Kingman’s coalescent as a random metric
space

Steven N. Evans *

Department of Statistics, University of California at Berkeley

Abstract

Kingman’s coalescent is a Markov process with state—space the collection
of partitions of the positive integers. Its initial state is the trivial partition
of singletons and it evolves by successive pairwise mergers of blocks. The
coalescent induces a metric on the positive integers: the distance between two
integers is the time until they both belong to the same block. We investigate
the completion of this (random) metric space. We show that almost surely it
is a compact metric space with Hausdorff and packing dimension both 1, and
it has positive capacities in precisely the same gauges as the unit interval.

1 Introduction

Kingman’s coalescent was introduced in [Kin82b, Kin82a] as a model for genealogies
in the context of population genetics. This process has since been the subject of
a large amount of applied and theoretical work. We refer the reader to [Ald97]
for a recent survey and bibliography covering coalescent models in general, and
[Tav84, Wat84] for an indication of some of the applications of Kingman’s coalescent
in genetics.

Here is a quick description of Kingman’s coalescent (which we will hereafter
simply refer to as the coalescent). Recall that a partition of a set S is a collection
{Ax} of subsets of S (the A, are called the blocks of the partition) such that
AxNA, = ) for A # p and Uy Ax = 5. Let II denote the collection of partitions
of N:={1,2,...}. For n € N let II,, denote the collection of partitions of N,, :=
{1,2,...,n}. Each partition m in II (resp. TII,) corresponds to an equivalence
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relation ~, on N (resp. N,) by setting ¢ ~r j if ¢ and j belong to the same block
of m. Write p,, for the natural restriction map from IT onto II,,. Kingman [Kin82b]
showed that there was a (unique in law) IT-valued Markov process & such that for
all n € N the restricted process &, := p, o & 18 a Il,—valued, time-homogeneous
Markov chain with initial state &,(0) the trivial partition {{1},...,{n}} and the
following transition rates: if &, is in a state with & blocks, then
e a jump occurs at rate (g),
e the new state is one of the (g) partitions that can be obtained by merging
two blocks of the current state,

e and all such possibilities are equally likely.

There is a natural (random) metric 6 on N defined by
0(i,§) =inf{t > 00~ j}

In the original interpretation of the coalescent as the random genealogical tree of a
countable collection of individuals (with time run backwards from the present), the
distance 6(7, j) is just how long before the present the respective lines of descent of
i and j diverged. Note that ¢ is actually an ultrametric on IN; that is,

8(i,5) < 6(3, k) v 3(k, ) for all i, j, k € N.

Let (S, 6) denote the completion of (N, d). Clearly, the extension of ¢ to S is also
an ultrametric. Before presenting our main theorem giving some of the properties
of S, we will take some time to sketch a description of S that some readers might
find helpful.

Recall that a rooted tree is a directed graph with the properties that, with the
exception of a a unique vertex (the root), every vertex has exactly one directed edge
leading to it and the corresponding undirected graph is connected and acyclic. If
two vertices v and w of a rooted tree are conncected by a directed edge leading from
v to w, then w is said to be a child of v.

As we recall in Section 2, almost surely the random partition £(¢) has finitely
many blocks for all ¢ > 0, & evolves by blocks coalescing in pairs, and &(¢) consists of
the single block N for all ¢ sufficiently large. Let A denote the collection of subsets
A of the integers such that A is a block of £(t) for some ¢t > 0. We can think of the
elements of A as the vertices of a tree rooted at N: a block A € A is the child of
a block C € Aif A € £(s) and C € &(u) for some pair of times s < u and there is
another (unique) block B € A such that A coalesces with B at some time s <t < u
to form C'. Almost surely, each vertex in this rooted tree has two children.

In the usual terminology, an end of this rooted tree is an infinite directed path
starting at the root, that is, an infinite sequence N = Ay As, ... of blocks such that
Any1 is a child of A, for all n. It is not hard to show that there is a one-to—one
relationship between S and the set of ends.

The correspondence between coalescing partitions, tree structures and ultra-
metrics is a familiar idea, particularly in the physics literature (see, for example,
[MPV8T]). Some properties of the space (IN,d) are considered explicitly in Section
4 of [Ald93].

It is our aim in this paper to investigate some of the dimension and capacity
properties of (S,d). We remark that there is a large literature on such “fractal” prop-
erties of random trees constructed in various ways from Galton—Watson branching



processes; for example, [Haw81] computed the Hausdorfl dimension of the boundary
of a Galton—Watson tree equipped with a natural metric (see also [Lyo90, LS98]).
We refer the reader to [LP96] for an account, including an extensive bibliography,
of this and other facets of probability on trees.

We remind the reader of the definitions and basic properties of Hausdorff dimen-
sion, packing dimension, energy and capacity. For more detail see [Mat95], [RT61]
and [TT85]

Let (7, p) be a metric space. Consider a non-decreasing, continuous function
g : Ry — Ry with g(0) = 0. The Hausdorff outer measure of a set A C T with
respect to the measure function g is defined by

my(4) = limms (4),

where

m(A) = inf{Zﬂ(diam(Bi))} '

with the infimum taken over all countable collections of open balls By, Bs, ... such
that A C |, B; (that is, By, Ba,... is a cover of A) and sup; diam(B;) < e. The
Hausdorff dimension of such a set A is given by

inf{a > 0:my, (4) =0} =sup{a > 0:my, (4) = oo},

where gq(s) :=s%, s > 0.
Let (T, p), ¢ and A be as above. The packing premeasure of A with respect to
the measure function ¢ is defined by

Py(A) :=lim P;(A),

0

where

Pg(A) == sup {Zg(diam(Bi))} :

with the supremum taken over all countable collections of pairwise disjoint open
balls By, Ba,... with centres in A (that is, By, B, ... is a packing of A) such that
sup, diam(B;) < . (We remark that it (7,p) is an ultrametric space, then any
point of a ball B is a centre, and so in this case the requirement that the balls
By, Bs,... are centred in A is equivalent to the requirement that they intersect
A.) The packing outer measure of A with respect to the measure function g is then

defined to be

pa(A) = inf{ZPg(Ai)},

where the infimum 1s over all countable collections of Borel sets A, Ay, ... such
that A C |J; A;. The packing dimension of A is given by

inf{a > 0 : py, (A) = 0} =sup{a > 0:py, (4) = 0},

with g, as above.



By arguments similar to those in Lemma 5.11 of [T'T85] it is possible to show
that the inequality my(A) < py(A) always holds and so, in particular, the Hausdorft
dimension of a set is at most its packing dimension.

We now recall the definitions of energy and capacity. Again let (7, p) be a metric
space. Write My (T) for the collection of (Borel) probability measures on T'. A gauge
is a function f : [0, co[— [0, 0], such that:

e f 1s continuous and non-increasing,
. F(0) =,

e f(r) < oo forr >0,

o limoo f(r) = 0.

Given p € M1(T) and a gauge f, the energy of p in the gauge f is the quantity

&5tn) = [ ntda) [ nta) Fip(e. ).
The capacity of A C T in the gauge f is the quantity

Cap, (4) = (inf{&; (1))~

where the infimum is over probability measures p € M;(T) with closed support
contained in A (note by our assumptions on f that we need only consider diffuse
p# € M1(T) in the infimum). The capacity dimension of a set A C T' is given by

inf{a > 0: Cap; (A) =0} =sup{a > 0: Cap; (A) = oo},

where fo(s) :=s7% s> 0.

The capacity dimension of a set equals its Hausdorff dimension (see Ch. 8
of [Mat95]), and hence the capacity dimension is also dominated by the packing
dimension.

Our main result is the following, which, inter alia, asserts in the terminology of
[PP95] (see, also, [BP92, PPS96, Per96]) that S is a.s. capacity-equivalent to the
unit interval [0, 1].

Theorem 1.1 Almost surely, the metric space (S,0) is compact, and the Hausdorff
and packing dimensions of S are both 1. There exist random variables C*  C** such
that almost surely 0 < C* < C** < oo and for every gauge f

C*Cap; ([0,1) < Cap(S) < C**Cap, ([0, 1]). (L1)

Let us say a little about the interpretation of Theorem 1.1. Capacities, Haus-
dorff measures and packing measures are all ways of capturing how large a set is.
By definition, knowing that S has positive capacity in some gauge indicates that S is
large enough to allow mass to be spread “smoothly” on it. It is possible to establish
analogues for S of density results for Euclidean space Hausdorff and packing mea-
sures (see Theorems 2.1 and 5.4 of [TT85] for statements of the Euclidean results).
These results show that knowing S has positive Hausdorff or packing measure for
some measure function is again equivalent to knowing that S supports a measure
that is “smooth” in an appropriate sense.



The compactness claim of Theorem 1.1 and the fact that the Hausdorff and
packing dimensions are at most 1 are established in Section 3. The capacity—
equivalence (1.1) is proved in Section 6, and, by the general relationships between
Hausdorff, packing and capacity dimensions, this also establishes the required lower
bound on the Hausdorff and packing dimensions.

The results of this paper suggest a number of problems for future study. A
process of coalescing partitions of N is constructed in [DEFT98] using coalescing
Brownian motions on the circle. The techniques of the present paper are used there
to show that the corresponding metric space has Hausdorff and packing dimensions
both equal to % and that this space is capacity—equivalent to the middlef% Can-
tor set (and hence, by the results of [PPS96], to the Brownian zero set). It is, of
course, natural to investigate the existence of exact Hausdorff and packing measure
functions for this Brownian model and the model considered here. In this regard,
the random measure ;| constructed in Section 5 and its analogue in the setting of
[DEF198] are the natural candidates for applying the abovementioned analogues of
the density theorems of [RT61] and [TT85], provided one can obtain the requisite
upper and lower densities. Lastly, a number of other coalescing partition—valued
processes arising from models in chemistry, cosmology and physics are considered
in [EP98, Pit97, BS97] and it would be interesting to investigate the “fractal” prop-
erties of the corresponding metric spaces, which are typically not compact.

2 Some observations on the coalescent

We begin by recalling some results about the coalescent from [Kin82b]. Let N (%)
denote the number of blocks of the partition £(t). Almost surely, N () < oo for
all £ > 0 and the process N is a pure-death Markov chain that jumps from % to
k — 1 at rate (g) for k > 1 (the state 1 is a trap). For k& € N, put o := inf{t >
0: N(t) = k}. The process & is constant on each of the intervals [o, or_1[, & > 1.
Write [1(t) < --- < Iy (t) for an ordered listing of the least elements of the various
blocks of £(¢). Almost surely, for all ¢ > 0 the asymptotic block frequencies

Fi(t) == lim n=" |[{j € Nn 2 j ~ey L}, 1 <i <N(),
exist (where we use |A| to denote the cardinality of a set A) and
Fl(t) + -4 FN(t)(t) =1.

It follows from the arguments that lead to Equation (35) in [Ald97] that

ltiféltN(t) =2, a.s. (2.1)
Finally, we claim that
N()
%ﬁ—l ; F()? =1, as. (2.2)

To see this, set X, ; := F;(0y,) for n € N and 1 <7 < n, and observe from (2.1)
that 1t suffices to establish

. 2
nh_}n(}onZXnJ =2, a.s. (2.3)

i=1



By the “paintbox” construction in Section 5 of [Kin82b] (see also Section 4.2 of
[A1d97] for an exposition with some helpful pictures) the random variable y ", X7 ;
has the same law as U(Zl) + (U(z) — U(l))Z o4 (U(n—l) _ U(n—Z))2 +(1- U(n—1))2,
where Uy < ... < Ugp_1) are the order statistics corresponding to i.i.d. random
variables Uy, ... U,_; that are uniformly distributed on [0, 1]. By a classical result
on the spacings between order statistics of i.i.d. uniform random variables (see, for
example, Section IIL3.(e) of [Fel71]), the law of 37'_ ) X7 ; is thus the same as that
of (3 TH)/ (> i, T;)?, where Ty, ..., T, are i.i.d. mean one exponential random
variables.

Now for any 0 < ¢ < 1 we have, recalling P[T?] = 2,

P (ZH:TZ) / (ZH:T) > (1+e)(1—e) 227!
<P {Zn: (17 — P[T7]) > 26n} +P {Zn:(T - P[T}]) < —En}.

i=1 i=1

A fourth moment computation and Markov’s inequality show that both terms on
the right-hand side are bounded above by ¢(g)n=2 for a suitable constant ¢(g). A
similar bound holds for

P (ZH:W) / (ZH:T) <(1—e)(l+e) 2201

The claim (2.3) and hence (2.2) now follows by an application of the Borel-
Cantelli Lemma. As the referee remarked, the tail estimates needed for the Borel-
Cantelli Lemma can also be obtained from Markov’s inequality and known moment
formulae for Dirichlet distributions.

3 Compactness and upper bounds on dimensions
Given B C S, write clB for the closure of B. Each of the sets

Ui(t) = cl{j € N : j ~ge) Li(1)}
=cljeN:§(, L)) <t}
={yeS:d(y, Lit) <t}

is a closed ball with diameter at most ¢ (in an ultrametric space, the diameter
and radius of a ball are equal). The closed balls of S are also the open balls and
every ball is of the form U;(¢) for some t > 0 (see, for example, Proposition 18.4 of
[Sch84]) and, in fact, every ball is of the form U; (o) for some k € Nand 1 < ¢ < k.
In particular, the collection of balls is countable. Any ball of diameter at most
t is contained in a unique one of the U;(¢), and any ball of diameter at least ¢
contains one or more of the U;(t) (see, for example, Proposition 18.5 of [Sch&4]).
Moreover, k — 1 of the balls U;(oy), 1 < i < k, are of the form U;(og41) for some
1 <j < k+1; and the remaining ball is of the form Up(ok41) U Up(ok41) for some
pair 1 < h £<k+1.

Because S is complete by definition, in order to show that S is a.s. compact it
suffices by Ascoli’s theorem to show that S is a.s. totally bounded. However, for



any t > 0 we have a.s. that S is covered by N(t) < oo closed balls of diameter at
most 7.

In order to establish that both the Hausdorff and packing dimensions of S are a.s.
at most 1 it suffices to consider the packing dimension, because packing dimension
always dominates Hausdorff dimension.

Recall that a packing of S is a pairwise disjoint collection of balls in §. By
definition of packing dimension, in order to establish that the packing dimension is
at most 1 a.s. it suffices to show for each o« > 1 that there is a random variable C
such that C' < oo a.s. and, for any packing By, Bs, ... of S with balls of diameter at
most 1, we have )", diam(By)* < C. As we observed above, if 277 < diam(By) <
2=(P=1) for some p=0,1,2, ..., then B contains one or more of the balls U;(27P).
Thus

[{k € IV : 277 < diam(By) < 2~ P~} < N(277)

and
> diam(Be)* < > N(27P)27FHe < o,
k p=0
by (2.1), as required.

4 An alternative expression for energy

We need to adapt to our setting the alternative expression for energy obtained by
summation—by—parts in Section 2 of [PP95].

For ¢t > 0 write U(t) for the collection of balls {Ui(t),... ,Un)(t)}. Let U
denote the union of these collections over all ¢t > 0. As remarked in Section 3, the
collection U 1s just the countable collection of all balls of S. Given U € U with
U # S, let U7 denote the unique element of ¢ such that U C U™ and if V € U
with U C V C U7 then either V = U or V = U7. More concretely, such a ball
U is in U(ox) but not in U(ok—_1) for some unique k& > 1, and U™ is the unique
element of U(op_1) such that U C U7. Define S7 := {, where { is an adjoined
symbol. Put diam(}) = oc.

Given a gauge f, write ¢ for the diffuse measure on [0, oo such that ¢ ([r, x[) =
pp(lr,00)) = f(r), » > 0. For a diffuse probability measure y € M1 (S) we have,



with the convention f(oco) =0,

&) = [ utde) [ uldy) 16(2.)
= [wtan) [ty ST fiam@) - fidiam())

Uel {z,y}CU

S (f(dinmn(u)) = S(iam(@)) [ lde) [ play) 1fe.) € 0)

Ueld

Y (f(diam(1) = f(diam(U™))) u(U)?

Ueld

= /[ iU U

Ueld

= [ enan 3 w0y

Ueld(t)

5 Construction of a good measure on S

In order to establish the left—hand side of the capacity—equivalence (1.1), it appears,
a priori, that for each gauge f we might need to find a random probability measure
, depending on f such that C'Cap,([0,1]) < (&, )=t for some a.s. non-zero
random variable C' that does not depend on f. It turns out, however, that we can
find a , that works simultaneously for all gauges f. We construct , as follows.

Let B denote the algebra of subsets of S generated by the collection of balls
so that B is just the countable collection of finite unions of balls. Of course, the o—
algebra generated by B is the Borel o-algebra of S. It is clear that, on an event Q*
with P(02*) = 1, the sets in B8 are compact, and, moreover, for all & € N and indices
1 S 1 S kif UZ(Uk) = Ui1(0k+1) U Ui2(0k+1) (that iS, if {Iil(o'k+1),lz’2(0'k+1)} =
Weloks1) = Le(0k41) ~e(on) Li(ow)}), then Fi(oy) = Fiy(ok41) + Fiy(ok41). Tt is
therefore possible on the event 2* to define a finitely additive set function , on B
such that

L (Ui(0) = Fi(t), t >0, 1 <i < N(t), (5.1)

and
, (S)y=1. (5.2)
Furthermore, if A1 D A3 D ... is a decreasing sequence of sets in the algebra B

such that [, A, = 0, then, by compactness, A, = 0 for all n sufficiently large and
it is certainly the case that lim,_ ., (An) = 0. A standard extension theorem (see,
for example, Theorems 3.1.1 and 3.1.4 of [Dud89]) gives that on the event Q* the
set function , extends to a probability measure (also denoted by , ) on the Borel
o—algebra of S. Define , to be, say, the point mass d; off the event 2*.

6 Capacities and lower bounds on dimensions

Establishing the capacity—equivalence (1.1) in the statement of Theorem 1.1 will
certainly show that the capacity dimension of S is 1 a.s. The packing dimension



of a set is at least 1ts Hausdorff dimension, which is in turn equal to its capacity
dimension. Therefore, (1.1) combined with the results of Section 3 will establish
that the packing and Hausdorff dimensions of S are both 1 a.s.

From (4.1) and (2.2) we see that for some random variable C’ (not depending
on f) with 0 < ¢’ < o0 a.s. we have

Capy (6) 2 (& ()7 = | [estin) 3 (0

Ueld(t)
-1

N()
_ /gof(dt) PORAITE (6.1)

> (/W(dt)(tAl))_l =’ (/Olf(t)dt)‘1

Note from the Cauchy-Schwarz inequality that for any g € M, (S)
2

1= 2 w0 ] <N DD )

Uel(t) Uel(t)

and so, by (4.1),

Cap, () < ( / sof<dt>N<t>—1)_1 .

This sort of bound appears in Section IV.2 of [Car67]. Applying (2.1), we see that
for some random variable C" (again not depending on f) with 0 < C” < co a.s. we
have

-1

Cap,(S) < C” (/ wr(dt)(t A 1))_1 =c” (/01 7@ dt) (6.2)

The capacity—equivalence (1.1) follows from (6.1) and (6.2) and the fact that
there exist constants 0 < ¢# < ¢## < oo such that

* (/01 f(t) dt)

(this is described as “classical” in [PPS96] and follows by arguments similar to
those used around equation (9) in Section 2 of that paper to prove the analogous
inequalities for [0, 1]%).

-1 -1

< Capy ([0, 1]) < c## ( / 0 dt)
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