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Abstract

A large deviation principle is proved for the mean-field measure of
a sequence of n-type super-Brownian motions with a mean-field de-
pendent immigration. The rate-function is identified as a pertubation

of the rate function for a non-interacting case.
Running title: Large deviations for super-Brownian motion with

mean-field immigration.

1 Introduction

In the fundamental paper [DG], Dawson and Gértner studied large devia-
tions from the McKean-Vlasov limit for weakly interacting IR%-valued dif-
fusions (£7,...,&™™). They considered their empirical distribution 3_; 8simn
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as a random function in C([0, 1], M(IR?)), where M (IR?) denotes a space of

measures over IR?.

We consider a sequence of N-type interacting superprocesses (X ... XV:N) ¢
C ([0, 1], M(IR")N), where the interaction at time t depends only on the mean-
field %Zﬁl X%V at time t. The latter random variable takes values in
C([0,1], M(IR")) and we give a large deviation result for their distributions
as N tends to infinity. As in [DG] we have to restrict to an interaction
which arises by a Girsanov-transformation applied to N independent super-
processes. In this case the accumulation points of - SN, XN are determin-
istic weak solutions i = () of the McKean-Vlasov type non-linear equation

0

1
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for some interactive immigration function b, cf. [O]. It was studied in [COR]
and [CR] from the point of view of propagation of chaos for mean-field in-
teracting branching diffusions and associated fluctuations. In more physical
terms this equation may describe a system of “particles” with creation and
annihilation of masspoint, which may depend on the current state of the par-
ticle cloud, and can serve as a description of many biological systems, cf. the
references in [GS] and [SP], e.g. of a model for conduction of nerve impulse.

If b = 0 the present large deviation result is also proved in [FGK] and [Sch].
Our result includes also a new proof of their result, however in different
topologies on ([0, 1], M(IR?)). Our approach emphasizes that already the
process without an interactive immigration b can be seen as an empirical
distribution of a cloud of interacting particles in IR?. Therefore we adopte
the techniques of [DG] and the main tools we use are the martingale problem
of the interacting superprocesses and a Girsanov transformation associated
with (multitype) superprocesses, cf. [O],[D]. The latter reference is also a
basic reference for the theory of superprocesses.

In the following section we briefly recall the definition and construction of
weakly interacting superprocesses and the Girsanov transformation for mul-
titype superprocesses. Section 2 contains the main technical result, namely
the exponential tightness of the sequence of the distributions of < SN XN,
The large deviations result is stated in Theorem 4.2 in Section 4. It turns
out that if b is uniformly bounded and satisfies a continuity condition the



rate function S(ji) on C([0,1], M(IR?)) equals

sup (] ooy —tos e [ Xtonan]). 1.2

p€C([0,1

where Eﬁgﬂ) is the expectation operator associated with a superprocess with
fixed immigration function b(py, ). As in [DG] this follows by a pertubation
argument from the case of N independent superprocesses. In the last section
we remark on a coupling argument which provides for negative immigration
function b a large deviation in the same topology as in [Sch], which is stronger
than the one considerd in Section 3 and 4.

2 Superprocesses with mean-field interaction

Let N € IN be fixed. First we want to describe an N-type superprocess
with an interaction depending only on the mean-field (or intensity measure)
% S XN of the empirical distribution % > oxin. We start with real-valued
(resp. positive) functions a;;, di, 1 < ¢,5,k < d, and b (resp. ¢ ) defined on
M(IR*) x IR?. Define for every u € M(IR?) the operator L(x) on CZ(IR?) by

L) = 3 a(nn) gt )+ ) ). (2

7,7=1 =1

The operator serves as a description of the one-particle motion. The func-
tion b(y, ) describes the immigration rate and ¢(g, ) the variance in the
reproduction rate at place x while - SN XN = 4. Denote (L(#t)) yert(may
by L.

In order to state now the basic definition we need some notation. If ,u =

(1, puny) € M(IRHN f (fis ..o fn) € )(Rd) , where B are

bounded measurable (non-negative) functions, then we define R(ji) := £ 2Ny, €
M(IR?) and ,u(f) = SN i fi), where pu(f) = [ fdu. The exponential func-
tion e is defined by e i) = exp(—zi(f)).

Definition 2.1 We call a measure PV € My (Crrreyy) ( the space of prob-
ability measures on the continuous paths with values in M(IR?) ) an N-type



superprocess with mean-field interaction (L, b, c) starting at jip € M(IRY)N if

AR~ efliio) + [ A% ZXJ oL+ @2
HRCEIN, — o BLE.)) 1)

is a PN-martingale for all f: (fi,--., fn) with non-negative f; € CZ. The
random variable X denotes the coordinate process on Cyppay.

In [O] such a process is constructed as an accumulation point of a sequence
of rescaled interacting branching diffusions, which themselves are limits of
interacting branching random walks. If only b depends on the empirical
distribution P is given by a Girsanov transformation. Because we are only
interested in this case we present it in the following subsection.

2.1  Girsanov transformation for multitype superprocesses

Let us start with the distribution P of N independent super-Brownian mo-
tions X on some filtered probability space (2, F,F;, P). There exists an
(L*(Q2, F, P))N-valued orthogonal martingale measure M = (My,...,Mn)
where M; has intensity measure &,(dy)X!(dz), i.e

< Mi(f:), M (f5) >e= 6y /Ot /Bd fH (@)X (d).
For the notion of martingale measures we refer to [D]. If
b= (by,....bx),b;: [0,00) x R x Q — IR
such that b; is Mi-infegrable then the process

Zf = exp{Z// M;(ds,dz) — (2.3)

2/ / (s, 2)2 X! (dx)ds}

is a local martingale. If ZVis a martingale, e.g., if b; is bounded from below,
1 <@ < N, then under the probability measure ‘PP = 7. P the process

AT — i) + [ eAT.) ;szj T b(s)f; — epf2)ds (24)



is a martingale. Hence we can construct a solution of (2.2) if only b depends
on the mean-field < SN X by setting bi(s, ,w) = b(+ Zj\le Xi(w),x),1 =
1 N.

9o ey

3 Exponential Tightness

From now on (XY ... XM/) denotes an N-type super-Brownian motion
with mean-field interaction only in the immigration function b started from
(fos- -5 o), o € M(IR?), defined on some probability space (2, F, P,,).
The basic issue of this section is to show that the sequence of probabil-
ity measures P, o (t — + N, XMy~ on C([0,1], M(IR%)) is exponential
tight. Here we equip M(Rd) with the vague topolopy. Extensions to other
topologies on M(IR?) are discussed in Section 5. The first lemma reminds
you how a compact set in C'([0, 1], M(IR?)) with the topology defined by the
supremumsnorm looks like .

Lemma 3.1 The set
{we C([0,1], M(IRY))| sup Xi(w) € A, X (w)(f,) € Ky, ¥n € IV}

tef0,1]

is relatively compact, if A is a relatively compact in M(IR?), {fn}nen is a
separating sequence for M(IR?), and K, is relatively compact in C([0,1], IR).
The set A can be of the form

Ap = {p|p(1) < L}.

Proof. The proof follows as in [J]. o
The next theorem is the main result of this section.
Theorem 3.2 Suppose that

sup sup  |b(p, x)| = K < 0. (3.1)
neM(IR4) weSUPP(u)

If 1o € M(IR?) then for each p > 0 there exists a compact set K, such that

. 1 X i
h]rvn_?otip Nlog P, [N ;X N K] <—p. (3.2)

In other words the sequence (P, o (= SN XYY ve is exponential Light.
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First, we show how the proof follows from the next two lemmas.

Lemma 3.3 For each p > 0 there exists L(p) > 0 such that

limsup N~ log P,,[3t € [0,1] IZXZNQEAL )] < —p.

N—co

Lemma 3.4 For each A,r > 0 and [ € C} there exists a compact set
Kisarm C C([0,1], IR) such that

N~'log P, | ZXUV K (F.A0)5 ZXZNGAAWE[O 1]]
21
< —r.

Proof of the Theorem. Take a dense sequence { fi }ren C CZ(IR?) and define
the compact set K, by

K, = {we (0,1, MRY) : w(t) € Ay ¥t € [0,1]  (3.3)
w()(fe) € K(pno)r(0) 7k € INY,

where K5, \(p)r(p)) 1s an Lemma 3.4 with A(p),r(p) defined in the course of
the proof. Then K, is a compact subset of C'([0,1], M(IR?)) and

AR J AR
PMO[WZX“N ¢ K,) < P, [3t €[0,1] such that WZX;W ¢ A (3.4)
=1 =1
+ 3 Puly ZXZN € Ayt € [0,1], ZXZN K (g a0) ()]
k=1 =1

Fix ¢ > 0. For N > N, we have that

1 X
P, [3t € ]0,1] such that N ZXZ’N ¢ Al < e~ N0+ (3.5)

=1

by Lemma 3.3. Choosing A(p) = L(p) and r(p) = pk we are led to

1 XN : A ; -
PM[WZX;N € Apy ¥t € 0,11, [ 2 XN ¢ Kigontonion]
=1 i=1
< e NPk,



Hence for N > N, we have that
1 X
Puo[ﬁZXZ7N Qé [(p] < e~ N(pte) +
=1

and therefore
1 —Np
lim sup N log (e Nt 4 ‘

N—co

1—6‘NP)

1
= max{—(p+e€),p— limsupﬁlog(l —e VN < —pHe

Because ¢ was arbritary small the Theorem is proved. o
Now we have to prove the two lemmas.

Basic for all calculations are the martingales

N ) i
MY = DX ol ) - (3.6
£l al wN¢ —Ks < 1 al 7,N
[ S XA KTy X)),

which are defined for each K € [0, 00) and f € CZ(IR?). They have quadratic

variation
/t L i XN (e s, (3.7)
0 N2 =1 ’

Proof of Lemma 3.3.
Py sup ~ g:Xi’N(l) > ]
sup —
1o tsll) N & ¢ =
1 X . .
P, [sup —ZXZ’N(e_I‘”l) > Le 5],
i<t Vi

IA

If we choose now Ky = sup, sup,e,ump(u 0(#, ) + 1 then u(—Ky + b(p) +
%e‘Kls) < 0 and hence the right-hand side of the last inequality is bounded



P, supNZXZN (7791 — (1) — (3.8)

£l al ZN 1 al N —Ixs -K
/O(NZX K b 3 X)) s 2 L (1)
=1 7=1

N i
= P, [sup(M]N[K,,1] — > < MN[Ky, 1] >¢) > Le ™™ — pg(1)]
<1

N? L
[sup exp( N MY Ky, 1] = S < MKy 1] ) > N0

<1
S e—N(Le_Kl—uo(l))

:Pu

0

Y

where the last inequality follows by Doob’s inequality applied to the exponen-
tial supermartingale exp(N MY [K7, 1] -1< NMPN[Ky,1] >). This completes
the proot of the Lemma 3.3. o

Proof of Lemma 3.4. We have to compute

JEAR i J AR
Pl LX) ¢ Kpsup =2 XN 4] (39)
=1 1<1 =1

with the relatively compact set K; :=

{w e C([0.1), 1) - [« (0)] < [Ifll,  sup |2 (u) = (v)] < i}

<u<v<l,v—u<lby

where the sequences of positive numbers (7,) and (6,) converge to zero and
will be specified in the proof. For now consider fixed n and 6. We proceed

as in [DG, Section 5.3]. By the triangle-inequality (3.9) is bounded by

ping 1 N N n 1 N

Do Pl sup =Y X)) = Xp5 () > 5ysup = D0 X (1) < AL
k=0

E§<t<(k4+2)8A1 N = 21 N3

By the Markov property this is bounded by

1 J A N
— sup P su — g X — ,Su g XZ
6 M(1)I§)A M[kégtg(kgz)é/\l |N = () =Dl > t<2I?s N



The assumption (3.1) yields

H(IAT 40001+ 51%) < Ky (3.10)

with some constant K. This implies that for every v > 0 and every p with
p(l) <A

. t N
X =) € (gl + [ > XIN(ASt

=1

1 X AN 1
b(— S XV fd ———/ E:XZN 2)
(szl SMds = 5 (f5)d
- YN N YN
= (1+7)[Xf71\t+ t [fvo]_7< [fvo] >

Hence, Doob’s inequality applied to the supermartingale exp(yNM™[f,0] —
L <yNMN[f,0] >) gives

1 N . N N
sup P su — XP — su XZ
up Bl swe N X —alf) > K;;NE
< exp(=N3(5 = (L+7)K,126)). (3.11)

Minimizing now the right-hand side of inequality (3.11) with respect to v we
obtain that (3.11) is bounded by

(n — 4K;a0)

_ 3.12
expl 32K A6 (3.12)
With the same arguments we can show that
X R IRCIIERY
su su ,su
M(1)I§)A k6<t<(kE2)6/\1 N ¢ : 2’ t<2I<)s N&= -
(n — 4K ;46)
< N 2 RaA0)
< expl 32K ;06
Hence we haved proved that (3.9) is bounded by
2 (77 — 4[(f A5)2
- —N—F——"—= 3.13
5 CxPl 32K A6 (3.13)



forall 6 € (0,3) and n > 4K;26. Now consider a sequence (8i)renv € (0, 3)

and n; > 4K 2bk, k € IN. The bound (3.13) yields that (3.9) is bounded by

i 2 (nk — 4[(f A5k)2
— — : 3.14
,; 5, X 32K 1465 (3.14)

If we choose &, = k™2, ), = 1OKf7A(%)% the expression (3.14) is bounded by
e~N" which finishes the proof of Lemma 3.4. o

Remark: By the assumption of boundedness on b the proofs of Lemma
3.3 and Lemma 3.4 and, as a consequence, the proof of exponential tight-
ness work also if we replace the interactive immigration b(+ SN XN )
by a non-interactive immigration b(ps, x) associated with a frozen path g =

(11s)sepo.1] € C([0,1], M(IRY)).

4 The large deviations result

IMix a bounded real-valued function b : M(Rd) x IR*. TFor two elements
i e C([0,1], M(IR?)),i = 1,2, we define first the rate function along a
frozen path (V.

Definition 4.1

SO = s ([l - (1.1)

#€C.([0,1]x RY)

tog 221 fexp( [ tht)dt)]),

a1 a1
where Eﬁg is the expectation associated with Pﬁg , the superprocess starting

from po with non-interactiv immigration function bﬂ(l)(s,x) = b(pV, z). For

i€ C([0,1], M(IRY)) we abbreviate S*(j) by S(u).
Here is the main result of the paper.

Theorem 4.2 Suppose that (3.1) holds and that the map

i [ () b)) (4.2)

10



is continuous on C([0,1], M(IR)) for every flow ™V € C([0,1], M(IR?)).
Then for all open sets G C C([0,1], M(IR?)) we have the lower bound

1 1 X
hNHigfﬁlogPMO[ﬁ;X’N €G] (4.3)

> nH{S() € G = o)
and for all closed sets ' C C([0,1], M(IR?)) we have the upper bound

1 1 X
lim sup N log P, [ﬁ S XN eq] (4.4)
=1

N—co

< —inf{S(p): i € F,jio = po}.

By exponential tightness proved in Section 3 the Theorem follows from the
local large deviation principle stated in the next theorem, cf. [DG, p.295].

Theorem 4.3 Assume (3.1) and (4.2).

a. For each open neighborhood V' of i we have

1 1 X
lign inf - log PMO[WZZZ;X“N c V] > —S(p). (4.5)

b. For each v > 0 there exists an open neighborhood V' of u such that

1 1 X
lim supﬁlog PMO[NZX“N e V] <=5()+1. (4.6)
=1

N—co

The proof of this local result is, similarly as in [DG], carried out by a Gir-
sanov transformation. Fix g € C([0,1], M(IR?)) and let PN be the dis-
tribution of N independent super-Brownian motions with immigration func-
tion b*(s,x) = b(ps,x), which can be defined as the unique measure on

C ([0, 1], M(IRY)N) such that for all f € CZ(IR?),i = 1,..., N, the processes

M) = XD =l )= [ XUAT 40 Nds (1)

11



are martingales with (co)variation

< M), M#(g) 5= b5 [ X'(fg)ds. (4.8)

The density of the N-type process with mean-field interacting immigration
Pj\of with respect to the N independent super-Brownian motion with an im-
migration caused by the frozen path p is then given by

Py
dpiN

_ 1 ,
= exp(M"N — 5 < MAN >, (4.9)

where M#" is a martingale with quadratic variation

/oté)(; <(b(%§X§) - b(ﬂs))z)ds, (4.10)

cf. [D,0] and Section 2. By assumption (4.2) we can proceed as in [DG,

Section 5.4], if we can show that there is a large deviations result for Qn :=
1

PEN o (% SN Xi)_ with rate function S#. We can argue as follows (,
cf. also [Sch]). The exponetial tightness of (Qn) follows by the Remark in
Section 3. By a general Cramer-type large deviations result [DZ, Theorem
6.1.3], the sequence (Qn)nyew then satisfies a large deviation principle with
rate function

J(w) = sup{< \,v > —log [ Ae>gpity,

(v) supq v og R e -

where the sup is taken over all A in the topological dual of C'([0, 1], M (IR?))—
C([0,1], M(IRY)). In order to identify J* with S* we embed C'([0,1], M (IR?))
continuously into the set of positive Radon measures M([0, 1] x IR?) (equipped
with the vague topology) via the map Z:

1
<. I(0) > = / vy(1h,)ds, (4.11)

0
Y € C.([0,1] x IRY). By [DZ, Theorem 6.1.3] (Qn 0 Z7!)yep satisfies a weak

large deviation principle with rate function S* (this is the Fenchel-Legendre
transform associated with (Qx 0 Z7")ven). Because 7 is continuous we can

12



apply the contraction principle [DZ, Theorem 4.2.1] in order to show that
(Qn 0 T7')yen satisfies indead a (full) large deviations principle with rate
function inf,.;—7(,) J(v). By the injectivity of Z and the uniqueness of a
rate function [DZ, Lemma 4.1.4], we have J# = S#. This proves the large
deviation principle with the right rate function.

Now we can prove assertion a. of the Theorem with the same techniques as

in [DG, Section 5.4].

Without loss of generality we may assume S(i) < co. Let v > 0 arbritrary.
It is enough to show that the left-hand side of (4.5) is bounded from below
by —S(i) — ~. Let us choose p,q, and 6 > 0 such that ;—)—I— 5 = 1 and
%(1 + 2—7)5 + pS(p) < S() + 7. By the Remark at the end of Section 3 we

can apply Lemma 3.3 to P[‘O’N. Hence there exists L > 0 such that

N
lim sup N ™' log Pf(;N[Elt el0,1]: N7* ZXZ"N ¢ Ar] < =S(p) —v(4.12)
N—oo i=1
By (4.2) and (4.10) there exists a neighborhood W of i in C([0, 1], M(IR%))
such that W N {u, € Az,Vs € [0,1]} € V and < MY >, < N§ on
{x X' e Wn{u, € A, Vs € [0,1]}}. Hence, by Girsanov’s transforma-
tion and Holder’s inequality we obtain that P, [+ SN X5N € V]is bounded
from below by

_ _ 1 _
e_%(1+§)6NEﬁ(;N[eXp(—Mf’N <Py >1)]_§ X

2 g
_ 1 »
PN X e W {s € AL Vs € [0,1}]".

Because exp(—M"N — % < EM#N >) is a supermartingale under PAN we
a 1o
have that

Pﬁ[%zw c V] (4.13)

Y

_l(142 AN L '
e 2(1+q)6NPtO’N[NZXZ - W n {,us S ALv\V/S S [071]}]29

By the large deviations result for P[‘O’N, inequality (4.12) and the choice of
P, q, and 6 we obtain (4.5).

Part b. of the Theorem follows in the same way along the lines in [DG,
Section 5.4].

13



5 A coupling argument

Now we want to prove a large deviation result for a different topology on
M(IR?) or rather on a different space. For p € IN let M,(IR?) be the space
of all postive Radon measures u on IR? such that

/¢pdﬂ < 00 with ¢,(2) == (1 + |$|2)_p/27 (5.1)
equiped with the topology generated by the mappings

p—u(f),  feC(R)U{s,}.

On this space a large deviation result is proved in [Sch] for the empirical
mean of N-independent super-Brownian motions.

In order to accomplish a large deviations for super-Brownian motions with
a mean-field immigration in this topology we are faced with the difficulty to
prove an analogue result to Lemma 3.3.

Lemma 5.1 Lel yog € M,(IR?),p > d.For each p > 0 there exists L(p) > 0
such that

N—co

N .
limsup N~ 'log P,,[3t € [0,1] : N7* ZXZ’N ¢ AL < —p (5.2)
=1

Now Af is a typical compact set in M,(IR?) like
v L
AL =A{v|v(¢,) < L, V(le%k ¢p) < a—k\v’k}, (5.3)

where {Ri}rew, {ar}ren C [0,00) tend to infinity as k — oo and Ug is the
ball with radius R in IR®.

The method of the proof of Lemma 3.3 can not be carried over to the present
case. But it seems to be clear that Lemma 5.1 holds if the interacting process
is smaller than the non-interacting process. The next theorem which is essen-
tially from Steve Evans and Ed Perkins [EP] shows, that it is possible to find

an interacting process which is almost surely smaller then a non-interacting

14



super-Brownian motion. For this theorem as well as for the large deviations
result we have to assume that there exists B > 0 such that

—B <b(p,x) <0 Vaesupp(p) Y. (5.4)
The immigration caused by b is then called an emigration.

Proposition 5.2 Let a : M,(IR")"N x R x [0,00) — [—B,0] be a mea-
surable function. Then there are two M,(IR?)N -valued processes X and X*
defined on a filtered probability space (Q, F,(F)ieo], IP), such that Xi(f) >
Xo(f),¥s € [0,1], f > 0 measurable IP-a.s. Moreover all X*;1 =1,...,N
are super-Brownian motions independent from each other and X* is an N-
type super-Brownian motion which the same interacting emigration function
a for each component X' ¢ =1,... N.

Proof. If N = 1 and B = 1 we can take IP to be the historical pro-
cess H on its canonical space over the one-particle motion on IR? x [0, 1]
defined by the independent product of a Brownian motion and an uniform
Poisson process on [0,1] x [0,1]. Then in [EP], there are sets A; = Ai(a)
constructed such that the process H® defined by H}(F) := Hy(14,F) is
a historical process with emigration function defined by a. The projec-
tion IIH® of H* to a M(IR?)-valued process, i.e. ILHI(f) := Hf(th) with
Fl(w) = f(w(t)),w € C([0,1], IR?), is a super-Brownian motion with emi-
gration function a. Obviously, IIH}(f) < ITH.(f), for f > 0. Because I1H is
a super-Brownian motion the assertion is proved for B = N = 1. The case
for general B is obtained by scaling properties of (super)-Brownian motion
from the result for B = 1. Finally, an extension to multitype processes is
straightforward, cf. [O]. 0.

Proof of Lemma 5.1.

N
Puol3t € 10,1] : N7UYTXPY ¢ A7)
=1

< P,lsup=> Xy >L+Y Plsup—=> X (K*1pe ) > kL
> by [tSII)N; o (¢p) = L] ]; 1 [tgg)N; o URk) ]
( By Proposition 5.2 )
< PJ(\JWO [sup X,(¢,) > NL] + Z PJ(\JWO [sup Xt(kQIUl%k) > NEkL], (5.5)
t<1 ] t<1
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where P € M;(C([0,1], M,(IR?))) is the distribution of the super-Brownian
motion starting from p € M,(IR?) and X is the coordinate process on

C([0,1], M,(IR")). It is shown in [Sch] that the "limsup + log of (5.5)” is
N—oo

bounded by —p for a suitable L = L(p). o

For the proof of a large deviations result as in Theorem 4.2 it remains to show
that for f € Cy(IR?), for which limy,_., f(2)/¢,(x) exists, the distributions
of > X"N(f) under P,, restricted to A} are exponential tight. This follows
as in Lemma 3.4.

Remark. It is also possible to consider topologies as in [DG] defined by
an unbounded Lyapunov function ¢ > 0 (, e.g. ¢(z) = 1 + |z]*). Instead
of M, (IR?) we can take the set My(IRY) := {p € M(IR")}|u(¢) < oo} and
prove an analogue results as in Theorem 3.2 | 4.2 under conditions on b which
are related to ¢ instead to the function 1.
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