A lattice path model for the Bessel polynomials^�

by Jim Pitman

Technical Report No. 551

Department of Statistics University of California 367 Evans Hall # 3860 Berkeley, CA 94720-3860

March 31, 1999

Abstract The (n � 1)th Bessel polynomial is represented by an exponential generating function derived from the number of returns to 0 of a sequence with 2n increments

of �1 which starts and ends at 0.

AMS 1991 subject classification. Primary: 05A15. Secondary: 33C10, 33C45. It is well known [21, §3.71 (12)],[6, (7.2(40)] that the McDonald function or Bessel function of imaginary argument

K_ν (x) := 1 2 (x 2 )_−ν ∫_∞ 0 t^{ν−1}e^{−t−(x/2)2/t} dt (1) admits the evaluation

K_{n+1/2}(x) = √ π 2x e^{−x}θ_n(x)x^{−n} (n = 0, 1, 2, . . .) (2) �Research supported in part by N.S.F. Grant 97-03961

where θ_n(x) := n∑ m=0 β_{n,n−m}x^m with β_{n,k} := (n + k)!

2^k(n − k)!k!

. (3)

The Bessel polynomials

θ_n(x) and y_n(x) := n∑ k=0 β_{n,k}x^k = x^nθ_n(x^{−1}) (4)

have been extensively studied and applied: see the book of Grosswald [9] for a review. Dulucq and Favreau [4, 5] gave a combinatorial model for the Bessel polynomials based on the remark that β_{n,k} = ( n + k n − k ) × (2k − 1) × (2k − 3) × · · · × 1 is the number of involutions of n + k points with n − k fixed points and k matched pairs of points forming 2-cycles. Their model is similar to a well known interpretation of the coefficients of the Hermite polynomials, which was extended to q-Hermite polynomials by Ismail, Stanton and Viennot [12]. Dulucq [3] treats a q-analog of the Bessel polynomials. See also Leroux and Strehl [13] for a model which interprets the coefficients of Jacobi polynomials, and Viennot [20] for other results in this vein.

The purpose of this note is to point out an alternative combinatorial model for the Bessel polynomials, based on an exponential generating function derived from lattice path enumerations. Call a sequence b = (b_0, b_1, . . . , b_{2n}) a lattice bridge of length 2n if b_0 = b_{2n} = 0 and b_i − b_{i−1} = ±1 for every 1 ≤ i ≤ 2n. Let B_n denote the set of all

(_2 n n ) lattice bridges of length 2n. For b ∈ B_n let r(b) be the number of returns to 0 by b:

r(b) := #{i : 1 ≤ i ≤ 2n and b_i = 0}.

Then for each n = 1, 2, . . . ∑ b∈Bn x^{r(b)} r(b)! = 2^n n! x θ_{n−1}(x). (5) This formula can be read from [15, Corollary 9], which gives various probabilistic expressions of the formula in terms of random walks and Brownian motion. This approach connects formula (5) to the integral representation (1) of K_{n−1/2}(x), and to formulae for generalized Stirling numbers due to Toscano [18, 19].

For 1 ≤ r ≤ n let #_{n,r} be the number of lattice bridges of length 2n with r returns to 0:

#_{n,r} := #{b ∈ B_n : r(b) = r}. (6)

Then (5) amounts via (3) to the formula

#_{n,r} = 2^n r! n! β_{n−1,n−r} (7) which reduces to #_{n,r} = 2^r ( 2n − r n ) r 2n − r . (8)

This can be read from Feller [7, III.7, Theorem 4]. Let #^+_{n,r} be the number of non-negative lattice bridges of length 2n with r returns to 0. Then (8) is equivalent to

#^+_{n,r} = ( 2n − r n ) r 2n − r . (9)

By the well known bijection of Harris [10] between between plane trees with n vertices and lattice excursions of length 2n, that is non-negative lattice bridges b of length 2n with r(b) = 1, the number in (9) is the number of forests of r plane trees with n vertices [14, (6.1)]. The particular case r = 1 of (8) is the standard enumeration

#_{n,1} = 2C_{n−1} where C_n := 1 n + 1 ( 2n n ) (10)

is the nth Catalan number [7], [17, Cor. 6.2.3]. The corresponding generating function is well known to be ∞∑ n=1 #_{n,1}w^n = 2 ∞∑ n=1 C_{n−1}w^n = 1 − (1 − 4w)^{1/2}. (11)

It was already noted by Carlitz [1] that a number of results involving the Bessel polynomials acquire their simplest form when stated in terms of the polynomial xθ_{n−1}(x) which features in (5). In particular, Carlitz gave the exponential generating function 1 + ∞∑ n=1 xθ_{n−1}(x) 2^n u^n n! = exp[x(1 − (1 − u)^{1/2})]. (12)

Formula (5) may be regarded as a combinatorial expression of the connection between the Bessel polynomials and the Catalan numbers implied by (12) and (11), exploiting (10) and the decomposition of a lattice path with r returns to 0 into its r excursions away from 0. To express this in terms of generating functions, observe from (5) that #_{n,r} is the coefficient of^{xr}_{r!} in^{2n}_{n!} xθ_{n−1}(x). Symbolically, using the notation of [17],

#_{n,r} = [ x^r r! ] 2^n n! xθ_{n−1}(x). (13)

With similar notation, Carlitz’s identity (12) can be restated as [ x^r r! ] 2^{−n}xθ_{n−1}(x) = [ u^n n! ] (1 − (1 − u)^{1/2})^r. (14)

According to a classical expansion of Lambert [8, (5.70)]

[u^n](1 − (1 − u)^{1/2})^r = 2^{r−2n} ( 2n − r n ) r 2n − r . (15)

Thus the form (14) of Carlitz’s identity (12) can be read from (13), (8), and (15). Alternatively, the lattice path representation (5) of the Bessel polynomials could be deduced via (13) from (8), the form (14) of Carlitz’s identity (12), and (15). See also Roman [16, p. 78] and Di Bucchianico [2, p. 54] for closely related discussions based on the consequence of (12) that the sequence of polynomials f_n(x) is of binomial type. Let (z | α)_n := n−1∏ i=0 (z − iα) be the generalized factorial with decrement α, and let S(n, k; α, β) be the generalized Stirling numbers defined by

(z | α)_n = n∑ k=0 S(n, k; α, β)(z | β)_k. In particular, the S(n, k, 1, 0) and S(n, k, 0, 1) are the classical Stirling numbers of the first and second kinds respectively. See Hsu and Shiue [11] for a recent review of the properties of these generalized Stirling numbers. According to [11, (14)] the polynomials S_{n,α,β}(x) := n∑ k=0 S(n, k; α, β)x^k are determined for α ≠ 0 by the generating function ∞∑ n=0 S_{n,α,β}(x) t^n n! = exp [ x β ( (1 + αt)^{β/α} − 1 ) ] . (16)

Compare (12) and (16) for α = −2, β = −1 to deduce that for all n ≥ 1 S_{n,−2,−1}(x) = xθ_{n−1}(x) (17)

That is, from (3), S(n, k, −2, −1) = β_{n−1,n−k} = (2n − k − 1)!

2^{n−k} (k − 1)!(n − k)!

. (18)

This expression for S(n, k, −2, −1) is equivalent to a formula given without proof by Toscano [18, (122)],[19, (2.11)] along with several other explicit evaluations of generalized Stirling numbers. See also [15] for a probabilistic interpretation of the S(n, k, −α, −1) for arbitrary α > 1 which yields asymptotic evaluations of these numbers for large n and k. References

[1] L. Carlitz. A note on the Bessel polynomials. Duke Math. J., 24:151–162, 1957.

[2] A. Di Bucchianico. Probabilistic and analytical aspects of the umbral calculus. Stichting Mathematisch Centrum, Centrum voor Wiskunde en Informatica, Amsterdam, 1997.

[3] S. Dulucq. Un q-analogue des polynômes de Bessel. In Séminaire Lotharingien de Combinatoire (Saint-Nabor, 1992), pages 53–55. Univ. Louis Pasteur, Strasbourg, 1992.

[4] S. Dulucq and L. Favreau. A combinatorial model for Bessel polynomials. In Orthogonal polynomials and their applications (Erice, 1990), pages 243–249. Baltzer, Basel, 1991.

[5] S. Dulucq and L. Favreau. Un modèle combinatoire pour les polynômes de bessel.

In Séminaire Lotharingien de Combinatoire (Salzburg, 1990), pages 83–100. Univ. Louis Pasteur, Strasbourg, 1991.

[6] A. Erdélyi et al. Higher Transcendental Functions, volume II of Bateman Manuscript Project. McGraw-Hill, New York, 1953.

[7] W. Feller. An Introduction to Probability Theory and its Applications, Vol 1,3rd ed.

Wiley, New York, 1968.

[8] R. L. Graham, D.E. Knuth, and O. Patashnik. Concrete Mathematics: a foundation for computer science. 2nd ed. Addison-Wesley, Reading, Mass., 1989.

[9] E. Grosswald. Bessel polynomials. Springer, Berlin, 1978.

[10] T. E. Harris. First passage and recurrence distributions. Trans. Amer. Math. Soc., 73:471–486, 1952.

[11] L. C. Hsu and P. J.-S. Shiue. A unified approach to generalized Stirling numbers.

Adv. in Appl. Math., 20(3):366–384, 1998.

[12] M. E. H. Ismail, D. Stanton, and G. Viennot. The combinatorics of q-Hermite polynomials and the Askey-Wilson integral. European J. Combin., 8(4):379–392, 1987.

[13] P. Leroux and V. Strehl. Jacobi polynomials: combinatorics of the basic identities.

Discrete Math., 57(1-2):167–187, 1985.

[14] J. Pitman. Enumerations of trees and forests related to branching processes and random walks. In D. Aldous and J. Propp, editors, Microsurveys in Discrete Probability, number 41 in DIMACS Ser. Discrete Math. Theoret. Comp. Sci, pages 163–180, Providence RI, 1998. Amer. Math. Soc.

[15] J. Pitman. Characterizations of Brownian motion, bridge, meander and excursion by sampling at independent uniform times. Technical Report 545, Dept. Statistics, U.C. Berkeley, 1999. Available via http://www.stat.berkeley.edu/users/pitman.

[16] S. Roman. The Umbral Calculus. Academic Press, 1984.

[17] R. Stanley. Enumerative Combinatorics, Vol. 2. Cambridge University Press, 1999.

[18] L. Toscano. Numeri di Stirling generalizzati operatori differenziali e polinomi ipergeometrici. Commentationes Pontificia Academica Scientarum, 3:721–757, 1939.

[19] L. Toscano. Some results for generalized Bernoulli, Euler, Stirling numbers. Fibonacci Quart., 16(2):103–112, 1978.

[20] G. Viennot. Combinatorial theory for general orthogonal polynomials with extensions and applications. In Polynômes Orthogonaux et Applications, volume 1171 of Lecture Notes in Math., pages 139–157. Springer, Berlin-New York, 1985.

[21] G.N. Watson. A treatise on the theory of Bessel functions. Cambridge: University Press, 1966.