ) )|

It only remains to estimate the error arising from the substitution of 'yé(k’) for
'yg. Observe that

2 4 2k
92 =32 0)] = |2r(0) + £r(Te) + -+ (L) + 20(Th) + 2m(Tisa) + |

< % . 16\/E7T(V)<1 — p)_z.
Thus
(20 = DI(2)" = 230" < (20— D11E =200 X (2 30y
(2n) } e

SEmoDl 2. 4"RM?m(V)" (1—p) "
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Adding this to (41) gives us
|E. W™ — (2n — 1)!y2 (k)"

122 (2n)! asn/16 e

(42) X [(26)”“ V()4 34" 4 22043
k! ((26)”"'2‘/(1‘) Y

+ 2731 — py7 (1 v 2k (1 — p)—l)”‘z)] :

When similar terms are combined, this reduces directly to (9)
Now we consider odd powers. Choose any ordered multiindex 0 < 73 < .- <
iant1 < k— 1, and define h(z) := P> """ (g). By Lemma 1,

|h(2)| < 2RM @41 liansa=izn)/ Crt D)y ()1 (2nt1),
so we may apply Lemma 3 with oy = o, = 1/(2n 4 1) to get
o [g(Xil) o 'g(Xizn)g(Xi2n+1)] ‘

Ba[g(X5,) - g(Xio, Jh(Xe, )|
< 2”Rf+1v(l‘)p(i2n+1_i2n)/(2n+l)

<

<1 (puzj—z’zj_l><2n—zj+z>/<zn+1> n puzj_l—z'zj_2><2n—zj+z>/<zn+1>) .
j=1

Applying Lemma 4 and simplifying the constant factors, we bound this sum over
all ordered multiindices by

2" RPHLY () (1 — p1/<2n+1))_1 H(1 - p(zn—2j+2)/(2n+1))—1 (g + k”—l)
j=1 '
n41 AL

< (QR*(l—p)_l) \/ﬁ(m‘i‘k’n_l)

Multiplying this by the (2n + 1)! which is the maximum number of ways that any
collection of indices can be ordered, and dividing by k”"'%, we get

. Ly (204 1) _ o\t .
(43) ‘Eka(g)z +1‘ <k 1/2(717')(23*(1—;)) D Va1 ki),
which simplifies directly to (10).

5. PrRoOFs oF THE COROLLARIES

5.1. Proof of Corollary 1. For any n we have |g—7(g)| < ¢ < ¢V so Theorem
1 assures us that

2,2
‘Exe*Wg) _ A vg/z‘

[ A -1 2n n! Azt —1/2p0 ¢ 2041 n!
< [—k’ Cfer) (1—1—?)-1-7]{7 C'(er') (1—1—?)]

n=0

This reduces directly to (11).
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5.2. Proof of Corollary 2. We begin by considering the case of ¢(z) = 1{x <t}
for some real number t. Define

Wik = % GO5) + 0(Xi40) + -+ 0(Kj4ho1))

and let hF(z) := P.{W; < t}. By Theorem 1 of [Bol82], there is a constant 3,
depending on the chain, such that

(44) 3 := supsup k1/2|7r(hf) —<I>(t/'yg)|
E>1teR

is finite. Since h¥ < 1, we also have for every positive j,

(45) |PL(R}) — w(hf)| < RV (z).
Putting these two bounds together, we see that
(46) [P () = ®(t/7)| < Rp'V () + B2,

For any positive e,
Po{t — vy <Wik <tevg} = Pl(hty,,) — PL(Ai_,,c)
S D(t/vg+ ) = (/75 — ) + [PL(Afyy, o) — B(t/7g + ¢
+ [PL(RE ) — (/v — )|
(47) <2 (e+ RV (2) + ok71?)
This means that
|P3 () = b (2)] = [Po{ Wi < t] = Po{Wy <t}
SP{W; <t < Wi} +P{Wi <t < Wi}
SP{|Wi = Wik| > evg} + P{Wjk € [t — et + e}

1/2
SP{<%) |Wo,j—Wk,j| 2679}+2(€+Rp]‘/(x)+5k—1/2)
1/2 1/2
v [k evg [k
=P Bl p > Je (2
<P{Wo; > = (j) b P{Wy, > (j) !
+2 (e+ Ry V() + 9K7H2).
Suppose that |g—n(g)| < e/ By Theorem 1, defining M,, := sup, supy V(a:)_l E, |Wk|2”,
M, < ¢ ((2n — D)(2)" + 207" (2n)!)

(48) < (2n — 1)1l [(L(Vwﬁ)n + 2077
< i,

It follows that
(49)

P20~ W )] < 21+ RV () 0] (2) (g)zn

+ 2 +2 (Rpr(x) + mf—l/?) .
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Putting this together with (46), for any positive € and nonnegative integer j,
sup| @ (t/75) = P{Wi < t}| < [PL(hY) = O(1))] + [P (k) — hf ()]

< Mp[(1+ Rp")V () + 7(V)] (%)n (g)%

€

(50) +2e+3 (Rp/V (2) + BK112).

We choose
logk n/(2n+1)
F)

log &
—2logp |’

€

J

This bound then becomes

sup|®(t/7) = P{Wi <1}

n —-n/(2n+1)
< (Mn(l + 2R,V (x) (_ligp) +2) (kjék) + <3R‘;(x) +ﬁ) k2

which simplifies to (12), with

" IR
) +2+7+ﬁ.

1 M* = M,(1+ 2R,
1) P2 (o

If |¢ — m(g)| is bounded by a constant, then by Corollary 1,
Ly :=sup sgp V(e) ' E, MWl
is finite for any A < 1/¢(rV #'). (The value of L, depends on ¢.) We keep the value
of j from above, but now choose
e=A""2(=log p)~ 2k 10g® ? k.
This yields
sup|®(t/75) = P{Wi <}

1/2

< Li(1+2R.)V(2) exp{—%(k’/j) }+2e+3 (Rpr(x) + ﬁk—W)

< La(14 2ROV (@)k=Y? 4+ 220 (= log p) =2k~ 1og® ? k + 3 (M + ﬁ) k2
p
which simplifies to (13), with

3R
52 L* = inf L IIN"L(—1 ~1/2 .
(52) 0<>\<111/1c(7‘V7"){ A+ V2 (~logp) . p N 6}

Now consider any measurable function ¢y with bounded linear variation If ¢ is a
step function, written in the form

N
Y(t) = ap+ Z ailyr<s,ys

i=1
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then for X a standard normal random variable,

[Ex v (Wil9) = Ev(y, )] < (Z |ai|) sup|[P{Wi(g) <t} = 2(t/7)].

Since any ¥ may be uniformly approximated arbitrarily closely by step functions
with > |a;| < ||¢], the result follows.

5.3. Proof of Corollary 3. Let ¢(t) and ®(¢) be the standard normal density
and distribution function. For any positive o and any positive b,

B (Wi (9)*] = B[l X17]]
(53) < B [IWe(9)]* A (396)°] = 75 E[|1X]* A 6%
+ B [(Wi(9)|” = (190)*) 7] + 75 B [(1X]* = 5%) 7]

By the standard approximation [Fel68, Lemma VIL.1.2] 1 — ®(z) < 27 1¢(z), the
final normal expectation is bounded by

(54) o /boo az®"2¢(2)dz < Aa® DT (b v 1)%¢(b),

where A and a are constants independent of « and k.
Now, for any positive integer n,

[9(x) = 7(9)| < clog? V(@)1 < > (M) V(@)

(&

The function |z|* A b* has total variation bounded by 20%, so we can apply (12) to
bound the first term in (53) by

g 2y (2) () v

where M7 is given by (51). Simplifying crudely, we find constants @ and A such
that this term is bounded by The second term on the right in (53) is bounded by

00 00 9 2np
/ ozzo‘_lP{Wk(g) > z}dz < / az® 1M, (ﬂ) 27y
e
¥ ¥

b b
< (z_p) Mya(y,h)*=2"
- e 2n —«
We take
_[a rq
n=[3+3]

Putting all these estimates together, and using the bound (48), we find constants
A’ a’, depending only on the Markov chain and r, such that for all o > 1,

V(@) E[[Wi(9)]"] = E[[ryX|"]

k

-1/3
= + olotrae+1)/2p—rq
log &

(55) < A/(a/)oc|:aoc/2boce—b2/2+boc (
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Observe that for any number A and s € (0, 1), letting X' = Xe!=*, and applying
the Stirling approximation,

N j(1=s)d © (N
S
=0 J: =0 J
<D (Y Lsirt
=0

For any positive A,

V(ar:)_1

‘Ex [exp{/\|Wk(g)|q}] - E[exp{/\|'ng|q}] ‘

< 30 2 [Ea W) ] ~ B[l x|
i=0 7

< A Z(a/)qj/\é {jqj/quje—bQ/y + (k/log k)—l/?’bqj 4 jaU+n)(2pH1)/2p=rg
J!

7=0

< A {b%/(?—q)ey’bq—““ + (k/logh) ™ /2eM" 4 Bb—q’“},

where A” a”,y, B are constants which depend on p,q,r, and A, as well as the
Markov chain, since ¢(2p 4+ 1)/2 < 1. If b = (A~ log k)1/9, where ¢ < %, then this
bound becomes O(log™" k) for large k.
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